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Introduction

Introduction

Euclidean Geometry

Taking any two distinct points there exists one and only one
straight line connecting them.

non—Euclidean Geometry

Taking any two distinct points we can have either more than
one “straight line” connecting them or no one at all.

(M, g) semi-Riemannian manifold:
“straight line” = geodesic

Problem
When may two fixed points be connected by a geodesic?
When is M geodesically connected?
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Geodesic connectedness in Riemannian manifolds

Riemannian manifold (Mo, (-, ")gr)

Theorem (Hopf-Rinow)

My complete with respect to the distance associated to (-,-)g or,
equivalently, Mg geodesically complete

4

My geodesically connected.
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Introduction

Geodesic connectedness in Riemannian manifolds

Riemannian manifold (Mo, (-, ")gr)

Theorem (Hopf-Rinow)

My complete with respect to the distance associated to (-,-)g or,
equivalently, Mg geodesically complete

4

My geodesically connected.

Here, d(x1,x2) = |nf{/ st Y€ Axl,XQ}

with x1, xo € Mg and v € Ay, ,, if v: [a, b] = My is a piecewise
smooth curve joining x3 to xo.
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(M, g) semi-Riemannian manifold.
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The action functional

(M, g) semi-Riemannian manifold.
Fix p, g € M.
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Variational setting

The action functional

(M, g) semi-Riemannian manifold.
Fix p, g € M.

Classical variational principle
z: |l — M is a geodesic joining p to g in M

)

Z = Z(s) is a critical point of the action functional

() = /0 gz (), Z(s)] ds  in C(p,q),
with CY(p, q) = {z € C1([0,1], M) : z(0) = p, z(1) = q}.

A.M. Candela Geodesics in Spacetimes



Variational setting

The action functional

(M, g) semi-Riemannian manifold.
Fix p, g € M.

Classical variational principle
z: |l — M is a geodesic joining p to g in M

)

Z = Z(s) is a critical point of the action functional

() = /0 gz (), Z(s)] ds  in C(p,q),
with CY(p, q) = {z € C1([0,1], M) : z(0) = p, z(1) = q}.

Without loss of generality, we can take / = [0, 1] as the set of
geodesics is invariant by affine reparametrizations.
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Variational setting

Abstract tools: existence result

Let © be a Riemannian manifold modelled on a Banach space
and J € CY(,R).

A.M. Candela Geodesics in Spacetimes



Variational setting

Abstract tools: existence result

Let © be a Riemannian manifold modelled on a Banach space
and J € CY(,R).

Definition
J satisfies the Palais—Smale condition on , briefly (PS), if any
sequence (xx)x C Q such that

(J(xk))k is bounded and  lim J'(xx) =0

k—+00

has a subsequence converging in Q.
v
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Abstract tools: existence result

Let © be a Riemannian manifold modelled on a Banach space
and J € CY(,R).

Definition
J satisfies the Palais—Smale condition on , briefly (PS), if any
sequence (xx)x C Q such that

(J(xk))k is bounded and  lim J'(xx) =0

k—+00

has a subsequence converging in Q.

Theorem (Existence)

Let Q be complete. If J is a functional which satisfies (PS) and is
bounded from below, then it attains its infimum.
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The action functional: functional framework

Let (M, g) is a smooth n—dimensional connected
semi—Riemannian manifold and / = [0, 1].
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The action functional: functional framework

Let (M, g) is a smooth n—dimensional connected
semi—Riemannian manifold and / = [0, 1].

Define H!(/, M) the set of curves z : | — M such that for
any local chart (U, ) of M, with U N z(I) # 0, the curve
¢ o z belongs to the Sobolev space H'(z71(U),R").
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semi—Riemannian manifold and / = [0, 1].

Define H!(/, M) the set of curves z : | — M such that for
any local chart (U, ) of M, with U N z(I) # 0, the curve

¢ o z belongs to the Sobolev space H'(z71(U),R").

H (1, M) is equipped with a structure of infinite dimensional
manifold modelled on the Hilbert space H(/,R"):
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The action functional: functional framework

Let (M, g) is a smooth n—dimensional connected
semi—Riemannian manifold and / = [0, 1].

Define H!(/, M) the set of curves z : | — M such that for
any local chart (U, ) of M, with U N z(I) # 0, the curve

¢ o z belongs to the Sobolev space H'(z71(U),R").

H (1, M) is equipped with a structure of infinite dimensional
manifold modelled on the Hilbert space H(/,R"):

if z € HY(1, M), the tangent space to H1(/, M) at z is

T,HY (I, M)={¢ e HY(I, TM) : w0 = z},

being T M the tangent bundle of M and 7 : TM — M the
corresponding bundle projection, i.e., T,H(/, M) is the set of
the vector fields along z whose components with respect to a

local chart are functions of class H?.
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The action functional: functional framework

Fixing p, g € M, we can consider

Q'(p, s M) = {z € H'(I, M) : z(0) = p, z(1) = q}
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Variational setting

The action functional: functional framework

Fixing p, g € M, we can consider

Q'(p, s M) = {z € H'(I, M) : z(0) = p, z(1) = q}

with tangent space
T:Q'(p, q: M) = {C € TH (1, M)+ ¢(0) =0=¢(1)}

at z € QY(p, q; M).
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Variational setting

The action functional: functional framework

The action functional

1
f(z) = /0 g(2())[Z(s). 2(5)]ds

is at least of class C! on QY(p, g; M) with
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The action functional: functional framework

The action functional

1
f(z) = /O g(2())[Z(s). 2(5)]ds

is at least of class C! on QY(p, g; M) with

1
f(z)[¢] =2 /O g(2(s))[Z'(s), Vs((s)] ds
if z€ QY (p,q; M), ¢ € T,Q(p, g; M).
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The action functional: functional framework

The action functional

1
f(z) = /O g(2())[Z(s). 2(5)]ds

is at least of class C! on QY(p, g; M) with

1
f(z)[¢] =2 /O g(2(s))[Z'(s), Vs((s)] ds
if z€ QY (p,q; M), ¢ € T,Q(p, g; M).

Theorem (“Weaker” variational principle)

z: |l — M is a geodesic joining p to q in M

0

= Ql(Pa q; M) is a critical point of f on Ql(P7 g, M).
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The action functional: functional framework

Special cases:

@ M =R is the 1-dimensional Euclidean space;

e (M, g) = (Mo, (-, )r) is a (connected) finite dimensional
Riemannian manifold.
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The action functional: functional framework

Special cases:

@ M =R is the 1-dimensional Euclidean space;

e (M, g) = (Mo, (-, )r) is a (connected) finite dimensional
Riemannian manifold.

Case M =R
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The action functional: functional framework

Special cases:
@ M =R is the 1-dimensional Euclidean space;

e (M, g) = (Mo, (-, )r) is a (connected) finite dimensional
Riemannian manifold.

