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Introduction

The study of spacelike hypersurfaces in Lorentzian manifolds
presents interests in Physics modelling the spatial universe
and its matter as well in Mathematics exhibiting new Calabi-
Bernstein properties.
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Introduction

Spacelike hypersurfaces of constant mean curvature in a spa-
cetime are critical points of the area functional under a certain
volume constraint.

A spacelike hypersurface with zero mean curvature is said to
be maximal. These hypersurfaces maximize locally the area
functional.
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Some views in the topic

In 2008, A. Albujer published non-trivial examples of (com-
plete and non-complete) maximal spacelike surfaces immersed
in −R×H2.

In the late years R. Earp, P. Bérard, B. Nelli and M. Elbert
(2008,2012) worked towards classifying the CMC hypersurfa-
ces in R×Hn.

A. Romero, R. Rubio and J. Salamanca (2014) studied the
case where the fiber is parabolic also for the generalized
Robertson-Walkers spaces.
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Eraldo Almeida Lima Júnior Departamento de Matemática-UFC IEMath-Granada eraldojrps@hotmail.comConference Granada 2014-DGT-IEMATH/UGR



Introduction
Preliminaries

Growth of the height function in −R × M
Bernstein results on Lorentzian ambient

References

Bernsteins Results

The results and techniques we will present here are in the set-
ting of CMC spacelike hypersurfaces immersed in Lorentzian
spaces of the form −R×M .

Generally speaking they state that, if the growth of the height
function on a hypersurface is suitable controlled, then the hy-
persurface must be a slice.
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Lemma (The Omori-Yau generalized maximum principle)

Let Σn be an n-dimensional complete Riemmanian manifold
whose Ricci curvature is bounded from below and
f : Σn → R is a smooth function which is also bounded from
below. Then there exists a sequence (pk) ⊂ Σn such that

lim
k→∞

f (pk) = inf f , lim
k→∞
|∇f (pk)| = 0 and lim

k→∞
∆f (pk) ≥ 0.

Here such a sequence will be called an Omori-Yau minimizing
sequence for the function f , or just Omori-Yau sequence when
this term is clear.
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The height and support functions

Let φ : Σn → −R × M be a spacelike hypersurface and N
be the Gauss Normal application pointing to the future in Σn

then we define:

The height function h : Σn → R, h := πR ◦ φ.

The support function of Σn, 〈N , ∂t〉.

Geometrically, the support function measures the hyperbolic
cosine of the hyperbolic angle between the vectors N and ∂t ,
i.e., cosh θ = −〈N , ∂t〉.
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The gradient of the height function h is given by

∇h = −∂Tt = −∂t − 〈N , ∂t〉N

Therefore |∇h|2 = −1 + 〈N , ∂t〉2.

The Laplacian can be obtained in the following way:

DX∇h = −DX∂t − X 〈∂t ,N〉N − 〈∂t ,N〉DXN

on a local extension of ∇h.
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Eraldo Almeida Lima Júnior Departamento de Matemática-UFC IEMath-Granada eraldojrps@hotmail.comConference Granada 2014-DGT-IEMATH/UGR



Introduction
Preliminaries

Growth of the height function in −R × M
Bernstein results on Lorentzian ambient

References

The gradient of the height function h is given by

∇h = −∂Tt = −∂t − 〈N , ∂t〉N

Therefore |∇h|2 = −1 + 〈N , ∂t〉2.

The Laplacian can be obtained in the following way:

DX∇h = −DX∂t − X 〈∂t ,N〉N − 〈∂t ,N〉DXN

on a local extension of ∇h.
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Therefore

DX∇h = −〈∂t ,N〉DXN = 〈∂t ,N〉AX .

Then

∆h = −nH〈N , ∂t〉,

where the mean curvature of Σ is H = −1

n
tr(A).
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We can also consider Hr , the r-mean curvatures, given by

(
n
r

)
Hr (k1, ..., kn) = (−1)rSr (k1, ..., kn) = Sr (−k1, ...,−kn),

where
Sr (k1, ..., kn) =

∑
i1<i2<...<ir

ki1ki2 ...kir .

Particularly

H2 =
2

n(n − 1)

∑
i1<i2

ki1ki2 ,

where the k ′i s are the eigenvalues of A.
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Algebraic inequalities

Lemma

Let H and H2 be the first and second mean curvatures then

i) nH2 ≤ |A|2;

ii)H2 ≤ H2.

