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The metric of a Riemannian manifold M" is
called locally FEuclidean (1.E.), if for any point
p € M" there exists a neighbourhood U(p) C M*"
which is isometric to a ball in the Euclidean
space E" with the standart metric.

Concerning l.E. metrics and surfaces with L.E.
metrics one can put a lot of questions among

which we would like to single the following ones.

1) Let
ds? = gijdui du',1<i,j<n

be a given L.LE. metric. How to find that local
isometry between ds? and a ball in E® the ex-
istence of which is guaranteed by the definition
itself of l.LE. metric? What can we say about

the smoothness of such an isometry?



2) How to test is a given metric
ds? = gijdui du’,1<1i,j<n,
locally Euclidean or not?

3) What are criteria for the global existence
of an isometric immersion or embedding of a
given n-dimensional 1.E. metric in E"?

4) What can we say about the existence/non-
existence of isometric immersions and embed-
dings of n-dimenaional 1.E. metrics in EN with

N > n?

5) What is known about the structure of sur-
faces with 1.E. metrics?

6) Bendings and infinitesimally bendings of

surfaces with 1.E. metrics.

7) And many others.



To imagine the richness of the set of 1.E. met-
rics and surfaces with 1.E. metrics it is enough
to remind the following well-known facts

1) The metric of any polyhedral surface with
removed vertices is a l.LE. metric. Moreover ac-
cordingly Gluck, Krigelman, Singer (1974) on
any 2-dimensional piecewise linear manifold M
one can introduce a polyhedral metric with a
priori known values of curvature in prescribed
points including those on the boundary under
the condition of satisfaction of Gauss-Bonnet
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where k; < 27 are prescribed curvatures in some

equality

prescribed points p;,...,p,.,r > 0, in the interior
of M and e; < m are prescribed exterior angles
in some prescibed points ¢;,...q¢s,s > 0 on the
boundary of M. So this metric out of vertices
is 1.E. one.



2) On any minimal surface S with strongly

negative curvature K one can introduce a l.E.
metric ds? = v—Kds2 . , where ds? . is the met-

min

ric of the considered minimal surface (it is Ricci’s
criterial characteristic for the metric of a mini-

mal surface). So any minimal surface is a sup-

port set for a 1.E. metric. If on S there exist

points with K = 0 then the above mentioned

metric ds’* will be a polyhedral one. As far as

we know one can say that both of these met-

rics, l.LE. and polyhedral, originated on minimal

surfaces quiet are not studied.

3) (Rogen P., 2001) (a) In R’ any compact
surface with a non-empty boundary is isotopic
to some surface with a flat metric. (b) Any two
compact surfaces with flat metrics are isotopic
in the class of the same type surfaces iff they

are isotopic in the class of general surfaces.



1) On the smoothness of isometries.
For the material below we need essentially of

the following

Theorem 1 (Calabi&Hartman+Reshetnyak—+S.).
Let two 1sometric n-dimensional Riemannian

spaces M and N have, respectively, the metrics
ds? = g;(u)du' du’ and do? = h;(v)dv'dv’,

of smoothness C* 0 <k <oo, 0<a <1, with
k+a>0. Then, any isometry f between them
has the smoothness at least of class C<™1*, If
isometric Riemannian spaces are analytical,
the 1sometry between them s also analytical.

Accordingly this theorem we have that the
smoothness of an isometry between a given L.E.
metric ds? and the standart Euclidean metric
is determined completely by the smoothness of
the metric ds? only because the second Riemanni-
an space, the standart Euclidean space R", is
analytic.



2) A criterion of local Euclidity of two-
dimensional metrics.

Let ds? = Edu? + 2Fdudv + Gdv? be a C!-
smooth two-dimensional metric given in a do-
main D. We want to find a map f : D — R?
with

X = X(“? V)v Yy = y(u,v),
such that ds? = dx? + dy?. If such a map exists
then by the previous theorem 1 it has to be of

smoothness C2. We can put

xu = VE cos(¢ + 0), xy = VGsin(p —0), (1)

Vu = \/Esin(go +0), yy = \/acos(go —0), (2).

where
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If E.F,G € C? the condition of compatibility
of equations for 6, and 6, gives the equation
K = 0 which is just a classical condition of local
Euclidity of a metric. In our case this condition
of compatibility can be written in the form of
an integral equation.

