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López-Ros deformation

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 2 / 24



Overview

1 Minimal surfaces and holomorphic data

2 Tools from Quaternionic Holomorphic Geometry

3 Harmonic maps and their associated families of flat connections

4 Transformations
The left and right associated family
Simple factor dressing
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Minimal surfaces

Definition

Let f : M → R3 be a conformal immersion from a Riemann surface M into
3–space.

Then f is called minimal if f has zero mean curvature H = 0.

H = 0 ⇐⇒ f : M → R3 is harmonic, i.e. ∆f = 0 .

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 3 / 24



Minimal surfaces

Definition

Let f : M → R3 be a conformal immersion from a Riemann surface M into
3–space.
Then f is called minimal if f has zero mean curvature H = 0.

H = 0 ⇐⇒ f : M → R3 is harmonic, i.e. ∆f = 0 .

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 3 / 24



Minimal surfaces

Definition

Let f : M → R3 be a conformal immersion from a Riemann surface M into
3–space.
Then f is called minimal if f has zero mean curvature H = 0.

H = 0 ⇐⇒ f : M → R3 is harmonic

, i.e. ∆f = 0 .

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 3 / 24



Minimal surfaces

Definition

Let f : M → R3 be a conformal immersion from a Riemann surface M into
3–space.
Then f is called minimal if f has zero mean curvature H = 0.

H = 0 ⇐⇒ f : M → R3 is harmonic, i.e. ∆f = 0 .

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 3 / 24



Weierstrass representation

Given g : M → C meromorphic, ω ∈ Ω1(M,C) meromorphic on simply
connected M, then

Φ =

∫ (
1

2
(1− g2)ω,

i

2
(1 + g2)ω, gω

)
is a holomorphic null curve

, and f = ReΦ is a minimal surface in R3 with
Gauss map given by the stereographic projection of g :

N =
1

1 + |g |2
(2Re g , 2Im g , |g |2 − 1)
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Weierstrass representation

Conversely, every minimal surface arises

– at least locally – this way:
Writing Φ = f + if ∗ = (Φ1,Φ2,Φ3) we obtain the Weierstrass data (g , ω)
via

ω = dΦ1 − idΦ2, g =
dΦ3

dΦ1 − idΦ2
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The associated family

Let f : M → R3 be minimal with conjugate minimal surface f ∗. Then

fcos t,sin t = f cos t + f ∗ sin t, t ∈ R ,

is called the associated family of f .

The minimal surfaces ft are isometric
to f .
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The López-Ros deformation

Let f : M → R3 be minimal on simply connected M with Weierstrass data
(g , ω).

Then for z ∈ C∗ the pair

(zg ,
ω

z
)

is the Weierstrass data of a minimal immersion fz : M → R3. This
deformation is called the López-Ros deformation.

Note that from dΦ3 = gω we see that this deformation does not change
the third coordinate

(fz)3 = f3

for all z ∈ C∗.
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Note that from dΦ3 = gω we see that this deformation does not change
the third coordinate

(fz)3 = f3

for all z ∈ C∗.

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 7 / 24
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The López-Ros deformation

Let f : M → R3 be minimal on simply connected M with Weierstrass data
(g , ω). Then for z ∈ C∗ the pair

(zg ,
ω

z
)

is the Weierstrass data of a minimal immersion fz : M → R3. This
deformation is called the López-Ros deformation.
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Quaternions

Quaternions:
H = spanR{1, i , j , k}

with i2 = j2 = k2 = −1, ij = k = −ji .

R3 = ImH with inner product given by

ab = − < a, b > +a× b

for a, b ∈ R3 = ImH.

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 8 / 24



Quaternions

Quaternions:
H = spanR{1, i , j , k}

with i2 = j2 = k2 = −1, ij = k

= −ji .

R3 = ImH with inner product given by

ab = − < a, b > +a× b

for a, b ∈ R3 = ImH.

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 8 / 24



Quaternions

Quaternions:
H = spanR{1, i , j , k}

with i2 = j2 = k2 = −1, ij = k = −ji .

R3 = ImH with inner product given by

ab = − < a, b > +a× b

for a, b ∈ R3 = ImH.

