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Let Y be a given conformal Killing vector field in a Riemannian manifold
Mntt,
Thus, there exists a function ¢ € C>(M) such that

where g is the metric in M1,

From this we deduce the conformal Killing equation

(VxY,Z)+(VzY,X)=20(X,2Z),  X,ZecT(TM). (2)
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Killing graphs

Proving the existence of a conformal Killing graph with prescribed mean
curvature and boundary requires establishing a priori estimates.

This is accomplished by the use of Killing cylinders as barriers.

The Killing cylinder K over I = 0L is the hypersurface ruled by the flow
lines of Y through I, that is,

K ={d(t,x): x T} (4)
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Geometric facts

Since ®; = ®(t, - ) is a conformal map for any fixed t € I, there is a
positive function A € C*°(I x M) such that A(0,-) =1 and

(D}“g = Az(ta )g

We may verify that

0= 7 (5)

One also proves that the integral leaves of D are totally umbilical
hypersurfaces with principal curvatures k = —%,/7.

If in addition Y is closed, then these leaves are spherical hypersurfaces,
i.e., they have constant mean curvature.
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o Riemannian products M x R. In this case, Y = % is a parallel vector
field.

o Warped products R x, M. Here, the vector field Y = x % is a closed
conformal Killing vector field.

o Space forms. This time, we may represent constant curvature metrics
as warped metrics of the form

dt?> + x3(t)do?, (9)

where x(t) = sn(t).
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o We also mention general existence results due to Dajczer and Ripoll
(JGA, 2005) and Dajczer and Alias (JDG, 2007).
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In the more general setting of a Riemannian submersion 7 : M — M with
7Y = 0, when the distribution D is not necessarily integrable, we proved

Let Q C M" be a bounded domain with C>“ boundary I'. Assume that
HK > 0 and
Ricj > —n mf H

Let H € C*(Q ) and ¢ € C%%(T) be given. Assume that there exists a C>
immersion 1 : Q — M transverse to the vertical fibers in 7=1(Q). If

|H| Si?fHK7

then there exists a unique function u € C>%(Q) satisfying u|r = ¢ whose
graph has mean curvature function H.
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Heisenberg spaces H,,.

Graphs in odd-dimensional spheres, even when endowed with Berger
metrics.

Helicoidal graphs in Euclidean space, an interesting case treated
earlier in

Dajczer and Lira, Helicoidal graphs with prescribed mean curvature,
Proc. AMS 137, 7, 20009.

For proving the theorem above, we use a method of obtaining interior
estimates due to Korevaar, based on comparing graphical and normal
perturbations of a graph.
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In this case the Riemannian ambient manifold is M"t1 =T x M" endowed
with a metric of the form

ds® = N2(t)(p?(x)dt? + oj(x)dx'dx)), (10)

where
P> = (Y, Y)|m. (11)

The graph X has prescribed mean curvature H if and only if u satisfies

Vu 1 (Vv,Vu) nv)\t>
v — + —nAH =0,
(\/’y + ]Vu\2> V7 + | Vul? ( 2y A

where the divergence and gradient are taken in M" and vy = p~2.
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Local geometry of the graphs

Indeed the induced metric in & has local components
2 1
8ij = A (u)(cr,-j + ;U uj)

The second fundamental form is locally expressed by

_ Ui Uiy v Uity gk ﬁ-- Mg
W W2y W2y 2W 42 A X

Taking traces we deduce the equation above.

(13)
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Conformal Killing graphs

o A sufficient condition to have a maximum principle is

(AH)e 20 and (Ae/A)e=0: 2 0. (14)

If we assume that H = H(x), the first condition says that that the
mean curvature of the leaves and of the graph have opposite signs.

©

o If the leaves are mean convex, that is, if A\; > 0, then we fix H > 0.

The second condition is related to the growing rate of the mean
curvature of the leaves.

©
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Let Q C M" be a C%>® bounded domain such that
Ricf\—jd > —nir|1f HZ.

Assume \¢ > 0 and (A\t/A): > 0. Let H € C*(Q) and ¢ € C%>*(T) be
such that
ir}f H¢>H>0

and ¢ < 0. Then, there exists a unique function u € C>*(Q) whose
conformal Killing graph has mean curvature function H and boundary
data ¢.
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o A conformal Killing field is closed if

(VxY,Z) = o(X,Z).

forall X,Z € TM.

When the conformal Killing field Y is closed the result holds with the
assumption on the Ricci curvature replaced by

nRici > —(n—1)? ir}f HZ.