Theorem 2 (Darboux+Hartman& Wintner+S.)
A Cl-smooth metric

ds? = Edu?® + 2Fdudv + Gdv? ()

given in a circle Q :u? +v? <R? is I.E. metric

I // A Hy(x,y)dxdy | =0
m X X
(z — w)(R? — wz) O\ ’

Zz=X+1iy € Q, w=u+iv € (),

where Hy(x,y) ts an elementary function ex-
pressed explicitly through coefficients E. F., G
and their first derivatives. Under the satis-
faction of this condition the isometry f from
Q to R? can be presented in the form of a dou-
ble integral too.



Open questions. If a considered metric is not
smooth, that is its coefficients are from classes
C%%, we don’t know how to verify its local Eucli-
dity. Further, even if we know that the metric
(*) is 1.LE. but its coefficients are not of class
C'! then we don’t know how to find an isome-
try to the standart R? using only a finite num-
ber of some elementary operations over E. F, G
and operations of integration. This can be done
only if the metric has so called isothermic form
when E = G, F = 0. It would be interesting and
usefull for applications to find such elementary
criteria of local Euclidity for some special form
of metrics, namely for metrics in orthogonal co-
ordinates (when F = 0), in Chebyshev coordina-
tes (when E =G = 1,F = cosw) and in geodesic
polar coordinates (when E =1 F = 0).

In multidimensional case for metrics of smooth-
ness C! also there is a criterion of local Euclid-
ity (given by A. Wintner) but it doesn’t have a
such simple and compact form as in the case of
dimension 2. There is no also a simple expres-

sion for the existing local isometry to R", n > 2.
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3) Metrics in isothermic coordinates.

The situation is much simpler if the consid-

ered metric is given in isothermic coordinates

(&, m):
ds? = A%(&,n)(d€* +dn?).  (3)

For this form of metrics there exists a result by
Yu. Reshetnyak who proved (under very weak
a priori conditions to the coefficient A, f.e. it
is largely enough to know its continuity only)
that the metric (3) is l.E. iff the function In A is
harmonic.

Then the isometry (§,1) — (x,y) transfering
ds? to dx?+dy? is given by a holomorphic func-
tion z = ®((),{ = £ +in,z = x + iy with the con-
dition |®'(¢)| = A(¢). If the domain of definition
of the metric ds? is a circle © : (| < R, then
isometric immersion z = ®(¢) of I.LE. metric ds?

in R? is given by formulae
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R? In A
P(¢) = exp | — / / e _(Zvv_zf)zdudv ,
Q

B¢ =1 [[ 2

~dudv, w=u+1v € (.
The function ®(¢{) is one-valued and therefore

¢

for a l.E. metric, given in a simple-connected
doman there exists always an isometric immer-
ston in E%2. As to the existence of an isometric
embedding in E? it is determined by the univa-
lency of the function ®(¢) If the image of boun-
dary 0f2 is a simple curve then the map z = ()
gives an isometric embedding of the circle (2 in
E? which is in the same time a conform map of
to the image ®({2) and the geodesic curvature
k. of the boundary 9Q in the metric ds* will
be the ordinary curvature k(s) of the boundary
0®((2). This observation leads to a problem the
solution of which is equivalent to founding of a
conform map of the circle to a domain with the
known length of its boundary and the known

curvature k(s) of the boundary. Namely,
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to find in the circle (2 a 1.E. metric in isothermic
coordinates for which the geodesic curvature
ke(s) of the boundary in function of its length
coincides with a given function k(s) or, shortly,
to find in the circle a l.E. metric by i1ts geodesic

curvature of the boundary. Since
Oln A(t)
¢
we have to find a harmonic function u = In A(¢)
by the boundary condition (4) where the left
side function is a given function ky(t),t € v =
0. Let L = 27 be the length of the boundary
of a domain D to which we want to map confor-
mally the circle 2, and let t =t(s), 0 <s <L =
27, be a map of the boundary of D in function

kg(t):it (1+2Re(t )) t=el? con, (4)

on s to the boundary of the circle €2 in function
on t. By a series of transformations we obtain
that there exists a harmonic function u = In A
in Q defined by the map t = t(s) = ¥ if this
map satisfies to the equation
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p(s) =