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 8 / 24



Quaternions

Quaternions:
H = spanR{1, i , j , k}

with i2 = j2 = k2 = −1, ij = k = −ji .

R3 = ImH with inner product given by

ab = − < a, b > +a× b

for a, b ∈ R3 = ImH.

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 8 / 24



Minimal surfaces

Let f : M → R3 be an immersion with Gauss map N : M → S2.

Then

f is conformal ⇐⇒ ∗df = Ndf

f is minimal ⇐⇒ ∗dN = −NdN

f ∗ is conjugate of f ⇐⇒ ∗df = −df ∗
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The conformal Gauss map

Let f : M → R3 be a minimal immersion with Gauss map N : M → S2.

Then the conformal Gauss map of f is the complex structure

S =

(
1 f
0 1

)(
N 0
0 −N

)(
1 f
0 1

)−1

on M ×H2. The Hopf field A of the conformal Gauss map is defined by

−2 ∗ A =
1

2
(dS − S ∗ dS) .

If f is minimal then

2 ∗ A =

(
1 f
0 1

)(
0 0
0 dN

)(
1 f
0 1

)−1

,

in particular imA gives f and d ∗ A = 0.
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The Gauss map

Let f : M → R3 be minimal then its Gauss map N : M → S2 is conformal

∗dN = −NdN .

Fact: N : M → S2 is harmonic if and only if d(N ∗ dN) = 0.

Thus: the Gauss map of N is harmonic.
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The associated family of the Gauss map

Let f : M → R3 be minimal and N : M → S2 its harmonic Gauss map.

Put Q = −1
2 ∗ dN. Then

dλ = d + (λ− 1)Q1,0 + (λ−1 − 1)Q0,1

is a flat connection on M × C2 for all λ ∈ C∗.

Let µ ∈ C∗ and a = µ+µ−1

2 , b = i µ
−1−µ

2 . Then

dµβ = 0 ⇐⇒ β = Nm + m
b

a− 1
,m ∈ H .
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The conformal Gauss map and its associated family

Let f : M → R3 be minimal then its conformal Gauss map N : M → S2 is
harmonic since

d(S ∗ dS) = 4d ∗ A = 0 .

Then
dλ = d + (λ− 1)A1,0 + (λ−1 − 1)A0,1

is a flat connection on M × C4 for all λ ∈ C∗.

Let µ ∈ C∗ and a = µ+µ−1

2 , b = i µ
−1−µ

2 . Then

dµϕ = 0 ⇐⇒ ϕ =

(
n
0

)
, n ∈ H, or

ϕ =

(
α + f β
β

)
with β = Nm + m

b

a− 1
, and

α = −f ∗m − fm
b

a− 1
,m ∈ H .
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The left and right associated family

Let f : M → R3 be minimal with conjugate surface f ∗. Let p, q ∈ H. Then

fp,q = fp + f ∗q

is called the right associated family of f .

Similarly, f p,q = pf + qf ∗ is
called the left associated family.

Theorem (L-Moriya)

Let f be a minimal immersion into R3 or R4.

Then the right (left) associated family is a S3–family of minimal surfaces
in R4 which extends the classical asssociated family fcos t,sin t , t ∈ R, of
minimal surfaces.

The right (left) associated family preserves the conformal class.

A surface fp,q (or f p,q) is isometric to f if and only if it is an element of
the classical associated family, up to an isometry of R4.
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Then the right (left) associated family is a S3–family of minimal surfaces
in R4 which extends the classical asssociated family fcos t,sin t , t ∈ R, of
minimal surfaces.

The right (left) associated family preserves the conformal class.

A surface fp,q (or f p,q) is isometric to f if and only if it is an element of
the classical associated family, up to an isometry of R4.
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Simple factor dressing (Terng–Uhlenbeck)

Let N : M → S2 be harmonic and dλ its associated family of flat
connections.

