Geometric relative Hardy inequality
and
the discrete spectrum of Schrodinger operators

on manifolds

joint work with Hironori KUMURA
(Shizuok University)

Kazuo AKUTAGAWA
(Tokyo Institute of Technology)

June 18, 2013 at Granada




Contents
1 Two-body Problem in Quantum Mechanics
- Motivation
2' Fundamental Question and Known Results
3 Main Results

4+ Applications




1 | Two-body Problem in QM| On R3

'Hamiltonian Mechanics (Classical Mechanics)

o H(gj,pj) ‘= 5=%>_1(p;)>+ V(q;) : Hamiltonian fct
— Energy of isolated system

q;(t) = ‘?,—Z

e Hamilton’s canonical equations | SH
pj(t) — ~ g,

Quantization | p;, ~» —v/-1iV,;, V ~ Vx

‘Quantum Mechanics| (Set m:=1, ii:=1)

» H:= —A + V(z) : Schrodinger operator

» V=12 = Hy : Schrddinger equation

w |z, t) = ¢(z) - e”V~I¥ | : Sol. of the above eq.

8 )\ : Discrete specrtum for H ( Hp = \¢ )

= Bound state energies of particles for H
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Two-body Problem for H .= —A + V(x)

2(R3) C E!D C LQ(R3)

1 . Closed operator

o(H):={AeR | XI—-H : #bounded inverse}
Spectrum of H

odicc(H) :={A € o(H) | A : isolated eigenvalues
& finite multiplicities
Discrete spectrum of H

Oess(H) 1= o (H) — ogisc(H)
Essential spectrum of H
= Scattering state energies of particles
= “Energies of free particles”

~ o(H) = oqgisc(H) LI Oess(H )




=xample Hydrogen Atom
/(x) = — e?/|z| (e > 0 : electric charge)
Coulomb potential
~ ogisc(H) ={ — e*/4n? | n=1,2,--- }
~ ;Udisc(H)‘ = 00
& oess(H) = [0, 00)
_nergies of free particles

)
“or VYA€ [0,00), I} C L2(R3) s.t.

D el =1
‘ii) Vbounded set B C R*, spt(¢¥,)NB =0 forn > 1



> | Fund. Question and Known Results

e —Ay;+4+ V(z) : Schrodinger operator

with vV € Cc9(M)

on noncompact complete n-manifold (M, g)

Fact If V() >0 as x— o0, then
» oess(—QAg+V) = gess(—Ay) : unchanged !

» (—Ag+V)leso(nr) : €ssentially self-adjoint

Note e M =R" ~ gess(—A) = [0, 00),

Udisc(—A) =0

» M = (H",h) ~ gess(—Ap) = [(n:Ll)Q,OO),

Udisc(_Ah) =0




Aim of this talk

'Fundamental Question

o (04isc(—Ag+V) <0 Of =0 7

in terms of the asymptotic behavior of V

Assumption for the potential V()

» VecO%(M)
v (—Ag+V)loory : essentially self-adjoint

» Oess(—Ag+V) = gess(—Ay) : unchanged !

\lote V(z) = — e?/|x|

» n <3, VeL?+ L0 « (1)+(2)

» n>4, VeLP4L%0 (p>1L) ~ (1)4+(2)
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Fundamental Criterion

Known Result

Thm RSK (Reed-Simon, Kirsch—Simon)

» (M,g)=R", n>3

(i) V(z) > — —(n;’j)z for
= UdiSC(_Ag + V)| <
PN
i V@) <-(1+ L4r22)

= O'disc('“Ag + V)' =0

i+ Key Lemma

Classical Hardy Inequality (CHI)

— 2)2
|Vu|?dz > (n=2)" u?dx
R o R 47’2

r:=|z|>3Ro >0

for

for  »>4dR; >0

u € C(R")

\Nlote |CHI | ~ Uncertainty Principle Lemma
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Related Known Result