One equality holds if, and only if, A = λI .
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Proceeding to the calculus of the gradient of support function
f = 〈N , ∂t〉,

〈∇f ,X 〉 = X 〈N , ∂t〉
= 〈DXN , ∂t〉+ 〈N ,DX∂t〉

= 〈AX ,−∂tT 〉 = 〈AX ,∇h〉

= 〈A∇h,X 〉

Since X is arbitrary ∇f = A(∇h). The calculus of the Lapla-
cian of the support is more sophisticated and is given in the
following lemma.
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Lemma

Let ψ : Σn → −R×Mn be a spacelike hypersurface with
Gauss map N . Suppose that the mean curvature H is
constant. Then,

∆〈N , ∂t〉 =
(
RicM(N∗,N∗) + |A|2

)
〈N , ∂t〉,

where RicM is the Ricci curvature of the fiber Mn,
N∗ = N + 〈N , ∂t〉∂t is the projection of N onto Mn and |A|
is the Hilbert-Schmidt norm of the shape operator A of Σn.

Eraldo Almeida Lima Júnior Departamento de Matemática-UFC IEMath-Granada eraldojrps@hotmail.comConference Granada 2014-DGT-IEMATH/UGR



Introduction
Preliminaries

Growth of the height function in −R × M
Bernstein results on Lorentzian ambient

References

Lemma

Let ψ : Σn → −R×Mn be a spacelike hypersurface with
Gauss map N . Suppose that the mean curvature H is
constant. Then,

∆〈N , ∂t〉 =
(
RicM(N∗,N∗) + |A|2

)
〈N , ∂t〉,

where RicM is the Ricci curvature of the fiber Mn,
N∗ = N + 〈N , ∂t〉∂t is the projection of N onto Mn and |A|
is the Hilbert-Schmidt norm of the shape operator A of Σn.

Eraldo Almeida Lima Júnior Departamento de Matemática-UFC IEMath-Granada eraldojrps@hotmail.comConference Granada 2014-DGT-IEMATH/UGR



Introduction
Preliminaries

Growth of the height function in −R × M
Bernstein results on Lorentzian ambient

References

Lemma

Let ψ : Σn → −R×Mn be a spacelike hypersurface with
Gauss map N . Suppose that the mean curvature H is
constant. Then,

∆〈N , ∂t〉 =
(
RicM(N∗,N∗) + |A|2

)
〈N , ∂t〉,

where RicM is the Ricci curvature of the fiber Mn,
N∗ = N + 〈N , ∂t〉∂t is the projection of N onto Mn and |A|
is the Hilbert-Schmidt norm of the shape operator A of Σn.
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Lemma

Consider X ∈ X(Σ) and Ric : X(Σ)2 → F(Σ) then

Ric(X ,X ) =
∑
i

〈R(X ,Ei)X ,Ei〉+|AX +
nH

2
X |2− n2H2

4
|X |2.

where R is the curvature tensor in the space −R × Mn and
Σn is immersed in that ambience.
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Observing the case when −κ ≤ KM we obtain the following
for the Ricci curvature.

Corollary

Let ψ : Σ→ −R×Mn be an immersion with M such that
−κ ≤ KM and X ∈ X(Σ) then

Ric(X ,X ) ≥ −κ(n − 1)(1 + |∇h|2)|X |2 − n2H2

4
|X |2
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Bernstein Results on Lorentzian ambient

Theorem (Albujer, Camargo e de Lima, 2009)

Let ψ : Σn → −R×Hn be an immersed complete spacelike
hypersurface with constant mean curvature. If the height
function h of Σn satisfies

|∇h|2 ≤ nα

n − 1
H2 for some 0 < α < 1

Then Σn must be a slice.
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Eraldo Almeida Lima Júnior Departamento de Matemática-UFC IEMath-Granada eraldojrps@hotmail.comConference Granada 2014-DGT-IEMATH/UGR



Introduction
Preliminaries

Growth of the height function in −R × M
Bernstein results on Lorentzian ambient

References

Bernstein Results on Lorentzian ambient

Theorem (Albujer, Camargo e de Lima, 2009)

Let ψ : Σn → −R×Hn be an immersed complete spacelike
hypersurface with constant mean curvature. If the height
function h of Σn satisfies

|∇h|2 ≤ nα

n − 1
H2 for some 0 < α < 1

Then Σn must be a slice.
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Our question is: can we extend this result to α = 1 and to
fibers more general than Hn?

Answer: we will see next.

But firstly we observe another result that arises the same ques-
tions.
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Theorem (Albujer, Camargo e de Lima, 2009)

Let ψ : Σn → −R×Hn be a complete spacelike
hypersurface with constant mean curvature H and H2

bounded from below.

If the height function h of Σn satisfies

|∇h|2 ≤ α

n − 1
|A|2

then Σn must be an slice, where 0 < α < 1 and |A|2 is the
Hilbert-Schmidt squared norm of the tensor A.