Fix µ ∈ C∗. Choose a parallel section β ∈ Γ(M × C2) of the flat
connection dµ.
Put

rλ =

{
λ−µ
λ−µ̄−1

1−µ̄−1

1−µ on βC
1 on (βC)⊥

Then the gauge
d̂λ = rλ · dλ

of dλ by rλ is the associated family of a harmonic map N̂ : M → S2, the
simple factor dressing of N.
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Simple factor dressing of a minimal surface

Using an explicit formula for the simple factor dressing given by [BDLQ]
we obtain

Lemma (L-Moriya)

In the case of the harmonic Gauss map N : M → S2 of a minimal surface
f : M → R3, the simple factor dressing of N is given by

N̂ = (N + ρ)N(N + ρ)−1

with ρ = m b
a−1m

−1, a = µ+µ−1

2 , b = i µ
−1−µ

2 , m ∈ H.
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Simple factor dressing of the conformal Gauss map

Theorem (L)

Let f : M → R4 be Willmore with harmonic conformal Gauss map S .

Let
dλ be the associated family of S and assume that M = (ϕ1, ϕ2) is
invertible where ϕi are dµ–parallel sections.
Then

Ŝ = T−1ST

is the conformal Gauss map of a Willmore surface f̂ : M → R4 where

T = SM(a− 1)M−1 + MbM−1 .

We call Ŝ the simple factor dressing of S .
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Simple factor dressing of a minimal surface

Theorem (L–Moriya)

Let f : M → R3 be minimal and f̂ the Willmore surface given by the
simple factor dressing of the conformal Gauss map S of f given by

ϕ1 =

(
n
0

)
, ϕ2 =

(
α + f β
β

)
,

where α = −f ∗m − fm b
a−1 and β = Nm + m b

a−1 , n,m ∈ H∗.

Then f̂ : M → R4 is minimal. We call f̂ a simple factor dressing of f with
parameters (µ,m, n).
Moreover,

f is complete if and only if f̂ is complete.

f has finite total curvature if and only if f̂ has finite total curvature.

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 18 / 24



Simple factor dressing of a minimal surface

Theorem (L–Moriya)

Let f : M → R3 be minimal and f̂ the Willmore surface given by the
simple factor dressing of the conformal Gauss map S of f given by

ϕ1 =

(
n
0

)
, ϕ2 =

(
α + f β
β

)
,

where α = −f ∗m − fm b
a−1

and β = Nm + m b
a−1 , n,m ∈ H∗.

Then f̂ : M → R4 is minimal. We call f̂ a simple factor dressing of f with
parameters (µ,m, n).
Moreover,

f is complete if and only if f̂ is complete.

f has finite total curvature if and only if f̂ has finite total curvature.

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 18 / 24



Simple factor dressing of a minimal surface

Theorem (L–Moriya)

Let f : M → R3 be minimal and f̂ the Willmore surface given by the
simple factor dressing of the conformal Gauss map S of f given by

ϕ1 =

(
n
0

)
, ϕ2 =

(
α + f β
β

)
,

where α = −f ∗m − fm b
a−1 and β = Nm + m b

a−1 , n,m ∈ H∗.

Then f̂ : M → R4 is minimal. We call f̂ a simple factor dressing of f with
parameters (µ,m, n).
Moreover,

f is complete if and only if f̂ is complete.

f has finite total curvature if and only if f̂ has finite total curvature.

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 18 / 24



Simple factor dressing of a minimal surface

Theorem (L–Moriya)

Let f : M → R3 be minimal and f̂ the Willmore surface given by the
simple factor dressing of the conformal Gauss map S of f given by

ϕ1 =

(
n
0

)
, ϕ2 =

(
α + f β
β

)
,

where α = −f ∗m − fm b
a−1 and β = Nm + m b

a−1 , n,m ∈ H∗.

Then f̂ : M → R4 is minimal.

We call f̂ a simple factor dressing of f with
parameters (µ,m, n).
Moreover,

f is complete if and only if f̂ is complete.

f has finite total curvature if and only if f̂ has finite total curvature.

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 18 / 24



Simple factor dressing of a minimal surface

Theorem (L–Moriya)

Let f : M → R3 be minimal and f̂ the Willmore surface given by the
simple factor dressing of the conformal Gauss map S of f given by

ϕ1 =

(
n
0

)
, ϕ2 =

(
α + f β
β

)
,

where α = −f ∗m − fm b
a−1 and β = Nm + m b

a−1 , n,m ∈ H∗.