Moreover, if Y is a Killing field we may assume

inf Hic > H.
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Existence results

Let Qg denote the largest open subset of points of Q that can be joined
to I' by a unique minimizing geodesic. At points of €y, we denote

Ricj(x) = Ricg(n, ), (15)

where n € T, M is an unit vector tangent to the unique minimizing
geodesic from x € Qg to I'.

It was shown by Y.-Y. Li and L. Nirenberg (2005) that the distance
function d(x) = dist(x, ) in Qg has the same regularity as T
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Let . and K. be level sets d = € in M" and M"t1, respectively.

By Hk. we denote the mean curvature of the Killing cylinder K, over ..

The hypothesis on Ricci assures that Riccati’s equation yields the “nice’
behavior for H._:

Assume that the Ricci curvature tensor of M1 satisfies

inf Ric? > —pinf H2.
QM = P

Then, Hk_|x, > Hkly, if yo € T is the closest point to xp € I'c C Q.
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Existence results

o The statements may be rewritten in terms of the Ricci curvature of
the leaf M using the following relation

Ricy(n,m) + k' + nk? = Ricpm(n, 1) + (k) + £ (16)

o Since

n—1

nHx =k + Hr (17)

the mean convexity of the cylinder does not necessarily imply the
mean convexity of the boundary of the domain.
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We apply the well-known continuity method to the family parametrized
by 7 € [0, 1] of Dirichlet problems

{ QT[U] = 07

ulp =7¢
where
: Vu (V7, Vu) nyp
Q. u :d1V< )— —T( +n\H ).
M=t Arme) avarve \Arwer

Let Z be the subset of [0, 1] consisting of values of 7 for which the
Dirichlet problem has a C>% solution. Then, the proof reduces to
show that Z = [0, 1].
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Proof of the results

o The set Z non-empty since u = 0 is a solution for 7 = 0.

o The set Z of [0, 1] consisting of values of 7 for which the above
Dirichlet problem has a C%“ solution is open since the maximum
principle holds.

o That Z is closed follows from standard theory of quasilinear elliptic
differential equations provided we have a priori estimates for solutions.
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There exists a positive constant C = C(£2, H) such that

lulo < C+9lo

for any solution u of the Dirichlet problem.

v

We construct barriers on Qg which are subsolutions to the PDE of the form
p(x) = inf 6 + F(d(x))

where d(x) = dist(x, ') and

where B > diam(€2) and D > 0 is a constant to be chosen.
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A priori estimates

There exists a positive constant C = C(Q, H, ¢, |ulo) such that

sup |Vu| < C
r

for any solution u of the Dirichlet problem.

We use barriers defined on a tubular neighborhood Q. of ' of the form
f=—Aln(1+Bd)+ ¢

where A and B are positive constants.
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priori estimates

There exists a positive constant C = C(QQ, H, ¢, |Vu|r|o) such that

sup |Vu| < C
Q

for any solution u of the Dirichlet problem.

We consider on X the function

where v = |Vul|?.

If x achieves its maximum on " we already have the desired bound. Thus,
we may assume that y attains maximum value at an interior point xp € 2
where |Vu| # 0.



Graphs with prescribed curvature

A priori estimates



Graphs with prescribed curvature

A priori estimates

Then we fix coordinates so that

u1(x0) = [Vu(xo)|-



Graphs with prescribed curvature

A priori estimates

Then we fix coordinates so that

u1(x0) = [Vu(xo)|-

Hence rotating the remaining axis we have

U1;1(X0) = —K’VU’z, U]_;J'(Xo) =0



Graphs with prescribed curvature

A priori estimates

Then we fix coordinates so that

u1(x0) = [Vu(xo)|-

Hence rotating the remaining axis we have

U1;1(X0) = —K’VU’z, U]_;J'(Xo) =0

and (u;.j)ij>2 is diagonal at xo.



Graphs with prescribed curvature

A priori estimates

Then we fix coordinates so that

u1(x0) = [Vu(xo)|-

Hence rotating the remaining axis we have

u1(x0) = —K[Vu]?,  upi(x0) =0
and (u;.j)ij>2 is diagonal at xo.

We proceed differentiating both sides of the equation. Contracting the
result with the gradient it results that

alu'uy — 2K?v3 = O(v?). (18)



Graphs with prescribed curvature

A priori estimates

Then we fix coordinates so that

u1(x0) = [Vu(xo)|-

Hence rotating the remaining axis we have

u1(x0) = —K[Vu]?,  upi(x0) =0
and (u;.j)ij>2 is diagonal at xo.

