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|Two-body Problem for H :==ーム+γ(x)I 

3 つζ

5にf

H : Closed operator 

on W2，2 (JR.3) CヨvC L2(JR.3) 

つN

欠

- σ(H) :== {入 εJR.I入]-H

ーモ二-Spectrum of H 

主boundedinverse} 

-σdisc(H) :== {入 εσ(H)I入: isolated eigenvalues 

仁 & fi川 f刊伽i川ni比t…凶州山川ti印州削山川iゆ刷刷帆p削凶山州liciにωciti同防e邸S 

Discrete spectrum of H 

- σess(H):=σ(H)一σdisc(H)

そ-Essential spectrum of H 

== Scattering state energies of particles 

=“Energies of free particles" 

付 lσ(H) ==内isc山IU cress(H) i 
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Exan司ple Hydrogen Atom 

V(x) = -e2/lxl (e > 0 : electric charge) 

七一ωombpot州 al

竹内isc(H)= { -e4/4n2 I n = 1ぅ之・・・}

ω|σ川

&σess(H) = [0ぅ∞)

~nergieS 0 

な

For V入ε[0ぅ∞)ぅヨ{ψη}C L2(JR3) s. t. 

(i) 11ψηIIL2 = 1 

(ii) Vbounded set B C JRぺ spt(ψn)n B = o for n >> 1 

(iii) II(H一入)ψηIIL2一→ o as n →∞ 

• .・ 今

。
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②2 IFund. Question and -t<-nown Results I 

-ーム9+ V(x) : Schrodinger operator 

with VεCO(M) 

on noncompact complete n-manifold (Mぅg)

Fact If V(x)→o as x→∞， then 

- σess(ームg+V)==σess(-ムg): unchanged ! 

. (ームg+V) IC~(M) : essentially self-adjoint 

Note ・M==IR.n 吋 σess(ーム)== [0ぅ∞)う

σdisc(-ム)==。

• M==(日nA)吋 σω(ームh)== [_(寸)2ぅ∞)ぅ

σdisc(ームh)==砂
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|Aim of this talk I 

|Fundamental Question I 

• Iσdisc(ームg+V)1 三笠 or =∞ ? 

in terms of the asymptotic behavior of V 

Assumption for the potential V(x) 

• VεCO(M) 

. (ームg+V) IC~(M) : essentially self-adjoint 

- σess(ームg+V)=σess(-ムg): unchanged ! 

Note V(x) = -e2/lxl 

• n三3ぅ vε L2+L∞ぅo'v吋 (1)+ (2) 

• n三4ぅ Vε LP+L∞ぅo(p>夕刊 (1)+ (2) 



←-Known Result 

Thm RSK (Reed-Simon， Kirsch-Simon) 

γ:== Ixl三:ヨRo> 0 for 

n>3 (Mぅg)== ffi.nう

|σ川

• 

、、，ノ/'ー、

=} 

γ>ヨRl> 0 for 
ヨタ(n-2)2 

4r2 

1 5 σdiルム9+ V)I v
∞ 

V(x)三一(1+ 、、，J
/
E
¥
 

=} 

Key Le什1什la什

Classical Hardy Inequality (CHI) 

uε C~(ffi.n ) for ん|マulhA(n-2~dz
ICHII…Unce巾 intyPrinciple Lemma 

7 



������� ����� ������

%
���� 2334

���� �� * ��53 ��� ���51 �?5�) �� � (� ���������!

.� �
��
�

��� ���� *+ )������ ����

�

�
�

����� ! �
�
�

�� � #��

:��
�� ! ��� � � ��

� ���

�
�

/��� ���� �� + �� � .� + ���
�
�

�����
�

+ �����
�

�
�
��

����� � �
�
��

��� &��

:��
�� � ��� � � ��

� ����

�



-wふkloiYlt N炊 JdTLe.，.e!1ω:νt Zd.t'd札!

|Classical Hardy Inequality (CHI) 

んl¥7ul2dx三ん(n-2)2向 for u ε C~(lRn) 

proof ! (と以良札side)

(1) 乙日[1~1 - 1pjlxl -\ ~j 1 == nlxl-2
ぅ Pj :==一日¥7j

ι 
(2) nlllxl-叫==Lj JRn U (叫んj1 X 1-1 ， X j 1 u) dx 

"v'./"-へ〈ん~グ

== -2 Lj川PjU，か)L2 +2111xl叶1:，ι... ， 

-ザ Illx1-1UII:，三い-叫L'= 111日 11 1:， |QEDI 

Proof 1I(M思版回以民~ side) 

(1) lRn主 [0ぅ∞)xSη-1(1)ぅ gE== dr2 +γ2 . gSn-1(1) 

(2) 0riginal Hardy ineq. For fεC;([Oぅ∞))ぅ f(O)== 0 
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(1) + (2) 吋 ICHII |QEDI 

ト
ノ
Me

J
H

一

d

p
L
一

い
'

九円

一

白

|Hardy inequality I 

on manifolds with a pole 
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t?Ja.-teve v巴附J

Resul九
Geometric Relative Hardy Ineq. (GRHI) 

Main @3 

(nど2)

E : one of ends of (Mn， g) satisfies the following : 

Hw主主
'¥_ 

mean curv. w. r. t. inward unit normal vector 

れ7:==θEW， on (ヨR>0) • 

outward}→E : diffeo. 閃 W:{VETMlwl山吹

工叫川dN1f

ぴ以訟)
三L{会+jw)2-ilml2-:Ricg肌肝)}山g

• 
E on γ(・):==ρ(・)+R ρ(・):== distg(・ぅ W)ぅ

for 二〉

γ(・):== distg(・ぅPO)on M If (Mぅg)has a pole poεM， 
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on JR('η 
ν~ハノしヘヘノゾ¥

Ric == 0 |マdrl
2==手ムr==旦二上

r 
Note 

んl¥lul2dxとん(n-2)2ω 
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Step 1 I Proof of..GRHI I 

E~三 [Rぅ∞) x W  
uノ

( r.) I手)

〆
{山川 J~-1l.