S 2m 2m
1 1 eir(o) _aip(s1)
%/dslfexp Re;/k(a) In o) o do | dv.
0 0 0

This equation should be solved with the condi-
tion p(27) = 2w. If we succeed to find a such
¢(s) then we can find A(¢{) by some explicit for-
mules and then the map ®({) of the circle €.
Iff finally this map will turn be univalent (that
is a schlicht function) it will be just a conform
map of the circle {2 to the domain D with a
given boundary. Simultaneously we obtained
an algorithm for the solution of a longstanded
problem asking when the natural equation of
curve gives us a simple (Jordan’s) curve: so is
if the holomorphe function ®({) defined by a
solution p(s) of the previous equation is uni-
valent.

13



4) The case of a multiconnected do-
main.

Let 2 be an (n+1)-connected domain bounded
by circles I'y : || = Ro,I'j : |¢ — (x| = Rk, 1 <
k < n,{; = 0. Then for a 1.LE. metric ds? =
A*(¢)(dE? +dn?), ¢ = £ +in € Q, a map z = ®(()
transfering ds? in dx? + dy? has the derivative

'(¢) =b[[(¢ - ¢

J=1

S L

where:

*x Py(¢) is a one-valued holomorphe function
in {2 which can be presented in an explicit form

using some information about the holomorphe

Oln A
o¢

* b is a constant;
1 Oln A

p— dt = —1 ijqfkd
* G Wi]{ ot Jr271' gl
L

| AR
j

function and the domain (2;
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Theorem 3 (S.) If all numbers (:(_‘])1 are in-
teger then ®'(¢) is a one-valued holomorphe
0 7 <

—1> ~
j<n, of ®'(¢) along T'; are equal zero then the

function and if all Loran coefficients d

metric ds? in Q is isometrically tmmersible in
E? and the immersion is given by the holo-
morphe map z = ®({). If all c<_J)1 are integer
but even if one of coefficients d(_J)1 1s not equal
zero then the metric is not immersible in E~.
The same is true when even if one of num-
bers (:(_J)1 1s not integer. The univalency of the
function ®({) is necessary and sufficient for
the metric ds? to be embeddable in E?.

These two cases of non-immersibility of ds?
have different geometrical nature. In the first
case (all (:(_J)1 are integer but there is a non-zero
d(_J)l) the metric has cylindrical type; in the sec-
ond case the metric has conical type. There are
cases of mixed type too when near one of cir-
cles I'; the metric is of cylindrical type, near of
others circles it is of conical type and near of

third circles the metric is immersible in EZ2.
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It is known that in E3 there are three types of
developable surfaces so we see that from the
point of view of the interior geometry there are
only two types of l.LE. metrics.

An example.

For the metric ds?=pP(d€*+dn?), p?=£%+n? given
in a ring 2 : R; < |{| < R; we have

/ . C»b—i—l
P = P(() =

I

If b # —1 is an integer then c_; is an integer,

b#-1:®()=In¢,b=—1.

d_;=0, and the metric is immersed in E? as a
/b + 1| times covered ring; if b = —1, then c_; is
an integer but d_; = 1 # 0, and the metric is not
immersible in E? (the image of 2 is a rectangle
which corresponds to a cylindr in E°); if b is
not integer then the metric is not immersible in
E? too (the image of Q is circular sector which
corresponds to a cone in E?).
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5) Surfaces in E° with L.LE. metrics.