We proceed differentiating both sides of the equation. Contracting the
result with the gradient it results that

alu'uy — 2K?v3 = O(v?). (18)



Graphs with prescribed curvature

Interior gradient estimates

On the other hand using the fact that x has a maximum at xp and the
particular choice of coordinates above we have

0> alyi; = alu'u; + K2v? + O(v?) (19)



Graphs with prescribed curvature

Interior gradient estimates

On the other hand using the fact that x has a maximum at xp and the
particular choice of coordinates above we have

0> aly;; = alu'u; + K2yv? + O(v?) (19)
The third derivatives are ruled out by Ricci commutation formula and we
obtain at the end

(K*y = R+ C(n, H,7))v* — (K2y* + 2Ry + C(n, H, A, 7))v?
+C(n, H, A, y)v < 0.

We conclude that



Graphs with prescribed curvature
On the other hand using the fact that x has a maximum at xp and the
particular choice of coordinates above we have

0> aly;; = alu'u; + K2yv? + O(v?) (19)
The third derivatives are ruled out by Ricci commutation formula and we

obtain at the end

(K*y = R+ C(n, H,7))v* — (K2y* + 2Ry + C(n, H, A, 7))v?
+C(n, H, A, y)v < 0.

We conclude that

[Vul(x) < [Vul(xo)e . (20)



Graphs with prescribed curvature
On the other hand using the fact that x has a maximum at xp and the
particular choice of coordinates above we have

0> aly;; = alu'u; + K2yv? + O(v?) (19)
The third derivatives are ruled out by Ricci commutation formula and we

obtain at the end

(K*y = R+ C(n, H,7))v* — (K2y* + 2Ry + C(n, H, A, 7))v?
+C(n, H, A, y)v < 0.

We conclude that

[Vul(x) < [Vul(xo)e . (20)



Graphs with prescribed curvature

Interior gradient estimates

Another strategy is to adapt Korevaar's method of normal perturbations of
the graph.

p=-exp,nN, pexL, (21)

for a certain function 7 to be chosen later.



Graphs with prescribed curvature

Interior gradient estimates

Another strategy is to adapt Korevaar's method of normal perturbations of
the graph.

p=-exp,nN, pexL, (21)

for a certain function 7 to be chosen later.

The mean curvature of the perturbed graph (locally given as the graph of
a function 1) is written as



Graphs with prescribed curvature

Interior gradient estimates

Another strategy is to adapt Korevaar's method of normal perturbations of
the graph.

p=-exp,nN, pexL, (21)

for a certain function 7 to be chosen later.

The mean curvature of the perturbed graph (locally given as the graph of
a function 1) is written as

H(y, i(y)) = H(x, u(x)) + eJn + O(¢?) (22)



Graphs with prescribed curvature

Interior gradient estimates

Another strategy is to adapt Korevaar's method of normal perturbations of
the graph.

p=-exp,nN, pexL, (21)

for a certain function 7 to be chosen later.

The mean curvature of the perturbed graph (locally given as the graph of
a function 1) is written as

H(y, i(y)) = H(x, u(x)) + eJn + O(¢?) (22)

whereas the mean curvature of the original graph is expanded as



Graphs with prescribed curvature

Interior gradient estimates

Another strategy is to adapt Korevaar's method of normal perturbations of
the graph.

p=-exp,nN, pexL, (21)

for a certain function 7 to be chosen later.

The mean curvature of the perturbed graph (locally given as the graph of
a function 1) is written as

H(y, i(y)) = H(x, u(x)) + eJn + O(¢?) (22)

whereas the mean curvature of the original graph is expanded as

H(y,u(y)) = H(x, u(x)) + €H; T+ 0(62). (23)



Graphs with prescribed curvature

Interior gradient estimates

Another strategy is to adapt Korevaar's method of normal perturbations of
the graph.

p=-exp,nN, pexL, (21)

for a certain function 7 to be chosen later.

The mean curvature of the perturbed graph (locally given as the graph of
a function 1) is written as

H(y, i(y)) = H(x, u(x)) + eJn + O(¢?) (22)

whereas the mean curvature of the original graph is expanded as

H(y,u(y)) = H(x, u(x)) + €H; T+ 0(62). (23)



Graphs with prescribed curvature

Interior gradient estimates

If a local maximum of &I — u is attained at y, then the comparison
principle implies that



Graphs with prescribed curvature

Interior gradient estimates

If a local maximum of &I — u is attained at y, then the comparison
principle implies that

H(y,u(y)) > H(y, i(y)).
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Korevaar's technique could be rephrased in the following way: we consider

a maximum point for the function

nW,

where 7 is defined as above.

Then at that point one has

_n _ 2 2
An < W(AW W\VW|).