Case M =R
Fixing any tp, t; € R, it is

Wl(tpv tq) = {t € Hl(/aR) : t(O) = tp, t(l) = tq} = H&(/vR)JFj*v
with
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The action functional: functional framework

Special cases:
@ M =R is the 1-dimensional Euclidean space;
e (M,g) = (Mo, (-, )r) is a (connected) finite dimensional
Riemannian manifold.
Case M =R
Fixing any tp, t; € R, it is
W(t,, ty) = {t € HY(I,R) : t(0) = t,, t(1) = t5} = H3(/,R)+j%,
with
H (1, R) = {r € HY(I,R) : 7(0) = 0 = (1)},
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The action functional: functional framework

Special cases:

@ M =R is the 1-dimensional Euclidean space;

e (M, g) = (Mo, (-, )r) is a (connected) finite dimensional
Riemannian manifold.

Case M =R
Fixing any tp, t; € R, it is

W(t,, ty) = {t € HY(I,R) : t(0) = t,, t(1) = t5} = H3(/,R)+j%,

with
H (1, R) = {r € HY(I,R) : 7(0) = 0 = (1)},
Jrisel =ty +sA; €R, Ap = tqg — tp.
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Variational setting

The action functional: functional framework

Special cases:

@ M =R is the 1-dimensional Euclidean space;

e (M, g) = (Mo, (-, )r) is a (connected) finite dimensional
Riemannian manifold.

Case M =R

Fixing any tp, t; € R, it is

W(ty, tg) = {t € H}(I,R) : t(0) = t,, t(1) = tg} = Hy (I, R)+j*,
with

H3(I,R) = {r € H}(I,R) : 7(0) = 0 = (1)},

Jrisel =ty +sA; €R, Ap = tqg — tp.

Whence, W(t,, t;) is a closed affine submanifold of H(/,R)
with

TeW(ty, tg) = HY(I,R) for all t € W(t,, tq).
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The action functional: functional framework

Case (M, g) = (Mo, (-,-)r)
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The action functional: functional framework

Case (M, g) = (Mo, (-,*)r)

By the Nash Embedding Theorem, My (at least C?) is a
submanifold of an Euclidean space RV (the embedding is
closed in compact regions [Nash '63], complete regions
[Miiller '09]) and (-, -)g is the restriction to My of the
standard Euclidean metric of RV.
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Variational setting

The action functional: functional framework

Case (M, g) = (Mo, (-,*)r)

By the Nash Embedding Theorem, My (at least C?) is a
submanifold of an Euclidean space RV (the embedding is
closed in compact regions [Nash '63], complete regions
[Miiller '09]) and (-, -)g is the restriction to My of the
standard Euclidean metric of RV.

Hence,

HY(1, Mo) = {x € HY(I,RN) : x(I) € Mo},
and, fixing any xp, xq € Mg, we have

QY (xp, xg; Mo) ={x : | = My : x absolutely continuous,

1
x(0) = xp, x(1) = xq, /0 (x',x"Vrds < +c0}.
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Riemannian manifold

The Riemannian case

Let (M, g) = (Mo, (-,-)r) be a Riemannian manifold.
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The Riemannian case

Let (M, g) = (Mo, (-,-)r) be a Riemannian manifold.

Mo complete = H(/, M), Q}(xp, xq; Mo) complete.
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Riemannian manifold

The Riemannian case

Let (M, g) = (Mo, (-,-)r) be a Riemannian manifold.

Mo complete = H(/, M), Q}(xp, xq; Mo) complete.

The energy functional

1
Flx) = / (X )rds,  x € O (s xg: Mo)
0

is positive.
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Riemannian manifold

The Riemannian case

Let (M, g) = (Mo, (-,-)r) be a Riemannian manifold.

Mo complete = H(/, M), Q}(xp, xq; Mo) complete.

The energy functional

1
Flx) = / (X )rds,  x € O (s xg: Mo)
0

is positive.

Theorem (Hopf-Rinow)

My complete as metric space

4

My geodesically connected.
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Riemannian manifold

|dea of the proof

1
Let x,, x4 € Mo be fixed. Denote ||x’||? :/ (X', x"\grds.
0
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Riemannian manifold

|dea of the proof

1
Let x,, x4 € Mo be fixed. Denote ||x’||? :/ (X', x"\grds.
0

Lemma (“Splitting” Lemma)

Let Mg be a submanifold of RN and (xx)x C Q(xp, Xq; Mo) a
sequence so that (||x,||)« is bounded.

Then, x € H*(I,RN) exists so that, up to subsequences, it is
xx — x weakly in H*(I,RN), xx — x uniformly in |.

If Mo is complete, then x € Q(x,, xq; Mo); furthermore, there
exist two sequences (£ )k, (vi)k € H(I,RN) such that

Xk — X = &k + vk with & € Txkﬂl(xp,xq; M) for all k € N,
& — 0 weakly and vy — 0 strongly in HY(I,RN).

e V. Benci — D. Fortunato, Adv. Math. 105 (1994).
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Riemannian manifold

Variational proof

Variational proof of the Hopf-Rinow Theorem:
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Riemannian manifold

Variational proof

Variational proof of the Hopf-Rinow Theorem:

o f is positive == bounded from below
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Riemannian manifold

Variational proof

Variational proof of the Hopf-Rinow Theorem:
@ f is positive - bounded from below
e “Splitting” Lemma — (PS)
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Riemannian manifold

Variational proof

Variational proof of the Hopf-Rinow Theorem:
@ f is positive == bounded from below
e "“Splitting” Lemma = (PS)
@ Existence Theorem
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Riemannian manifold

Variational proof

Variational proof of the Hopf-Rinow Theorem:
@ f is positive == bounded from below
e "“Splitting” Lemma = (PS)
@ Existence Theorem

4

f attains its infimum on Q!(x,, x4; Mo).
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Riemannian manifold

Variational proof

Variational proof of the Hopf-Rinow Theorem:
@ f is positive == bounded from below
e "“Splitting” Lemma = (PS)
@ Existence Theorem

4

f attains its infimum on Q!(x,, x4; Mo).

My not contractible in itself = f has a diverging sequence
of critical levels in Q1(x,, x4; Mo).

A.M. Candela Geodesics in Spacetimes



Lorentzian case

Indefinite manifolds

In general, what happens in a semi—Riemannian manifold?
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Lorentzian case

Indefinite manifolds

In general, what happens in a semi—Riemannian manifold?

From a geometric point of view

The Hopf-Rinow Theorem cannot be extended to indefinite
semi—Riemannian manifolds, in particular to Lorentzian
manifolds.
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Lorentzian case

Indefinite manifolds

In general, what happens in a semi—Riemannian manifold?

From a geometric point of view
The Hopf-Rinow Theorem cannot be extended to indefinite
semi—Riemannian manifolds, in particular to Lorentzian

manifolds.

Example (anti—de Sitter spacetime)

M= ] - gv g[XR
equipped with the Lorentzian metric
1 2 2
<'7’>L: o (dX — dt )

M is geodesically complete but not geodesically connected.

@ R. Penrose, Conf. Board Math. Sci. 7, S.1.A.M. (1972).
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Lorentzian case

Indefinite manifolds

From an analytic point of view
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Lorentzian case

Indefinite manifolds

From an analytic point of view

The action functional f is strongly indefinite (i.e., unbounded
both from above and from below, even up to compact
perturbations) with critical points having infinite Morse index.
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Lorentzian case

Indefinite manifolds

From an analytic point of view

The action functional f is strongly indefinite (i.e., unbounded
both from above and from below, even up to compact
perturbations) with critical points having infinite Morse index.