Eraldo Almeida Lima Júnior Departamento de Matemática-UFC IEMath-Granada eraldojrps@hotmail.comConference Granada 2014-DGT-IEMATH/UGR



Introduction
Preliminaries

Growth of the height function in −R × M
Bernstein results on Lorentzian ambient

References

Theorem (Albujer, Camargo e de Lima, 2009)

Let ψ : Σn → −R×Hn be a complete spacelike
hypersurface with constant mean curvature H and H2

bounded from below. If the height function h of Σn satisfies

|∇h|2 ≤ α

n − 1
|A|2

then Σn must be an slice, where 0 < α < 1 and |A|2 is the
Hilbert-Schmidt squared norm of the tensor A.
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Answer to the first question

Theorem (—, de Lima, 2013)

Let ψ : Σn → −R×Mn be an immersed complete spacelike
hypersurface with constant mean curvature H in a
Lorentzian product −R×Mn,

whose sectional curvature KM

of the fiber Mn is such that −κ ≤ KM for some constant κ.
If the height function of Σn is such that

|∇h|2 ≤ n

κ(n − 1)
H2. (1)

Then, Σn is a slice.
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Proof (sketch)

By hypothesis we have (1)

〈N , ∂t〉2 = 1 + |∇h|2 ≤ 1 +
n

κ(n − 1)
H2.

Consequently, infp∈Σ〈N , ∂t〉(p) exists and is negative.
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Proof (sketch)

Using the above Lemma we obtain

RicM(N∗,N∗) ≥ −κ(n − 1)|∇h|2,

From Lemma 1 and by hypothesis we have

∆〈N , ∂t〉 ≤ n(n − 1)(H2 − H2)〈N , ∂t〉. (2)
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Eraldo Almeida Lima Júnior Departamento de Matemática-UFC IEMath-Granada eraldojrps@hotmail.comConference Granada 2014-DGT-IEMATH/UGR



Introduction
Preliminaries

Growth of the height function in −R × M
Bernstein results on Lorentzian ambient

References

Proof (sketch)

Using the above Lemma we obtain

RicM(N∗,N∗) ≥ −κ(n − 1)|∇h|2,

From Lemma 1 and by hypothesis we have

∆〈N , ∂t〉 ≤ n(n − 1)(H2 − H2)〈N , ∂t〉. (2)
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Proof (sketch)

Using the Lemma (2) and the Omori-Yau maximum principle
we obtain a sequence of points pk ∈ Σn such that

lim
k

(H2 − H2)(pk) = 0.

Since |A|2 = nH2+n(n−1)(H2−H2), we have limk |A|2(pk) =
nH2.
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we obtain a sequence of points pk ∈ Σn such that

lim
k

(H2 − H2)(pk) = 0.

Since |A|2 = nH2+n(n−1)(H2−H2), we have limk |A|2(pk) =
nH2.
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Proof (sketch)

Reminding that |A|2 =
∑

i κ
2
i , for κi the eigenvalues of A.

Then, up to subsequence, for 1 ≤ i ≤ n we have limk κi(pk) =
κ∗i for κ∗i ∈ R.

We define

n(n − 1)

2
H2 =

∑
i<j

κ∗i κ
∗
j .

Note that H = − 1
n

∑
i κ
∗
i . Then H2 = H2 and for 1 ≤ i ≤ n

we have κ∗i = −H .
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Proof (sketch)

Consider {ei} an orthonormal frame associated to the eigenva-
lues {κi} of A.

Writing ∇h(pk) =
∑

i λi(pk)ei(pk) for λi(pk)

real numbers. Using the Omori-Yau maximum principle we
have

0 = lim
k
|A(∇h)|2(pk) =

∑
i

lim
k

(
κ2
i λ

2
i

)
(pk)

=
∑
i

(κ∗i )2 lim
k
λ2
i (pk) = H2

∑
i

lim
k
λ2
i (pk).

For H2 > 0 we have limk λi(pk) = 0. Therefore,
limk |∇h|(pk) = 0 and this way infp∈Σ〈N , ∂t〉(p) =
limk〈N , ∂t〉(pk) = −1. �
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Eraldo Almeida Lima Júnior Departamento de Matemática-UFC IEMath-Granada eraldojrps@hotmail.comConference Granada 2014-DGT-IEMATH/UGR



Introduction
Preliminaries

Growth of the height function in −R × M
Bernstein results on Lorentzian ambient

References

Proof (sketch)

Consider {ei} an orthonormal frame associated to the eigenva-
lues {κi} of A. Writing ∇h(pk) =

∑
i λi(pk)ei(pk) for λi(pk)

real numbers. Using the Omori-Yau maximum principle we
have

0 = lim
k
|A(∇h)|2(pk) =

∑
i

lim
k

(
κ2
i λ

2
i

)
(pk)

=
∑
i

(κ∗i )2 lim
k
λ2
i (pk) = H2

∑
i

lim
k
λ2
i (pk).