Carron 1997

(M™, g) : complete Riem. n-mfd (n > 3) satisfying
]C
Agr > — for r(e) := dist, (e, po)
U
C—1)?
/ |Vul?dv, 2/ (@-1) u?dv, for weCX(M)
M M 4’]“2
U
U
n — RN - n— C-1)? _ (n—2)2
Note (M",g) =R" ~ Agr_Tl ~ %_( 4)
U
— 2)2
|Vu|?dx > (n—2)° u?dx for we CX(R")
R» R~ 4?"2




‘Classical Hardy Inequality (C

— 2)2
/ |Vu|?dx 2/ (—714—2)—— u?dz Tor u € C(K")
R» R~ T

droof I Phuciral Side)

1) Z-\/—l[lfﬂl—lpjlfd‘lafﬁﬂ =nlz|™2, p;j:=—-v-1V;
J

!
2) allletl} = 5, fow (VTN kel ) ds
2

= -2 Zj1m<pju’TgﬁEU>L2+2H|‘”|_1“Hm

Y eoee

o O |:c|~1uj2 < (u,—ou) = -
L2 Lz

2roof II (*7~*hnmatic~t side)

1) R*=[0,00) x §*71(1), gg=dr?*+41r? ggui(1)

'2) Original Hardy ineq. For f € C!([0,>0)), f(0) =0

/(f)2dt>/ ——dt

1)+ (2) ~ |CHI QED

Jote  |Proof II| ~ |Hardy inequality
on manifolds with a pole
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3 Mail

Geometric Relative Hardy Ineq. (GRHI) (n > 2)

E : one of ends of (M", g) satisfies the following :

» Hy >+ (R>0) on W, W:=09E
AN

mean curv. w. r. t. inward unit normal vector

» expw : {v € TM|w|vlTW, outward} — E : diffeo.

p(e) := disty,(e, W), r(e) :=p(e)4+ R on E

= / Vu|2dv, | - | GRHI for

1
> / {4— + = (Agr)2 — —|Vdfr’|2 — -Q—RICQ(VT Vfr’)} 2dv,
72

f(M,g) hasa pole po € M, r(e):=dist,(e,pp) ONn M
= / |Vu|?dv, > / { fe }quvg
M M

Note Ar=2L1 |vir2=23} Ric=0 on Rn

r 2

92
GRHI| ~ |Vul|?de > (n=2)7 u?da
R T Jr 412
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Proof of GRHI Step 1

o g(r,y) = dr* + gas(r,y)dy“dy’ | on E =2 [R.co) x W

{ by some formula¢
| 1vep g [ ol yadr
R

R
— 10, (/9 %) |2dr
R

*rl 1 1
+ / {—(Agr)2 — Z|Vdr|? — ZRicy(Vr, VT)}uz\/Edr
. L2 2 2

Horaan

r=R

step 2 Relative version of OHI For u € C*(M)

o0 o0 ‘
/ |0y dr > - , 7
4r

R R

Y
/ h |Vul?\/gdr
R

“r 1 1 1 1_.
E/R {Zﬁ + Z(Agr)z — —2—|Vd’/“|2 - ERng(VT, Vr)}uz\/gdr

_.I._

(w*v9)| _ QED

1
2 R

Il N\

Hwy >

1
R
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4 | Applications

GRHI on (H",h) (n > 2)

o r(e) :=disty(e,0), For uw € C°(H")

= / |Vu|?doy, for VR >0
Hr — Br(0)

(n—1)2 1 (n—1)(n-3)y ,
d
= /HnBR(OJ) { 4 T 42 T 4sinh?r }u oh

i

e In particular, / |Vu|2dvh_>_/ {...}u2dvh

ThmH o (Mg)=H"h), n>2

Assume : cess(—Ap + V) = [ )

4
5 1 (n—1)(n—3)

N v >—( ) for r>3Ry >0
D (@) 2 42 + 4 sinh? r b=

= lddisc(—Ah + V)‘ < o0

| 1
i) |(V(z) < —(1+4 " for r»>3dRy >0
T

= ’Udisc(—’Ah + V)] = 00
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GRHI on (H"(—c),h.) (n >2)

e r(e):=dist, (e,0),

= / |Vu|?dup,
H"(—c)—Br(0)

For uw € C°(H"(—c¢))

for VR >0

1 (n—1)(n —3)c

> / {(n — % + =+
e o-By0) 4 Ar?