How to solve the problem
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Lorentzian case

Indefinite manifolds

From an analytic point of view

The action functional f is strongly indefinite (i.e., unbounded
both from above and from below, even up to compact
perturbations) with critical points having infinite Morse index.

How to solve the problem

No general approach is known.
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Lorentzian case

Indefinite manifolds

From an analytic point of view

The action functional f is strongly indefinite (i.e., unbounded
both from above and from below, even up to compact
perturbations) with critical points having infinite Morse index.

How to solve the problem
No general approach is known.

We select some special semi—Riemannian manifolds
(stationary spacetimes, orthogonal splitting spacetimes, Godel
type spacetimes, plane wave type spacetimes, warped product
spacetimes, ...) and develop ad hoc techniques.
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Lorentzian case

Lorentzian Geometry: causal character

Let (M, (-,-)1) be a Lorentzian manifold.
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Lorentzian case

Lorentzian Geometry: causal character

Let (M, (-,-)1) be a Lorentzian manifold.

Causal character of a tangent vector
A tangent vector v € T M is called:
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Lorentzian case

Lorentzian Geometry: causal character

Let (M, (-,-)1) be a Lorentzian manifold.

Causal character of a tangent vector
A tangent vector v € T M is called:
o timelike if g(v,v) < 0;
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Lorentzian case

Lorentzian Geometry: causal character

Let (M, (-,-)1) be a Lorentzian manifold.

Causal character of a tangent vector
A tangent vector v € T M is called:
e timelike if g(v,v) < 0;
e lightlike if g(v,v) =0and v # 0;
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Lorentzian case

Lorentzian Geometry: causal character

Let (M, (-,-)1) be a Lorentzian manifold.
Causal character of a tangent vector
A tangent vector v € T M is called:

e timelike if g(v,v) < 0;

e lightlike if g(v,v) =0and v # 0;

e causal if g(v,v) <0 and v #0;
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Lorentzian case

Lorentzian Geometry: causal character

Let (M, (-,-)1) be a Lorentzian manifold.

Causal character of a tangent vector
A tangent vector v € T M is called:
timelike if g(v,v) < 0;

lightlike if g(v,v) =0 and v # 0;
causal if g(v,v) <0 and v #0;
spacelike if g(v,v) > 0or v =0.
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Lorentzian case

Lorentzian Geometry: causal character

Let (M, (-,-)1) be a Lorentzian manifold.
Causal character of a tangent vector
A tangent vector v € T M is called:

e timelike if g(v,v) < 0;

e lightlike if g(v,v) =0and v # 0;

e causal if g(v,v) <0 and v #0;

@ spacelike if g(v,v) > 0or v =0.

Definition

A spacetime is a connected and time—orientable Lorentzian
manifold, with a prescribed time—orientation (a continuous choice
of a causal cone at each p € M, which is called the future cone, in
opposition to the non—chosen one or past cone).
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Lorentzian case

Lorentzian Geometry: causal character

Causal character of curve
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Lorentzian case

Lorentzian Geometry: causal character

Causal character of curve
A C! curve z 1 | — M is called timelike, lightlike, spacelike or
causal when so it is Z/(s) for all s € |.
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Lorentzian case

Lorentzian Geometry: causal character

Causal character of curve

A C! curve z 1 | — M is called timelike, lightlike, spacelike or
causal when so it is Z/(s) for all s € |.

For causal curves, this definition is extended to piecewise ct
curves but the two limit tangent vectors on the breaks must
belong to the same causal cone.

A.M. Candela Geodesics in Spacetimes



Lorentzian case

Lorentzian Geometry: causal character

Causal character of curve

A C! curve z 1 | — M is called timelike, lightlike, spacelike or
causal when so it is Z/(s) for all s € |.

For causal curves, this definition is extended to piecewise ct
curves but the two limit tangent vectors on the breaks must
belong to the same causal cone.

Accordingly, causal curves are called either future or past
directed depending on the cone of Z/(s).
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Lorentzian case

Lorentzian Geometry: causal character

Causal character of curve

A C! curve z 1 | — M is called timelike, lightlike, spacelike or
causal when so it is Z/(s) for all s € |.

For causal curves, this definition is extended to piecewise ct
curves but the two limit tangent vectors on the breaks must
belong to the same causal cone.

Accordingly, causal curves are called either future or past
directed depending on the cone of Z/(s).

Causal character of a geodesic
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Lorentzian case

Lorentzian Geometry: causal character

Causal character of curve

A C! curve z 1 | — M is called timelike, lightlike, spacelike or
causal when so it is Z/(s) for all s € |.

For causal curves, this definition is extended to piecewise ct
curves but the two limit tangent vectors on the breaks must
belong to the same causal cone.

Accordingly, causal curves are called either future or past
directed depending on the cone of Z/(s).

Causal character of a geodesic

A (non—constant) geodesic z : | — M is:
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Lorentzian case

Lorentzian Geometry: causal character

Causal character of curve
A C! curve z 1 | — M is called timelike, lightlike, spacelike or
causal when so it is Z/(s) for all s € |.
For causal curves, this definition is extended to piecewise ct
curves but the two limit tangent vectors on the breaks must
belong to the same causal cone.
Accordingly, causal curves are called either future or past
directed depending on the cone of Z/(s).
Causal character of a geodesic
A (non—constant) geodesic z : | — M is:

o timelike if E, < 0;
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Lorentzian case

Lorentzian Geometry: causal character

Causal character of curve
A C! curve z 1 | — M is called timelike, lightlike, spacelike or
causal when so it is Z/(s) for all s € |.
For causal curves, this definition is extended to piecewise ct
curves but the two limit tangent vectors on the breaks must
belong to the same causal cone.
Accordingly, causal curves are called either future or past
directed depending on the cone of Z/(s).
Causal character of a geodesic
A (non—constant) geodesic z : | — M is:

o timelike if E, < 0;

o lightlike if E, = 0;
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Lorentzian case

Lorentzian Geometry: causal character

Causal character of curve
A C! curve z 1 | — M is called timelike, lightlike, spacelike or
causal when so it is Z/(s) for all s € |.
For causal curves, this definition is extended to piecewise ct
curves but the two limit tangent vectors on the breaks must
belong to the same causal cone.
Accordingly, causal curves are called either future or past
directed depending on the cone of Z/(s).
Causal character of a geodesic
A (non—constant) geodesic z : | — M is:

o timelike if E, < 0;

o lightlike if E, = 0;

@ causal if £, <0;
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Lorentzian case

Lorentzian Geometry: causal character

Causal character of curve
A C! curve z 1 | — M is called timelike, lightlike, spacelike or
causal when so it is Z/(s) for all s € |.
For causal curves, this definition is extended to piecewise ct
curves but the two limit tangent vectors on the breaks must
belong to the same causal cone.
Accordingly, causal curves are called either future or past
directed depending on the cone of Z/(s).
Causal character of a geodesic
A (non—constant) geodesic z : | — M is:

o timelike if E, < 0;

o lightlike if E, = 0;

@ causal if £, <0;

@ spacelike if E, > 0;
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Lorentzian case

Lorentzian Geometry: causal character

Causal character of curve

A C! curve z 1 | — M is called timelike, lightlike, spacelike or
causal when so it is Z/(s) for all s € |.