~ .・・司園町・・・ーー-

on |g(ゆ• 

LOO l¥7ul2 ygdrとLOO，仇12ygdr

=LOO18r(yg刈 2dr

+f{;w)2-jlW|2-:〉トR問附iにC伊うyル川マ肝刊γけ州)

+ ~( ムムgγ u2yg) I γ =R 
/JGγ 十ρi吐

Step 2 Relative version of OH1 For u ε C~(M) 

LOO，引 い と LOO~ 三-~(~~lr=R
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@4 IAPPlicatio-ns-j 

GRHI on (IHIぺh) (nど2)

• r(・):== disth(・ぅ 0)， For u ε C~(IHIn) 

二〉 L -JUI2d1)T for VR> 0 

叫一叩)((nkl~会+(nL;じ叩2dvh

• In particular， 

Thm H ・(Mぅg)== (IHIペh)ヲ n>2

A別 me:σess(-d.h + V) ==出立ぅ∞)

、l
j

/
a
¥
 

(1  I (n-1)(n-3)¥ 
V(x)と -(-:-=τ+ っ)

¥4rL ' 4 sinhLT ノ

今 |σ川

for r >ヨRo> 0 

¥，ノ
/
'
E
1
 

for r >ヨRl> 0 

今 |σ川ームh+ V)I ==∞ 
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/1Jse GRH1 o.s似 d'1rrOXt阿川f

Thm ALE (n三3) (Mぺg)satisfies the following : 

• 11し1<Lr一(2+7)ぅ I¥7Ricgl< L'rー (3+7) (0 < T < 1) 
for large r > 0 

• Vol(Bt(po))とKtn for t > 0 

-σess( -ムg+ V) = [0ぅ∞)

、1
ノ

/
E
K
 

れ 、(n-2)2 
V(x)三一(1-ヨ O))~て一

又二，< JI "，，2 スi 斗 T

今 |σdisc(ームg+ V)I <∞ 

for r >ヨRo> 0 

~ (n-2)2 
(ii) J V(x) < -(1 +ヨQ 4T2

今 |σdisC(-ムg+ V)I =∞ 

for r >ヨRl> 0 

/メ
Note (Mぅg): ALE manifold of order T > 0， i.e 

Ea山 dof戸-U f"V (JRn -BR(O)) /r:3 x =仏 ，xn) 

gij = dij + O(IXJ-7)ぅ θkgij二 O(lxl-1-7)ぅ θk8ggij= O(JXJ-2-7) 

~吋 σess(-ムg)= [0ぅ∞)
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;1fse GRlil…dl.fft'o X i川

Thm AH  (n三2)

(Mn， g) : asymptotically hyperbolic 0f class C2 with 

• σess(ーム9+ V) ==山主主ぅ∞)

(i) I V(x)>-(1-ヨ匂 4ト|。
今 |σ叫

(ii) I V(x)<ー (1+町 内|。
σdiSC( -ム9+ V) I ==∞ 

Note (Mぅg): AH  of class C2 

な def. 

• ヨ万 : compact C∞ manifold 

for γ>ヨRo> 0 

for γ>ヨRl> 0 

s.t. Int(万)== M 

. ヨdefiningfct入ξC∞(立)ofθM s.t. 

3:=入2・9 : C~ metric on M & Id入 I~ == 1 onθ万
v"0ヘ g

付・ k"g(X)→-1 (~ぷぷ) ・σess(ームg)== [(n~立ぅ∞)

tby R …。 y→3門
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below Recall the 

Thm RSK (Reed-Simon， Kirsch-Simon) 

n>3 (Mぅg)== ~ぺ• 

γ:== Ixl三ヨRo> 0 for 、l
j

f
E
¥
 

|σ川ーム9+ V)I <∞ 二〉

γ>ヨRl> 0 for 
..A、(n-2)2 

可 4r2

|σ叫

V(x)三一(1+ 、l
ノ

J
'

‘、、

二〉

Key Lem什la什

Classical Relative Hardy Inequality (CRHI) 
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asyノProofof Thm RS K : Finiteness assertion (i) 

Step 1 (nど3) For u ε c~(~n) 
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ι (川川V門附削(いωZけ)三一 (いη7ム

んんL一-BRO削叩山J~以机J(ゆ例JO的J)メ(巾1¥7マ引¥7u12

Step 2 Consider Neumann eigenvalue problem 

for ーム+V on 両三九(o〉I & IB :== ~n - B九 (0)I 

μ1 <μ2 <三... : union of all eigenvalues on both A and B 

入1<入2三... : negative eigenvalues on ~n 

-U- Domain monotonicity of eigenvalues 

for Vj > 1 

By (*) and A: compact 

外 I{μj<州<∞吋 I{入j<叫<∞ |QEDI
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