4 sinh?(y/cr)

}uzdvhc

U c\0

CRHI on R" For u ¢ C¢°

(R™)

1
/ Vul|?dz > / { S+
R*— Br(Q) R —Br(0) 4r

(n—1)(n—3)

492

} uw?dx

Re — B(0)

(n —2)7

492

w?dzx
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Thm ALE (n>3) (M", g) satisfies the following :

v Ry < Lr—@FT) |VRic,| < L'r~G+7) (0<7< 1)
for large r > 0O
» Vol(Bi(po)) > Kt" for t>0

» O'ess(—Ag +V)= [O,oo)

“n—2)2
492
= ‘UdiSC(_Ag + V)’ < o0

i) [ V(z) > —(1-— - for r>3Ro >0

‘n—2)?
Ar2

i) [V(z) < —(1+4 : for r>3dR; >0

= ‘O’disc(—Ag _I_ V)’ —

Note (M,g) : ALE manifold or order > U, I.e.,

Eachend of | M — U & (R”—BR(@))/I’ S = (z, - ,2")

gi; = 6ij + O(|z|™7), Okgi; = O(|z| *77), Okrgij = O(|z|7277)

~ Uess(—Ag) = [0, 00)
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Thm AH (n > 2)

‘M™, g) : asymptotically hyperbolic of class C? with

) O'ess(”Ag + V) = [(_":4_1X,OO)

, 1
N V() > -(1- 1 for r>3Ry >0
42
= ‘O'disc(—Ag + V)| <oo
rfea - 1
i) | V(z) < —(1+4 : 2 for r>3dR; >0
T

= |oasc(-=0, + V)| =

)te (M, g) : AH of class C?
§ def.
M : compact ¢ manifold s.t. Int(ﬁ) = M

Sdefining fct A € C°(M) of OM s.t.

g:=X-.g: metricon M & [|d\Z=1o0ndM

° Kg(:c) — =1 (» = A0 . O'ess(“‘Ag) — [(nzl)i”oo)

by R. Mazzeo
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Recall the below

"hm RSK (Reed-Simon, Kirsch—Simon)

(M,g) =R", n>3

(n —2)?

) V@ -

for r:=/|z|>3Ro >0

= |odisc(—Dy + V)| < o0

‘n—2)?
Ar2

i) V(z) < —(1+4 : for  »>3R; >0

= |odisc(—Dg + V), = 00
f Key Lemma

‘lassical Relative Hardy Inequality (CRHI)

_9)\2
/ |Vu|?dz > / (_77,__2_2)_ udz
R — B;(0) Ri—Ba(0) 4T

for R>0 & wue€CX(RY)
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Proof of Thm RSK : Finiteness assertion (i)

Step 1 (n>3) For u € C°(R™)

/ |Vu|?dz > / (n— 22)2uzdx
R — Bg, (0) R — Bg, (0) ar
— 2)2
r
/ ( )(IWIQ + Vu)de > 0| - (%)
R*— By, (O

Step 2 Consider Neumann eigenvalue problem

for —A4+V on |A:=Byp(0)|, & |B:=R"- Bg(0)

uy < p2 < --- 1 union of all eigenvalues on both A and B

A1 < A2 < --- © negative eigenvalues on R"

J Domain monotonicity of eigenvalues

wi < N < 0| for Vji>1

By (x) and A :compact

~ l{uj<0})<oo o ‘{)\j<0}l<oo QED
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