For causal curves, this definition is extended to piecewise ct
curves but the two limit tangent vectors on the breaks must
belong to the same causal cone.

Accordingly, causal curves are called either future or past
directed depending on the cone of Z/(s).

Causal character of a geodesic

A (non—constant) geodesic z : | — M is:

timelike if E, < 0O;

lightlike if E, = 0;

causal if E, <0;

spacelike if E, > 0;

with E; = (Z/(s),Z/(s)), for all s € I.



Lorentzian case

Physical meaning

In General Relativity

A.M. Candela Geodesics in Spacetimes



Lorentzian case

Physical meaning

In General Relativity

4—dimensional spacetimes are the models for gravitational
fields.
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Physical meaning

In General Relativity

4—dimensional spacetimes are the models for gravitational
fields.

Timelike geodesics represent trajectories of free falling
particles in a spacetime.
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Lorentzian case

Physical meaning

In General Relativity

4—dimensional spacetimes are the models for gravitational
fields.

Timelike geodesics represent trajectories of free falling
particles in a spacetime.

Lightlike geodesics represent the trajectories of light rays.
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Lorentzian case

Other tools of Differential Geometry: Killing vector fields

Let (M, (-,-)1) be a spacetime.
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Lorentzian case

Other tools of Differential Geometry: Killing vector fields

Let (M, (-,-)1) be a spacetime.

Definition

A vector field K is said Killing if the Lie derivative of the metric
tensor (-,-); with respect to K vanishes everywhere, or,
equivalently, if the stages of all its local flows are isometries (i.e.,
(-,-)1 is invariant by its flow).
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Lorentzian case

Other tools of Differential Geometry: Killing vector fields

Let (M, (-,-)1) be a spacetime.

Definition

A vector field K is said Killing if the Lie derivative of the metric
tensor (-,-); with respect to K vanishes everywhere, or,
equivalently, if the stages of all its local flows are isometries (i.e.,
(-,-)1 is invariant by its flow).

K is a Killing vector field if and only if for each pair Y, W of
vector fields, it is (VL K, W), = — (VL K, Y),.
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Lorentzian case

Other tools of Differential Geometry: Killing vector fields

Let (M, (-,-)1) be a spacetime.

Definition

A vector field K is said Killing if the Lie derivative of the metric
tensor (-,-); with respect to K vanishes everywhere, or,
equivalently, if the stages of all its local flows are isometries (i.e.,
(-,-)1 is invariant by its flow).

K is a Killing vector field if and only if for each pair Y, W of
vector fields, it is (VL K, W), = — (VL K, Y),.
Thus, if K is a Killing vector field, taking z : I — M we have:

A.M. Candela Geodesics in Spacetimes



Lorentzian case

Other tools of Differential Geometry: Killing vector fields

Let (M, (-,-)1) be a spacetime.

Definition

A vector field K is said Killing if the Lie derivative of the metric
tensor (-,-); with respect to K vanishes everywhere, or,
equivalently, if the stages of all its local flows are isometries (i.e.,
(-,-)1 is invariant by its flow).

K is a Killing vector field if and only if for each pair Y, W of

vector fields, it is (VL K, W), = — (VL K, Y),.

Thus, if K is a Killing vector field, taking z : I — M we have:
oifzisa Clcurve = (Z,VLK(z)). =0 forallscl;
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Lorentzian case

Other tools of Differential Geometry: Killing vector fields

Let (M, (-,-)1) be a spacetime.

Definition

A vector field K is said Killing if the Lie derivative of the metric
tensor (-,-); with respect to K vanishes everywhere, or,
equivalently, if the stages of all its local flows are isometries (i.e.,
(-,-)1 is invariant by its flow).

K is a Killing vector field if and only if for each pair Y, W of
vector fields, it is (VL K, W), = — (VL K, Y),.
Thus, if K is a Killing vector field, taking z : I — M we have:
oifzisa Clcurve = (Z,VLK(z)). =0 forallscl;
o if z is only absolutely continuous == (Z/,VLK(z)), =
almost everywhere in /.
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Lorentzian case

Other tools of Differential Geometry

Let (M, (-,-)1) be a spacetime.
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Lorentzian case

Other tools of Differential Geometry

Let (M, (-,-)1) be a spacetime.

Definition

A vector field K in (M, (-,-)) is said complete if its integral
curves are defined on the whole real line.
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Lorentzian case

Other tools of Differential Geometry

Let (M, (-,-)1) be a spacetime.

Definition

A vector field K in (M, (-,-)) is said complete if its integral
curves are defined on the whole real line.

If z:1 — M is a geodesic and K is a Killing vector field on
M, then some “conservation laws” holds:
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Lorentzian case

Other tools of Differential Geometry

Let (M, (-,-)1) be a spacetime.

Definition

A vector field K in (M, (-,-)) is said complete if its integral
curves are defined on the whole real line.

If z:1 — M is a geodesic and K is a Killing vector field on
M, then some “conservation laws” holds:

o (Z/(s),Z/(s))L =E, forallsel,
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Lorentzian case

Other tools of Differential Geometry

Let (M, (-,-)1) be a spacetime.

Definition

A vector field K in (M, (-,-)) is said complete if its integral
curves are defined on the whole real line.

If z:1 — M is a geodesic and K is a Killing vector field on
M, then some “conservation laws” holds:

o (Z/(s),Z/(s))L =E, forallsel,
o (Z/(s),K(z(s)))L=C; forallsel.
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Lorentzian case

Globally hyperbolic spacetime

Definition

A spacetime M is globally hyperbolic if there exists a (smooth)
spacelike Cauchy hypersurface S in M, i.e., a subset which is
crossed exactly once by any inextendible timelike curve.

e E. Minguzzi — M. Sanchez. In: Recent Developments in
pseudo-Riemannian Geometry (D.V. Alekseevsky & H. Baum
Eds), EMS Publishing House, 2008.
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Stationary manifolds

Stationary Spacetime

Let (M, (-,-)1) be a connected Lorentzian manifold.

A.M. Candela Geodesics in Spacetimes



Stationary manifolds

Stationary Spacetime

Let (M, (-,-)1) be a connected Lorentzian manifold.

Definition

(M, (-,-)1) is called a stationary spacetime if it admits a timelike

Killing vector field K.
When the orthogonal distribution K+ to K is integrable, M is a

static spacetime.
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Stationary manifolds

Stationary Spacetime

Let (M, (-,-)1) be a connected Lorentzian manifold.

Definition

(M, (-,-)1) is called a stationary spacetime if it admits a timelike

Killing vector field K.
When the orthogonal distribution K+ to K is integrable, M is a

static spacetime.

If one such a timelike Killing vector field K is chosen, then M is
time—oriented.
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Stationary manifolds

Standard Stationary Spacetime

Definition

(M, (-,-)1) is a standard stationary spacetime if splits globally as
M = Mo x R, with (Mo, (-, -)r) a finite dimensional connected
Riemannian manifold, and metric (-, -); written as

(9= ()R +2(0(x), -)rdt — B(x)dt?

for each T,M = TyMy xR, z = (x,t) € M, where 6 and [ are a
smooth vector field and a smooth strictly positive scalar field on
My, respectively.