Then f̂ : M → R4 is minimal. We call f̂ a simple factor dressing of f with
parameters (µ,m, n).

Moreover,

f is complete if and only if f̂ is complete.

f has finite total curvature if and only if f̂ has finite total curvature.

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 18 / 24



Simple factor dressing of a minimal surface

Theorem (L–Moriya)

Let f : M → R3 be minimal and f̂ the Willmore surface given by the
simple factor dressing of the conformal Gauss map S of f given by

ϕ1 =

(
n
0

)
, ϕ2 =

(
α + f β
β

)
,

where α = −f ∗m − fm b
a−1 and β = Nm + m b

a−1 , n,m ∈ H∗.

Then f̂ : M → R4 is minimal. We call f̂ a simple factor dressing of f with
parameters (µ,m, n).
Moreover,

f is complete if and only if f̂ is complete.

f has finite total curvature if and only if f̂ has finite total curvature.

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 18 / 24



Simple factor dressing of a minimal surface

Theorem (L–Moriya)

Let f : M → R3 be minimal and f̂ the Willmore surface given by the
simple factor dressing of the conformal Gauss map S of f given by

ϕ1 =

(
n
0

)
, ϕ2 =

(
α + f β
β

)
,

where α = −f ∗m − fm b
a−1 and β = Nm + m b

a−1 , n,m ∈ H∗.

Then f̂ : M → R4 is minimal. We call f̂ a simple factor dressing of f with
parameters (µ,m, n).
Moreover,

f is complete if and only if f̂ is complete.

f has finite total curvature if and only if f̂ has finite total curvature.

Katrin Leschke (with K Moriya) QHG & minimal surfaces 26th March 2013 18 / 24



Simple factor dressing

Theorem (L, Moriya)

Let f : M → R3 be minimal. Then the simple factor dressing f̂ of f with
parameters (µ,m,m) is a minimal surface in R3.

The Gauss map of f̂ is the simple factor dressing

N̂ = (N + ρ)N(N + ρ)−1

of the Gauss map N of f where ρ = m b
a−1m

−1, a = µ+µ−1

2 , b = i µ
−1−µ

2 .
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The López-Ros deformation

Theorem

Let f = (f1, f2, f3) : M → R3 be a minimal surface in R3 with conjugate
surface f ∗ = (f ∗1 , f

∗
2 , f

∗
3 ).

The López-Ros deformation fz with complex
parameter z = ex+iy ∈ C∗ is given by

fz =

−(f1 cosh x − f ∗2 sinh x) cos y − (f2 cosh x + f ∗1 sinh x) sin y
(f1 cosh x − f ∗2 sinh x) sin y − (f2 cosh x + f ∗1 sinh x) cos y

f3

 .

Moreover, the López-Ros deformation with complex parameter z is the
simple factor dressing of f with parameters (µ,m) for µ = µ(z) ∈ C∗ and
m = 1− i − j − k .

All simple factor dressings f̂ with parameter (µ,m,m) are given by a
rotation Rm in R3 as

f̂ = R−1
m fzRm

where z depends on µ.
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3 ). The López-Ros deformation fz with complex

parameter z = ex+iy ∈ C∗ is given by

fz =

−(f1 cosh x − f ∗2 sinh x) cos y − (f2 cosh x + f ∗1 sinh x) sin y
(f1 cosh x − f ∗2 sinh x) sin y − (f2 cosh x + f ∗1 sinh x) cos y

f3

 .
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Examples

Catenoid

f = ReΦ where

Φ(z) =

 z
cosh z
−i sinh z

 , z ∈ C .
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Examples

Examples with one planar end

f = ReΦ where

Φ =


1
2

(
−1

z −
z2n+1

2n+1

)
i
2

(
−1

z + z2n+1

2n+1

)
zn

n

 , z ∈ C \ {0} = C∗ .
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Examples

Scherk’s first surface

f = ReΦ where

Φ(z) =

 i log( z+i
z−i )

i log( z+1
z−1 )

log( z
2+1

z2−1
)

 , z ∈ C \ {±1,±i} .
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Thanks!
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