On the other hand since &, = (Y, N) it results that

Vu

2 2 _ (1412 L P vu
W|VW| = (|A]* + Ric(N, N))W + (VH, W>W

AW —
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Another results

Elaborating on this one obtains

Anp— Mn <0.

However from the particular choice of 7 it follows that

IVMul2  4Kry
wz rgw
+CeKy + e“VK,.

\/i4a ﬁ |VMul|?

A:2C9K2 1Y -
n=C?e“Y (K Al rg( vz )

(vMd,

One concludes that [VMu| is bounded in terms of |u|g and of the distance
to the boundary of the domain.
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Another results

Using this one proves that there exists an uniform gradient bound for
Killing graphs in H"*! with prescribed mean curvature |H| < 1 and
asymptotic boundary given by a function ¢ defined in O, oH".

This assures the existence of such graphs in H"! (joint work with M.
Dajczer and J. Ripoll).
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Now we discuss the following initial value problem: consider a 1-parameter
family of graphs

X(s,x) = ®(u(s,x),x), x€Q, s€[0,T) (24)

evolving according to the following conditions

oX
5 = (nH—H)N, (25)
X(Ov) = (D(UO(')v')’ (26)

for prescribed functions ug : Q — R and H : [0, T] x Q — R, with

Neumann condition of the form

(N,Vd)=¢ in 99 x[0,00), (27)
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Estimates

Height estimates are obtained by deducing a parabolic maximum principle
for the derivative us.

Interior gradient estimates are obtained using a method due to Bo Guan
and Joel Spruck and also based on Korevaar’'s approach to gradient
estimates.

In fact, we consider a function of the form

n= eKuh

)

where
h=1+ad— ¢(N,Vd). (31)
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Let (x0,5) € 2 x (0, T) be a maximum point for n\WV.

Consider the linear parabolic operator

1 1

Lv=glv - (Z * W)’Vivi = U (32)

Hence we have

2
LW — W|VW|2Z = |APW 4+ nHW3(AYT YTy — nHW3<2W2, N)

Vv i Yii 3|VH)? 1 Vy
—3v(AY T x*f Gy - = W —  NY2W
- Vv ¥ |V~[? 1
+7W<VN2 2,/\/) W (V*H, N) W W.
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VIV

2
WJ+KHW+M

1 1
EMZEMWMV®+K2

Using the fact that nW attains maximum value at xg, we proceed as
before for obtaining an estimate of the form

n(s0, X0)

n(s, x)

W(s,x) < W(so, x0) < CleCzlu—UO\s‘zx[o,T) (33)
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On the other hand

VIV

2
WJ+KHW+M

1 1
EMZEMWMV®+K2

Using the fact that nW attains maximum value at xg, we proceed as
before for obtaining an estimate of the form

n(s0, X0)

W(S,X) S W(So,Xo) U(S,X)

< Gre@lumlaxpn (33)

for s € [0, T).



Graphs with prescribed curvature

Existence result

The evolution problem (25)-(27) has (a unique) solution for s € [0, 00). J




Graphs with prescribed curvature
Existence result

The evolution problem (25)-(27) has (a unique) solution for s € [0, 00). J

This result extends former ones due to B. Guan (Euclidean case) and M.
Calle and L. Shahriyari (M x R).
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Curvature functions

In general, we consider a function

F:S—R

and define f as

F(ay) = f(May)),

where \(ajj) are the eingenvalues of (a;) € S.
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O =H N =Y x.a)Y

and

with k > [.
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Using the notation above, the problem of prescribing the f-curvature is
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where W is a given function defined in Q x R.

The boundary condition is given by

ulag = .
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xistence results for the Dirichlet problem

Suppose that Ricyy > 0. Assume that
°oV>0 % >0

o Q is f-convex and satisfies

V(x,0) < f(N,0), (34)
fa(X,0) > 0, (35)

where X' are the principal curvatures of O).

Then, provided that there exists any bonded admissible subsolution of the
equation F =V in Q, there exists a unique admissible solution u of the
Dirichlet problem with ¢ = 0.
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Existence results for the Dirichlet problem

Assume that there exists a subsolution u of F =WV with u = ¢ on 0L2.
Suppose that u is C?> and locally strictly convex in a neighborhood of 05).
Then there exists a unique admissible solution u of the Dirichlet problem
for any positive W satisfying %—1’ > 0 and for any boundary data .
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Comments

The first result generalizes those one by Caffarelli, Nirenberg e Spruck
since the convexity of the boundary is replaced by f-convexity.

The second theorem extend contributions by Trudinger, Lin and Ivochkina
to Riemannian ambients and for general curvature functions.



Thanks for your attention!
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