M is standard static if § = 0.
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Stationary manifolds

Standard Stationary Spacetime

Definition

(M, (-,-)1) is a standard stationary spacetime if splits globally as
M = Mo x R, with (Mo, (-, -)r) a finite dimensional connected
Riemannian manifold, and metric (-, -); written as

(9= ()R +2(0(x), -)rdt — B(x)dt?

for each T,M = TyMy xR, z = (x,t) € M, where 6 and [ are a
smooth vector field and a smooth strictly positive scalar field on

My, respectively.
M is standard static if 6 = 0.

Fixing p = (Xp, tp), q = (xq, tq) € M = Mg x R, we have:
QY p, g M) = (vaXquO) x Wi(tp, tq)
T2 (p. M) = T, (s 505 Ma) x HY(1. )

Q .
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Stationary manifolds

Stationary Spacetime

The geodesic connectedness in a stationary spacetime can be
studied with two different techniques:

A.M. Candela Geodesics in Spacetimes
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Stationary Spacetime

The geodesic connectedness in a stationary spacetime can be
studied with two different techniques:

@ the extrinsic approach, when we deal with a standard
stationary spacetime ;
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Stationary manifolds

Stationary Spacetime

The geodesic connectedness in a stationary spacetime can be
studied with two different techniques:

@ the extrinsic approach, when we deal with a standard
stationary spacetime ;

@ the intrinsic approach, when a splitting is not given “a priori”
but we just know that a timelike Killing vector field exists.
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Stationary manifolds

Stationary Spacetime

The geodesic connectedness in a stationary spacetime can be
studied with two different techniques:

@ the extrinsic approach, when we deal with a standard
stationary spacetime ;

@ the intrinsic approach, when a splitting is not given “a priori”
but we just know that a timelike Killing vector field exists.
Extrinsic approach
We can distinguish two different variational approaches:

A.M. Candela Geodesics in Spacetimes



Stationary manifolds

Stationary Spacetime

The geodesic connectedness in a stationary spacetime can be
studied with two different techniques:

@ the extrinsic approach, when we deal with a standard
stationary spacetime ;

@ the intrinsic approach, when a splitting is not given “a priori”
but we just know that a timelike Killing vector field exists.
Extrinsic approach
We can distinguish two different variational approaches:

(a) to transform the indefinite action functional f on Q%(p, g; M)
in a new (hopefully bounded from below) functional 7 on the
Riemannian part Q1(x,, x4; Mo);
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Stationary manifolds

Stationary Spacetime

The geodesic connectedness in a stationary spacetime can be
studied with two different techniques:

@ the extrinsic approach, when we deal with a standard
stationary spacetime ;

@ the intrinsic approach, when a splitting is not given “a priori”
but we just know that a timelike Killing vector field exists.
Extrinsic approach
We can distinguish two different variational approaches:

(a) to transform the indefinite action functional f on Q%(p, g; M)
in a new (hopefully bounded from below) functional 7 on the
Riemannian part Q1(x,, x4; Mo);

(b) to study directly the strongly indefinite functional f but by
making use of suitable (essentially finite—dimensional)
“approximating” techniques.
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Stationary manifolds

Known results: extrinsic approach

Standard static spacetimes (0 = 0)
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Stationary manifolds

Known results: extrinsic approach

Standard static spacetimes (0 = 0)
Extrinsic approach: method (a)
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Stationary manifolds

Known results: extrinsic approach

Standard static spacetimes (0 = 0)
Extrinsic approach: method (a)

@ V. Benci, D. Fortunato and F. Giannoni, Ann. Inst. H.
Poincaré Anal. Non Linéaire 8 (1991).
If 0 < B(x) < M.
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Stationary manifolds

Known results: extrinsic approach

Standard static spacetimes (0 = 0)
Extrinsic approach: method (a)

@ V. Benci, D. Fortunato and F. Giannoni, Ann. Inst. H.
Poincaré Anal. Non Linéaire 8 (1991).
If 0 < B(x) < M.

o R. Bartolo, A.M. C., J.L. Flores and M. Sanchez, Adv.
Nonlinear Stud. 3 (2003)
If 0 < B(x) < Ad?(x,X) + pud®(x,x) + k.
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Stationary manifolds

Known results: extrinsic approach

Standard stationary spacetimes

A.M. Candela Geodesics in Spacetimes



Stationary manifolds

Known results: extrinsic approach

Standard stationary spacetimes

Extrinsic approach: method (a)
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Stationary manifolds

Known results: extrinsic approach

Standard stationary spacetimes
Extrinsic approach: method (a)

e F. Giannoni and A. Masiello, J. Funct. Anal. 101 (1991)
If 0 <e<pB(x)<M,|5x)] <M, for all x € M.
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Stationary manifolds

Known results: extrinsic approach

Standard stationary spacetimes
Extrinsic approach: method (a)

e F. Giannoni and A. Masiello, J. Funct. Anal. 101 (1991)
If 0 <e<pB(x)<M,|5x)] <M, for all x € M.

Extrinsic approach: method (b)
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Stationary manifolds

Known results: extrinsic approach

Standard stationary spacetimes
Extrinsic approach: method (a)

e F. Giannoni and A. Masiello, J. Funct. Anal. 101 (1991)
If 0 <e<pB(x)<M,|5x)] <M, for all x € M.
Extrinsic approach: method (b)
e L. Pisani, Boll. Unione Mat. Ital. A7 (1991)
If some o < 1 exists so that 0 < € < B(x) < pd“(x,X) + k,
[0(x)| < pd*(x,X) + k, for all x € M.
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Stationary manifolds

Known results: extrinsic approach

Standard stationary spacetimes
Extrinsic approach: method (a)

e F. Giannoni and A. Masiello, J. Funct. Anal. 101 (1991)
If 0 <e<pB(x)<M,|5x)] <M, for all x € M.
Extrinsic approach: method (b)

e L. Pisani, Boll. Unione Mat. Ital. A7 (1991)
If some o < 1 exists so that 0 < € < B(x) < pd“(x,X) + k,
[0(x)| < pd*(x,X) + k, for all x € M.

e A.M. C. and A. Salvatore, J. Geom. Phys. 44 (2002)
Multiplicity result in the same case.
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Stationary manifolds

Extrinsic approach, method (a)

M = My x R standard stationary spacetime,
p=(Xp,tp), 9 = (xq, tq)

Proposition (New variational principle)

*

z* = (x*, t*) € QY(p, q; M) is a critical point of the action
functional f in Q(p, g; M) if and only if x* is a critical point of
the functional 7T : Ql(xp,xq; Mpjp) — R defined as

1 1 x). x'
J(x) = /<X x\g ds + /0 <5(ﬂ)(x )& ds

o) ([g%)

* * 2 _ 2
and t* = V(x*), with A; = (tq — tp)°.

Moreover f(z*)=J(x )




Stationary manifolds

Extrinsic approach, method (a)

In the previous proposition, it is
V2 QY(xp, xq; Mo) — W(tp, t,) defined as

V(x)(s) = to +/OW do

(L) [ ()

e F. Giannoni and A. Masiello, J. Funct. Anal. 101 (1991).
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Stationary manifolds

Extrinsic approach, method (a)

Let M =R x My be a standard stationary spacetime.
If (Mo, (-, -)r) is complete and x € M exists such that

0 < B(x) < Md?(x, %) + pd*(x,X) + k,

(0(x),6(x))r < A1 d(x,X) +p1d®(x,X) + ku,

for all x € My and for suitable A\, \1 > 0, u, u1, k, k1 € R,
a,aq € [0,1).
Then, M is geodesically connected.