A surface in E3 is called developable if its met-
ric is 1.E. In the classical case a developable
surface is ruling one with tangent planes sta-
tionary along the generatrices. But it is true
under some additional conditions of smooth-
ness only. The first example of a developable
surface not containing straightline generatrices
was given by Lebesgue. His surface has a tan-
gent plane in any point but it is not C'-smooth.
50 years after Nash and Kuiper proved the ex-
istence of such Cl-smooth surfaces. It turns
out that even an additional condition of C1:“-
smoothness doesn’t change the situation: Yu.F.
Borisov showed that the Euclidean plane ad-
mits isometric bendings in the class of CY%-
smooth surfaces with a < 1/7 such that the
obtained surfaces don’t contain any straight-
line segment. But if the exponent « is suffici-
ently large then the situation changes: Borisov
proved that for a > 2/3 any C!'%*smooth sur-

face with a l.LE. metric has the ruling structure.
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Meanwhile there exist other characteristics
of Cl-smooth surfaces with flat metrics which
guarantee their ruling structure too. Namely
for C'-smooth surfaces two notions of exterior
curvature are known, one is due to A.V. Pogore-
lov and it gives so called surfaces of bounded
exterior curvature in Pogorelov sense (BECP),
the second notion was introduced by Yu.D. Bu-
rago and it gives surfaces of bounded exterior
positive curvature in Burago sense (BEPCB).
Let’s introduce now the notion of a torse type
surface: it is a Cl-smooth surface such that
through any its point at least one rectilinear
segment passes along which the tangent plane
to the surface is stationar that is it is the same
along a generatrix. So two results are known. 1

present them in the form of a table

Pogorelov Burago&:Shefel’
(LE.4+BECP) | (.E.+BEPCB)
— torse = torse
(torse+BECP) torse =
= lL.E. (.LE.4+BEPCB)

18



We can give a more clear description of torse
type surfaces with I.E. metrics. A point on a
torse-type surface S is called planar if it has a
plane neighbourhood on S. Further we consider
torse type surfaces without planar points only.
For them one can prove that by any point only
one generatrix passes. Then on such surfaces
we can introduce at least ”in small” so called
asymptotic parametrization for which there is
the following

Theorem 4 (Hartman&Nirenberg).If a deve-
lopable surface S € C",2 < n < oo, doesn’t con-
tain any plane domain then in a neighbour-
hood of any its point the position vector of the

surface can be presented in the form
S:R(u,t) =r(u)+ tl(u), (5)

where r = r(u) € C" is position vector of a di-
rectiz, 1(u) € C° is direction vector of generat-

rices and in the general case 1(u) ¢ C'.
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The situation, when 1(u) € C but l(u) ¢ C!,
can be really even for surfaces S € C*; the ex-
ample of such a surface is given in the Klin-
genberg’s textbook on Differential (Geometry.
Hartman and Nirenberg had affirmed that such
a situation can occur even in analytic case but
V. Ushakov have found a gap in their argumen-
tation and he have proved that on any analyt:-
cal surface with I.E. metric one can introduce
an analytical asymptotic parametrization.

We know many geometrical properties of C!-
smooth torse type surfaces and some geomet-
rical conditions for C!-smooth surfaces to be
torse type surfaces but due to the possibilty for
1(u) not to be in C'-class we can’t verify whether
a ruling surface given in the very natural and
simple form (5) is a torse type surface because
we can find neither its metric form and no cal-
culate its normal vector to check is it constant
along a generatrixe or not. In other words there
was no an analytic apparatus for working with
torse type surfaces.
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But it turns out that in reality we can say
much more about the smoothness property of
an asymptotic parametrisation. Namely the
following theorem is true

Theorem 5 (S., 2009).0n a C'-smooth torse
type surface for any point there exists a neigh-
bourhood where one can introduce an asympto-
tic parametrization (5) with C'-smooth direc-
triz line p(u) and C%!-class field of unit vectors

l(u) of generatrices satisfying the equation

(p'(u),1(u),I'(a)) = 0 (6)

at all points of existence of derivative I'(u).