For H2 > 0 we have limk λi(pk) = 0. Therefore,
limk |∇h|(pk) = 0 and this way infp∈Σ〈N , ∂t〉(p) =
limk〈N , ∂t〉(pk) = −1. �
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Using Bochner-Lichnerowicz’s formula

Consider the Bochner-Lichnerowicz’s formula

1

2
∆|∇u|2 = |Hessu|2 + Ric(∇u,∇u) + 〈∇u,∇∆u〉

Using the fact that |A|2 = nH2 + n(n − 1)(H2 − H2) we get

1

2
∆ sinh2 θ = nH2 cosh2 θ + 〈A2∇h,∇h〉+ cosh2 θRicM(N∗,N∗)

+n(n − 1)(H2 − H2) cosh2 θ
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Using Bochner-Lichnerowicz’s formula

Using the estimate on norm of N∗ we get

1

2
∆ sinh2 θ ≥ (nH2 − κ(n − 1) sinh2 θ) cosh2 θ + 〈A2∇h,∇h〉+

+n(n − 1)(H2 − H2) cosh2 θ

All three parcels in the right hand of the inequality are non-
negative. Therefore on a maximizing sequence they converge
to zero.
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An answer for the second question

Theorem

Let Σn be a complete CMC spacelike hypersurface immersed
in a Lorentzian product space −R×Mn,

whose sectional
curvature KM of its fiber Mn is such that −κ ≤ KM ≤ 0 for
some positive constant κ. Suppose that H2 is bounded from
below on Σn and, for some constant 0 < α < 1,

|∇h|2 ≤ α

κ(n − 1)
|A|2. (3)

Then, Σn is a slice {t} ×Mn.
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An answer for the graph case

We have a partially positive answer for the second case α = 1

Theorem (de Lima,—)

Let M
n+1

= −R×Mn be a Lorentzian product space, such
that the sectional curvature KM of its Riemannian fiber Mn

satisfies KM ≥ −κ, for some positive constant κ. Let Σ(u) be
an entire H-graph over Mn, with u bounded and H2 bounded
from below. If

|Du|2M ≤
|A|2

κ(n − 1) + |A|2
, (4)

then u ≡ t0 for some t0 ∈ R.
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Example

Consider u : H2 → R given by u(x , y) = a ln y , and the graph

Σ2(u) = {(a ln y , x , y); y > 0} ⊂ −R×H2.

We have Du(x , y) = (0, ay) then |Du(x , y)|2 = |a|2. And the
height function h satisfies

|∇h|2 =
|Du|2

1− |Du|2
=
|a|2

1− |a|2
.
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Example

This way

〈N , ∂t〉 = − 1√
1− |a|2

.

We also have the mean curvature H of Σ2(u) given by

nH = Div

(
Du√

1− |Du|2

)
,

Where Div is the divergent in H2.
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Example

Using that Div = Div0 − 2
y
dy , for Div0 the divergent in R2,

we have

2Hr 3 = r 2y 2∆0u + y 3(yQ(u) + uy |D0u|20), (5)

where r =
√

1− |Du|2 =
√

1− a2, and

Q(u) = u2
xuxx + 2uxuyuxy + u2

yuyy . (6)

Plugging u(x , y) = a ln y in the equation (5), we obtain

H = − a

2
√

1− a2
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Eraldo Almeida Lima Júnior Departamento de Matemática-UFC IEMath-Granada eraldojrps@hotmail.comConference Granada 2014-DGT-IEMATH/UGR



Introduction
Preliminaries

Growth of the height function in −R × M
Bernstein results on Lorentzian ambient

References

Example

Using that Div = Div0 − 2
y
dy , for Div0 the divergent in R2,

we have

2Hr 3 = r 2y 2∆0u + y 3(yQ(u) + uy |D0u|20), (5)

where r =
√

1− |Du|2 =
√

1− a2, and

Q(u) = u2
xuxx + 2uxuyuxy + u2

yuyy . (6)

Plugging u(x , y) = a ln y in the equation (5), we obtain

H = − a

2
√

1− a2
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Example

Since 〈N , ∂t〉 is constant, from a variant of Lemma (1) we
get

0 = ∆〈N , ∂t〉 = (|A|2 − |∇h|2)〈N , ∂t〉.

Then
|∇h|2 = |A|2.

Moreover, we have H2 = 0 on Σ2(u). One can also see that
this graph is stable.
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In the Half Space

Figura : Stable Graph
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In the Poincaré Disc

Plotting it in the Poincaré Disc we obtain something looking
like a giraffe. Whose equation is:

ln(−(x2)/((1−x)2+y 2)−(y 2)/((1−x)2+y 2)+(1)/((1−x)2+y 2))
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In the Poincaré Disc

Figura : Plot in the Poincaré Disc
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