@ R. Bartolo, A.M. C. and J.L. Flores, J. Geom. Phys. 56
(2006)
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Stationary manifolds

|dea of the proof

Outline of the proof:
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|dea of the proof

Outline of the proof:
@ J is bounded from below and coercive
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Stationary manifolds

|dea of the proof

Outline of the proof:
@ J is bounded from below and coercive
e “Splitting” Lemma = (PS)
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Stationary manifolds

|dea of the proof

Outline of the proof:
@ J is bounded from below and coercive
e “Splitting” Lemma — (PS)
@ Existence Theorem
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Stationary manifolds

|dea of the proof

Outline of the proof:
@ J is bounded from below and coercive
e “Splitting” Lemma — (PS)
@ Existence Theorem

4

J attains its infimum on Q(x,, x4; Mo).
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Stationary manifolds

|dea of the proof

Outline of the proof:
@ J is bounded from below and coercive
e “Splitting” Lemma — (PS)
@ Existence Theorem

4

J attains its infimum on Q(x,, x4; Mo).

M non—contractible in itself —

joined by a sequence of (spacelike) geodesics (zx)x with diverging
lengths.

any two points can be
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Stationary manifolds

Known results: intrinsic approach

e F. Giannoni and P. Piccione, Comm. Anal. Geom. 7 (1999).
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Stationary manifolds

Known results: intrinsic approach

e F. Giannoni and P. Piccione, Comm. Anal. Geom. 7 (1999).

Geodesic connectedness in stationary spacetimes via an
intrinsic approach.
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Stationary manifolds

Known results: intrinsic approach

e F. Giannoni and P. Piccione, Comm. Anal. Geom. 7 (1999).

Geodesic connectedness in stationary spacetimes via an
intrinsic approach.
Applying the previous result to the standard stationary case:
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Stationary manifolds

Known results: intrinsic approach

e F. Giannoni and P. Piccione, Comm. Anal. Geom. 7 (1999).
Geodesic connectedness in stationary spacetimes via an
intrinsic approach.

Applying the previous result to the standard stationary case:
0<e<pB(x)<M,

0(x)] < pd(x,X) + k,

for all x € Mo (o < 1).

A.M. Candela Geodesics in Spacetimes



Stationary manifolds

Remarks

(M, (-,-)) stationary spacetime
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Stationary manifolds

Remarks

(M, (-,-)) stationary spacetime

Every stationary spacetime is locally a standard stationary one with
K = 0; as timelike Killing vector field.
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Stationary manifolds

Remarks

(M, (-,-)) stationary spacetime

Every stationary spacetime is locally a standard stationary one with
K = 0; as timelike Killing vector field.

A globally hyperbolic stationary spacetime is a standard stationary
one, if one of its timelike Killing vector fields is complete.

e A.M. C., J.L. Flores and M. Sénchez, Adv. Math. 218 (2008)
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Stationary manifolds

A more general case

A more general result can be stated:
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Stationary manifolds

A more general case

A more general result can be stated:

Theorem (Part 1)

Let (M, (-,-)1) be a globally hyperbolic spacetime admitting a
complete causal Killing vector field K. Then, there exist a
Riemannian manifold (S, (-,-)), a differentiable vector field § on S
and a differentiable non—negative function 3 on S such that

M =S8 xR and

(€, ¢ = (& &)+ (3(x), )7+ (0(x), &) = Blx)r7,

for all z = (x,t) € M and
(=(7),=(¢,7)e TLM=TS xR,

e R. Bartolo, A.M. C. and J.L. Flores, Rev. Mat. Iberoam. (7)



Stationary manifolds

A more general case

Theorem (Part 2)

Furthermore,
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Stationary manifolds

A more general case

Theorem (Part 2)
Furthermore,

e K timelike = [ is non—vanishing, i.e., 3(x) > 0 for all
xe€S;
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Stationary manifolds

A more general case

Theorem (Part 2)
Furthermore,

e K timelike = [ is non—vanishing, i.e., 3(x) > 0 for all
xe€S;

o K lightlike — [ =0, 0 is non—vanishing and the metric on
M becomes

(€, ¢ =(6€) + (0(x),8)7" + (3(x), &),

for all z = (x,t) € M and
(=), =(¢,17)e T,M=TSxR.
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Stationary manifolds

Stationary spacetimes

(M, (-,-)1) with timelike Killing vector field K
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Stationary manifolds

Stationary spacetimes

(M, (-,-)1) with timelike Killing vector field K
Let p,q € M. Define

Ck(p,q) = {z € C'(p,q) : 3C, € Rsuch that (Z,K(2)), = C,}.
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Stationary manifolds

Stationary spacetimes

(M, (-, ) 1) with timelike Killing vector field K
Let p,q € M. Define

Ck(p,q) = {z € C'(p,q) : 3C, € Rsuch that (Z,K(2)), = C,}.

If z € Ck(p, q) is a critical point of f restricted to Ck(p, q), then
z is a geodesic connecting p to q.
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Stationary manifolds

Stationary spacetimes

(M, (-, ) 1) with timelike Killing vector field K
Let p,q € M. Define

Ck(p,q) = {z € C'(p,q) : 3C, € Rsuch that (Z,K(2)), = C,}.

If z € Ck(p, q) is a critical point of f restricted to Ck(p, q), then
z is a geodesic connecting p to q.

Define Qj(p, q) = {z € Q*(p, ¢; M) : 3C; € R such that
(Z,K(z))y = C, a.e. on [}.
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Stationary manifolds

Stationary spacetimes

(M, (-, ) 1) with timelike Killing vector field K
Let p,q € M. Define

Ck(p,q) = {z € C'(p,q) : 3C, € Rsuch that (Z,K(2)), = C,}.

If z € Ck(p, q) is a critical point of f restricted to Ck(p, q), then
z is a geodesic connecting p to q.

Define Qj(p, q) = {z € Q*(p, ¢; M) : 3C; € R such that
(Z,K(z))y = C, a.e. on [}.

If z € QL (p, q) is a critical point of f restricted to Qk(p, q), then
z is a geodesic connecting p and q.
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Stationary manifolds

Intrinsic approach

The following definition translates, essentially, classical
Palais—Smale condition to the stationary ambient.
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Stationary manifolds

Intrinsic approach

The following definition translates, essentially, classical
Palais—Smale condition to the stationary ambient.

Definition

Fixed c € R the set Q}(p, q) is c—precompact for f if every
sequence (z,)n C Qk(p, g) with f(z,) < c has a subsequence
which converges weakly in Q*(p, g; M) (hence, uniformly in M).
Furthermore, the restriction of f to Qk(p, q) is pseudo—coercive if
Qi (p, q) is c—precompact for all ¢ > inf f(Q(p, q)).
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Stationary manifolds

Intrinsic approach

The “abstract” result is:
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Stationary manifolds

Intrinsic approach

The “abstract” result is:

If Q% (p, q) is not empty and there exists ¢ > inf f(Qk(p, q)) such
that QL (p, q) is c—precompact, then there exists at least one
geodesic joining p to q in M

e F. Giannoni and P. Piccione, Comm. Anal. Geom. 7 (1999)
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Stationary manifolds

Intrinsic approach

The “abstract” result is:

If Q% (p, q) is not empty and there exists ¢ > inf f(Qk(p, q)) such
that QL (p, q) is c—precompact, then there exists at least one
geodesic joining p to q in M

e F. Giannoni and P. Piccione, Comm. Anal. Geom. 7 (1999)

The main limitation of Giannoni and Piccione's results is that
pseudo—coercivity condition is analytical and very technical.