Moreover the inverse is true too:

Theorem 6 (S., 2009).4 ruling surface hav-
ing an asymptotic parametrization (5) where
p(u) € C! 1(u) € C*! with the satisfaction of the
equation (6) at all points of existence of I'(u)

is a Cl-smooth torse type surface.
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What is not trivial in this theorem this is the
fact that in the presentation (5) itself the po-
sition vector R(u,t) is not Cl-smooth: its deri-
vative R/ doesn’t existe everywhere (but in the
contrary the derivative R; is even in C%!-class).
So C!-smoothness of S means that there is an
other parametrization, here the presentation of
S in the form z = f(x,y), in which the surface
has C!-smoothness.

So we have a complete analytical description
of Cl-smooth torse type surfaces. And now we
can give some additional geometrical properties
of them.

Theorem 7 (S., 2010).For any C'-smooth torse
type surface S there exists a Cl'-smooth cone
C such that the spherical images of S and C
coincide.

Corollary.A C'-smooth torse type surface is
a surface of class BECP.

Remark. As we observed above for 1.E. met-
rics in multi-connected domains there are only
two types — cylindrical and conic metrics. May
be this phenomenon is explained by theorem 7.
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6) Isometric immersions and embeddings of
I.LE. metrics in E® and E*.

A rather simple sufficient condition of isomet-
ric embeddebality of 1.E. metrics in E? is given
by the following

Theorem 8 (S.). Let

ds® = A*(&,m)(d€” + dn?) (7)

be a l[.E. metric given in a n-connected do-

mawn D, bounded by n > 1 circles. Suppose
that A ¢ C™%(D,),m > 1,0 < a < 1 and that D,
is isometrically immersible in E2. Then the
domain D, with the metric (7) can be isomet-
rically embedded in E° as a developable surface
of smoothness C>* in the open domain D, and
of smoothness C™! in D,.

The proof of theorem is constructive and the
searched surface is obtained as a cylindric or
conic surface. Since any simple connected com-
pact domain D; is always immersible in E? we
can affirm that any such domain with a [.E.

metric can be isometrically embedded in E3.
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As an example let’s consider the question on
the isometric embedding in E3 for the metric

ds® = 4(€° +n")(dg” + dn®),

given in the ring D, : R? < ¢ + n? < R2. This
metric is immersible in E? (but not embeddable
in E?) by the map z = ¢? as the double cov-
ered ring so it is embeddable in E®. In gen-
eral for 1.E. metrics in a compact two-connected
domain one can be proven that they are im-
mersible in E3 while the problem of their em-
beddibility is open .

As to I.LE. metrics given in n > 3-connected
domains we can present an example of a l.E.
metric in 3-connected domain which is not im-
mersible in E3 even in the class of Cl-smooth
torse type surfaces.

In general the question on sufficient condi-
tions of not-immersiabilty of 1.LE. metrics in E?
remains open as well as the question about the
form of existing immersions (cylinders, cones or
development of tangents to a spatial curve).
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For n > 3-dimensional 1.E. metrics the ques-
tion on their isometric embeddability in a space
EN is open even for 1.E. metrics given in a closed
n-ball B,, in the sense that we don’t know the
minimal dimension Ny(n) of the space E™0 in
which one can embed any l.E. metric given in
B,. There is no also any results concerning
the "natural” presentation of n-dimensional 1.E.
metrics as the standart metric in corresponding
domains in E".

Remark. We would like to remark that seem-
ing questions can be posed for other metrics of
constant curvature. It is natural to try to ”see”
an abstractly given hyperbolic or spherical met-
ric presenting it as the standart metric of a do-
main in the hyperbolic or spherical space.
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Now we are passing to immersions and em-
beddings of some classic 1.E. metrics. Let’s
consider the question on the isometric realiza-
tion of a Mobius strip. 1 can propose to your
attention only some results and questions. At
first, the study of the midline of a standart
Mobius band, an isometric realisation of a rect-
angle Mobius strip in R?, gave the following re-
markable observation: all closed analytical spa-
tzal curves can be divided in two non-intersecting
classes — with periodic or antiperiodic princi-
pal normals and binormals in the Frenet tri-
hedron of the curve; in the second case we call
the curve semiperiodic (because its tangent is
always periodic). The midline of a standart
Mobius band with a flat metric should be al-
ways semiperiodic with some additional prop-
erties of its curvature and torsion and it gives
a unique distribution of the generatrices of the
surface (by the way there is a very interest-
ing intrepretation of their distribution from the
point of view of the theory of elasticity).
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A second remark concerns the question on
the simplest algebraic equation of a Mobius sur-
face with a flat metric. In a work by Wunderlich
(1962) it is shown the existence of an algebraic
surface of degree 39 a part of which presents
a Mobius band. The first explicit parametric
equation of a Mobius band found by (. Shcwarz
(1990) gives an algebraic surface of degree 20.
Finally in 2007 we have found an equation