Furthermore, in general, the assumption Q}<(p, g) non—empty must
be imposed.

A.M. Candela Geodesics in Spacetimes



Stationary manifolds

Intrinsic approach

In order to overcome the limitation of Giannoni and Piccione’s
result, the idea is to introduce purely geometric assumptions

on M.
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Stationary manifolds

Intrinsic approach

In order to overcome the limitation of Giannoni and Piccione’s
result, the idea is to introduce purely geometric assumptions

on M.

Let (M, (-,-)1) be a stationary spacetime with a complete timelike
Killing vector field K. If M is globally hyperbolic with a complete

(smooth, spacelike) Cauchy hypersurface S, then it is geodesically
connected.

e AM. C., J.L. Flores and M. Sanchez, Adv. Math. 218 (2008)
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Stationary manifolds

Hint of the proof

The main ideas of the proof:
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Stationary manifolds

Hint of the proof

The main ideas of the proof:

Proposition

If the timelike Killing vector field K is complete, then it is
QL (p,q) # 0 for each p, g € M.
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Stationary manifolds

Hint of the proof

The main ideas of the proof:

Proposition

If the timelike Killing vector field K is complete, then it is
QL (p,q) # 0 for each p, g € M.

Proposition

If the timelike Killing vector field K is complete and M is globally
hyperbolic with a complete Cauchy hypersurface, then the
restriction of f to Ck(p, q) is pseudo—coercive, for any p, q € M.
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Stationary manifolds

Hint of the proof

The main ideas of the proof:

Proposition

If the timelike Killing vector field K is complete, then it is
QL (p,q) # 0 for each p, g € M.

Proposition

If the timelike Killing vector field K is complete and M is globally
hyperbolic with a complete Cauchy hypersurface, then the
restriction of f to Ck(p, q) is pseudo—coercive, for any p, q € M.

Hence, the Giannoni - Piccione Theorem applies.
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Stationary manifolds

About the hypotheses

Accuracy of the hypotheses of the theorem
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Stationary manifolds

About the hypotheses

Accuracy of the hypotheses of the theorem
Counterexamples can be constructed so that:
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Stationary manifolds

About the hypotheses

Accuracy of the hypotheses of the theorem
Counterexamples can be constructed so that:

@ Stationary + Globally hyperbolic with complete S #
geodesically connected
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Stationary manifolds

About the hypotheses

Accuracy of the hypotheses of the theorem
Counterexamples can be constructed so that:

@ Stationary + Globally hyperbolic with complete S #
geodesically connected

@ Stationary with complete K + Globally hyperbolic #
geodesically connected.
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Lightlike case

Lightlike Killing case

A natural limit case consists in assuming the existence of a
lightlike, instead of timelike, Killing vector field.
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Lightlike case

Lightlike Killing case

A natural limit case consists in assuming the existence of a
lightlike, instead of timelike, Killing vector field.

Natural question:
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Lightlike case

Lightlike Killing case

A natural limit case consists in assuming the existence of a
lightlike, instead of timelike, Killing vector field.

Natural question:

taking any globally hyperbolic spacetime endowed with a
complete lightlike Killing vector field and a complete (smooth,
spacelike) Cauchy hypersurface, is it geodesically connected?
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Lightlike case

Lightlike Killing case

A natural limit case consists in assuming the existence of a
lightlike, instead of timelike, Killing vector field.

Natural question:

taking any globally hyperbolic spacetime endowed with a
complete lightlike Killing vector field and a complete (smooth,
spacelike) Cauchy hypersurface, is it geodesically connected?
In general, the answer is: NO.
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Lightlike case

Counterexample

M =R3 x R equipped with the Lorentzian metric

(€= (&€ +(0(x),8) 7" + (5(x), £} 7,

for all ¢ = (&,7),¢" = (¢/,7") € R*, where (-,-) is the
canonical scalar product on R3 and
5 x = (x1,x,x3) € R §(x1) € R3 satisfies

B (—cos®x1,0,0) ifxg <7
00a) = { (1,0,0) if xq > .
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Lightlike case

Counterexample

M =R3 x R equipped with the Lorentzian metric

(€= (&€ +(0(x),8) 7" + (5(x), £} 7,

for all ¢ = (&,7),¢" = (¢/,7") € R*, where (-,-) is the
canonical scalar product on R3 and
5 x = (x1,x,x3) € R §(x1) € R3 satisfies

B (—cos®x1,0,0) ifxg <7
00a) = { (1,0,0) if xq > .

In this spacetime:
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Lightlike case

Counterexample

M =R3 x R equipped with the Lorentzian metric

(€= (&€ +(0(x),8) 7" + (5(x), £} 7,

for all ¢ = (&,7),¢" = (¢/,7") € R*, where (-,-) is the
canonical scalar product on R3 and
5 x = (x1,x,x3) € R §(x1) € R3 satisfies

B (—cos®x1,0,0) ifxg <7
00a) = { (1,0,0) if xq > .

In this spacetime:
@ O; is a complete lightlike Killing vector field,
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Lightlike case

Counterexample

M =R3 x R equipped with the Lorentzian metric

(€, ¢ =1(& &)+ (0(x), &) 7"+ (3(x), &) 7,
for all ( = (¢,7),¢" = (¢,7") € R*, where (-,-) is the
canonical scalar product on R3 and
5 x = (x1,x,x3) € R §(x1) € R3 satisfies

B (—cos®x1,0,0) ifxg <7
00a) = { (1,0,0) if xq > .

In this spacetime:

@ O; is a complete lightlike Killing vector field,
o R3 x {t} is a complete Cauchy hypersurface for every t € R;
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Lightlike case

Counterexample

M =R3 x R equipped with the Lorentzian metric

(€= (&€ +(0(x),8) 7" + (5(x), £} 7,

for all ¢ = (&,7),¢" = (¢/,7") € R*, where (-,-) is the
canonical scalar product on R3 and
5 x = (x1,x,x3) € R §(x1) € R3 satisfies

B (—cos®x1,0,0) ifxg <7
00a) = { (1,0,0) if xq > .

In this spacetime:

@ O; is a complete lightlike Killing vector field,

o R3 x {t} is a complete Cauchy hypersurface for every t € R;
but there is no geodesic which connects, for example,
x, = (0,0,0) and x4 = (37/2,0,0).
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Lightlike case

Connectedness

However, we can characterize which points can be connected
by geodesics:
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Lightlike case

Connectedness

However, we can characterize which points can be connected
by geodesics:

Theorem

Let (M, (-,-)) be a globally hyperbolic spacetime endowed with a
complete lightlike Killing vector field K and a complete (smooth,
spacelike) Cauchy hypersurface S. Let p,q € M. Then:

p and q are geodesically connected in M

)

p and q can be connected by a C* curve ¢ on M such that
(¢, K())L has constant sign or is identically equal to 0.

e R. Bartolo, A.M. C. and J.L. Flores, Rev. Mat. Iberoam. (7)



Lightlike case

Hint of the proof

| follows from K Killing and ¢ geodesic.
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Lightlike case

Hint of the proof

| follows from K Killing and ¢ geodesic.
1} requires a proof:
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Lightlike case

Hint of the proof

| follows from K Killing and ¢ geodesic.
1} requires a proof:

@ By the hypotheses and a previous theorem, we have
M=8xRand () = (-,-) +2(6(x), ) dt
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Lightlike case

Hint of the proof

| follows from K Killing and ¢ geodesic.
1 requires a proof:

@ By the hypotheses and a previous theorem, we have
M=8xRand () = (-,-) +2(6(x), ) dt

@ We introduce a sequence of standard stationary spacetimes
(Mo, (-, +)n) such that:
Mp=Mand (), = (-,-)p — dt?
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Lightlike case

Hint of the proof

| follows from K Killing and ¢ geodesic.
1 requires a proof:

@ By the hypotheses and a previous theorem, we have
M=8xRand () = (-,-) +2(6(x), ) dt

@ We introduce a sequence of standard stationary spacetimes
(Mo, (-, +)n) such that:
Mp=Mand (), = (-,-)p — dt?

e Taking p = (Xp, tp), ¢ = (Xq, tq) € M with Ay =t; —t, >0,
there exists ng € N such that p and g are connected by a
geodesic v, = (Xn, tp) in (Mp, (-,-)n) for every n > ng
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Lightlike case

Hint of the proof

| follows from K Killing and ¢ geodesic.
1 requires a proof:

@ By the hypotheses and a previous theorem, we have
M=8xRand () = (-,-) +2(6(x), ) dt

@ We introduce a sequence of standard stationary spacetimes
(Mo, (-, +)n) such that:

Mp=Mand (), = (-,-)p — dt?

e Taking p = (Xp, tp), ¢ = (Xq, tq) € M with Ay =t; —t, >0,
there exists ng € N such that p and g are connected by a
geodesic v, = (Xn, tp) in (Mp, (-,-)n) for every n > ng

o If a C! curve ¢ exists such that (¢, K(¢)), has constant sign
or is identically equal to 0, then y exists such that, up to
subsequences, v, — 7y strongly on Q(xp, xq; S) x W (tp, tg)
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Lightlike case

Hint of the proof

| follows from K Killing and ¢ geodesic.
1 requires a proof:

@ By the hypotheses and a previous theorem, we have
M=8xRand () = (-,-) +2(6(x), ) dt

@ We introduce a sequence of standard stationary spacetimes
(Mo, (-, +)n) such that:

Mp=Mand (), = (-,-)p — dt?

e Taking p = (Xp, tp), ¢ = (Xq, tq) € M with Ay =t; —t, >0,
there exists ng € N such that p and g are connected by a
geodesic v, = (Xn, tp) in (Mp, (-,-)n) for every n > ng

o If a C! curve ¢ exists such that (¢, K(¢)), has constant sign
or is identically equal to 0, then y exists such that, up to
subsequences, v, — 7y strongly on Q(xp, xq; S) x W (tp, tg)

@ 7y is a geodesic joining p to g in M.
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Lightlike case

Applications: Avez—Seifert result

An alternative proof of the classical Avez—Seifert result:
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Lightlike case

Applications: Avez—Seifert result

An alternative proof of the classical Avez—Seifert result:

Proposition

Let (M, (-,-)) be a globally hyperbolic spacetime endowed with a
complete lightlike Killing vector field K and a complete Cauchy
hypersurface S. Then, two points of M can be connected by a
causal geodesic if and only if they are causally related.
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Lightlike case

Applications: Generalized Plane Waves

Definition

A Lorentzian manifold (M, (-,-)) is called generalized plane wave,
briefly GPW, if there exists a (connected) finite dimensional
Riemannian manifold (Mo, (-, -)g) such that M = Mg x R? and

(v = (-,-)r + 2dudv + H(x, u)duz,

where x € My, the variables (u, v) are the natural coordinates of
R? and the smooth function H : Mg x R — R is not identically
zero.
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Lightlike case

Applications: Generalized Plane Waves

Definition

A Lorentzian manifold (M, (-,-)) is called generalized plane wave,
briefly GPW, if there exists a (connected) finite dimensional
Riemannian manifold (Mo, (-, -)g) such that M = Mg x R? and

(v = (-,-)r + 2dudv + H(x, u)duz,

where x € My, the variables (u, v) are the natural coordinates of
R? and the smooth function H : Mg x R — R is not identically
zero.

A GPW becomes a gravitational wave if Mg = R? is equipped
with the classical Euclidean metric and

H(x,u) = g1(u)(xF — x3) + 2g2(u)x1x2, x = (x1,x2) € R?,
with g1, g smooth real functions such that g7 + g7 # 0.
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Lightlike case

Applications: Generalized Plane Waves

About geodesic connectedness and global hyperbolicity of GPWs:
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Lightlike case

Applications: Generalized Plane Waves

About geodesic connectedness and global hyperbolicity of GPWs:

Theorem

If the Riemannian manifold (Mo, (-,-)r) is complete with respect
to its canonical distance and H behaves subquadratically at spatial
infinity, i.e., there exist X € My and (positive) continuous
functions Ry(u), Ro(u), p(u), with p(u) < 2, such that

—H(x,u) < Ri(u)d”™)(x,%) + Ro(u) for all (x,u) € Mg x R,

then the spacetime is geodesically connected and globally
hyperbolic.

e AM. C.,, J.L. Flores, M. Sanchez, Gen. Relativity Gravitation
35 (2003)
e J.L. Flores, M. Sanchez, Class. Quant. Grav. 20 (2003)
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Lightlike case

Applications: Generalized Plane Waves

If (M, (-,-)1) is a GPW, then K = 0, is a complete lightlike
Killing vector field on M.
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Lightlike case

Applications: Generalized Plane Waves

If (M, (-,-)1) is a GPW, then K = 0, is a complete lightlike
Killing vector field on M.

Moreover, taking any p = (xp, Up, V), g = (Xq, Ug, Vq) € M and
any curve x = x(s) in Mg connecting x, to xq, if we denote

A, = ug—upand A, = v4 — v, we have that the curve

o(s) = (x(s), Ay s, Ay, s) connects p to g, and the scalar product

<¢77 K(90)>L =u=2A4y

is constant.
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Lightlike case

Applications: Generalized Plane Waves

If (M, (-,-)1) is a GPW, then K = 0, is a complete lightlike
Killing vector field on M.

Moreover, taking any p = (xp, Up, V), g = (Xq, Ug, Vq) € M and
any curve x = x(s) in Mg connecting x, to xq, if we denote

A, = ug—upand A, = v4 — v, we have that the curve

o(s) = (x(s), Ay s, Ay, s) connects p to g, and the scalar product

<¢77 K(90)>L =u=2A4y

is constant.

Any globally hyperbolic GPW with a complete Cauchy
hypersurface is geodesically connected.
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