125(2? 4+ y?)%2% + 25y[dw — 16(x? + y°)+
18z(x* + y?) — 3(2” + y*)?]z*+

5(1 — 16z + 1052 + 41y* — 3607 —

292z + 6752t + T79x%y? + 131y*+

270zy* — 918y%x3 — 6482° + 14122y +
381y xt + 2432° + 3y%)z + by + 80zy+
525y224+165y3+11602y3 — 1800y a3+
28552°1°+3375yx14-169y° + 3602y° —
288023y + 1912%y° — 3240yz° + 1025y 2+
1215y2® — y" =0

of degree 7 on which a Mobius band is situated.
For the moment it is a surface of minimal degree

for a Mobius band with a flat metric.
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Having this equation immediately the follow-
ing questions arise: 1) what is an algebraic sur-
face of minimal degree for a standart Mobius
band and what is it for a general Mobius sur-
face with a flat metric; 2) how to describe all
algebraic surfaces with a flat metric and how to
distinguish among them non-orientable ones?

Now about the realizations of complete l.E.
metrics. Again we’ll speak only about Mobius
bands. Following Blanusha, we can indicate in
R* a surface

T1 = pCoS (g + h(p)) , Ty = psin (% + h(/))) :

= cos(u+H (p)), x4= = sin(u+H (p)),

L3=—

where 0 < u < 27 and h(p) H(p) — some even an-
alytic functions defined in an interval —R < p <
R < 2. By a direct calculation one can verify
that this surface is homeomorphic to the rect-
angle P : [0,27] x (—R, R) with the identification
of points (0,p) and (27, —p). Further for a spe-
cial choice of h and H its metric will be flat and
complete in P. It is easy to check that this sur-
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face is situated on the 3-dimensional ellipsoid
with the equation
r]+ x5+ 4(z5 + 2) = 4.
In the same time it is known that on the sphere
S3 € E* one can exist none non-orientable com-
plete surface with a I.LE. metric. So we arrive
to the necessity to study this phenomenon: on
what kind of ellipsoids such a surface can be
situated, on any ellipsoids or only on those that
are suffciently far from a sphere?
Finally a few words concerning some other
problems. At first one can ask about the so-
lutions ”in whole” of the ”simplest” Monge-

Ampére equation

2

It is known that any C*-solution z(x,y) of this
equation over R? is a cylinder. But if we con-
sider solutions over R? with a finite number of
removed points or lines then we don’t know
anything about their nature as well as about so-
lutions of equations Hess(z(xy,...,Xy,)) = 0 over

R", n > 2, with a simple set removed points.
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As to bendings (continuous isometric defor-
mations) of surfaces with 1.LE. metrics here the
most interesting result by my opinion is the fol-
lowing one: recently M.I. Shtogrin showed that
some Platonian polyhedra admit bendings in
the class of piecewise smooth surfaces (for the
moment it is done for tetrahedra, octahedra
and cubes.) This means that during bending
these surfaces composed by a number of smooth
parts which are cylinders or cones (in the initial
position they are plane faces).

And the last remark. Among many other
questions I would like to mention the following
one: let L be a spatial curve, how to construct
a regular developable surface with the bound-
ary L7 It is an analogue of Plateau problem for
minimal surfaces when we have to find a surface
with a given boundary and having the mean
curvature H = 0, in our problem we have to find
a surface with a given boundary and having the
Gaussian curvature K = 0. Evidently this prob-
lem will have many practical applications in the

engineering and architecture.

30



