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Objective 1: a very general Hopf-type theorem

Theorem (Hopf, 1951)
Constant mean curvature spheres in R are round spheres.

@ We substitute R* by an arbitrary three-manifold M.
@ CMC by an arbitrary elliptic PDE on each tangent plane.

© Round spheres by existence of candidate examples.

Theorem (Galvez, —)

Let A be a class of immersed oriented surfaces in M. Assume:

Q A is modeled by an elliptic PDE on each tangent plane.

@ There exists a family S C A (the candidate surfaces) whose
tangent planes foliate the Grassmannian G, (M).

Then, any sphere ¥ of A is a candidate sphere, i.e. ¥ € S.
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S* = ®(S) where @ is a 7-rotation around a horizontal line.

Then {S,5*,0D x R} and their translations is a candidate family.



Examples of candidate families

(1) Planes in R3, horospheres in H3, round spheres in Q3(c).
(2) {S+a:acR3}, with S C R3 closed, strictly convex.

(3) S C R3 strictly convex graph over a bounded D C R?, that
converges asymptotically to 9D x R.

S* = ®(S) where @ is a 7-rotation around a horizontal line.

Then {S,5*,0D x R} and their translations is a candidate family.

(4) Similar constructions when M is a homogeneous 3-manifold.
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o n=6: R3 S3c), H3(c), or
o n = 4: rotational E3(k, 7) space, or

@ n = 3: general Lie group with a left invariant metric.
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Rotational symmetry of immersed spheres

M = simply connected homogeneous 3-manifold, n = dim(/so(M)).
o n=06: R3, S3(c), H3(c), or
o n = 4: rotational E3(k, 7) space, or

@ n = 3: general Lie group with a left invariant metric.

Theorem (Abresch-Rosenberg, 2004)

CMC spheres in M = E3(x,7) are spheres of revolution.

Using our general theorem, we can extend the Abresch-Rosenberg
theorem and prove that for very general elliptic equations

W(H, K, Kext) = 0, (1)

any sphere in E3(x, 7) satisfying (1) is a sphere of revolution.

o Galvez, — , Rotational symmetry of immersed spheres in
homogeneous three-manifolds, in preparation (2016).



Objective 2: Alexandrov's conjecture

A surface ¥ in R3 satisfies a prescribed curvature equation if
W(ﬁla K2, 77) =0
holds on ¥, where:

@ 7 is the unit normal of ¥,
@ K1 > Ko are the principal curvatures,
o Wis C! for kq, ko.

The ellipticity condition of the equation is given by

owow
Oky Oko
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Prescribed curvature equations: classical examples

W(k1,k2,m) =0
1. Weingarten surfaces: W/(k1,k2) =0.
2. Christoffel problem (1844): Kil + %2 = f(n).
3. Minkowski problem (1903): k1k2 = f(n).
4. Prescribed mean curvature (1950s): k1 + k2 = f(n).

The classification of spheres of prescribed curvature has been
deeply studied:

(Alexandrov, Pogorelov, Minkowski, Nirenberg, Hopf, Hartman,
Wintner, Lewy, Chern...)



The Alexandrov conjecture (1956)

Theorem (Galvez, —)

Let S C R3 be closed, strictly convex, satisfying the prescribed
curvature equation
W(Hlu R2, 77) — 07 (2)

where W satisfies the ellipticity condition W), Wy, > 0 on
Q= {(As3(p), M5 (p), n°(p) : p € S, A € R}

Then any other sphere ¥ immersed in R3 that satisfies (2) is a
translation of S.




The Alexandrov conjecture (1956)

Theorem (Galvez, —)

Let S C R3 be closed, strictly convex, satisfying the prescribed
curvature equation
W(Hlu R2, 77) — 07 (2)

where W satisfies the ellipticity condition W), Wy, > 0 on
Q= {(As3(p), M5 (p), n°(p) : p € S, A € R}

Then any other sphere ¥ immersed in R3 that satisfies (2) is a
translation of S.

(The theorem is known if X is also strictly convex).



The Alexandrov conjecture (1956)

Remark: The theorem is not true if S does not have positive
curvature.

These two (non-strictly) convex spheres in R3 have the same
principal curvatures at points with coinciding unit normals.

mf\
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The Alexandrov conjecture (1956)

Our proof of Alexandrov's conjecture settles another classical
problem: the classification of elliptic Weingarten spheres in R3:

(Hopt, Chern, Alexandrov, Pogorelov, Hartman-Wintner, ...).

Let ¥ be an immersed sphere in R3. Assume that around each
umbilical point of ¥, the principal curvatures satisfy a C* relation
W (k1,k2) = 0 with W,,, W,., > 0.

Then X is a round sphere.

Q Known if X is embedded (Alexandrov, 1956).
@ Known if X is real analytic (Voss, 1959).
@ Known if W(k1,k2) = W(k2, k1) (Hartman-Wintner, 1954).

(Cases like 11 + 2r2 = 3 were not known beforehand).
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Surfaces modeled by elliptic PDEs

A field of elliptic PDEs in M assigns to each (p,1) € G5 (M) a
second order PDE

¢>(p7|—|)(x,y, U, Uy, Uy, Usy, Uxy, Uyy) =0

where &,y = ®(x,y,2,p,q,r,5,t) € Cho(U) satisfies the
ellipticity conditions on a convex I C R&:

®, >0, 40,0, — d2 > 0.



Surfaces modeled by elliptic PDEs

A field of elliptic PDEs in M assigns to each (p,I1) € G, (M) a
second order PDE

(D(p7|_|)(X7 ya U, uX? Uyy uXX7 qu7 Uyy) = 0

where &,y = ®(x,y,2,p,q,r,5,t) € Cho(U) satisfies the
ellipticity conditions on a convex I C R&:

®, >0, 40,0, — d2 > 0.

Definition

A class of surfaces A in M is modeled by an elliptic PDE if its
elements are the solutions of a field of elliptic PDEs in M.




The general uniqueness theorem
Theorem (Galvez, —)

Let A be a class of oriented surfaces in M. Assume:

Q A is modeled by an elliptic PDE.

@ There exists a family S C A whose tangent planes foliate
G, (M) (the candidate surfaces).

Then every sphere of the class A is a candidate sphere.




The general uniqueness theorem
Theorem (Galvez, —)

Let A be a class of oriented surfaces in M. Assume:

Q A is modeled by an elliptic PDE.

@ There exists a family S C A whose tangent planes foliate
G, (M) (the candidate surfaces).

Then every sphere of the class A is a candidate sphere.

Sketch of Proof: Let © € A. We define the smooth tensor
o=1-N:TEZ x TE - CYT),

where A(p) is the 2nd fundamental form of S(p, T,X) at p € X.

o S =5(p, ToX) € S is the tangent candidate of X at p.
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Q o vanishes identically on every candidate surface.

@ o(q) =0 if and only if X has contact of order k > 2 with its
tangent candidate at g € ¥.
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We want to prove that o is a Lorentzian metric on ¥ whose null
directions only have isolated zeros of negative index.




Properties of 0 = I — A

@ o vanishes identically on every candidate surface.

@ o(q) =0 if and only if X has contact of order k > 2 with its
tangent candidate at g € X.

We want to prove that o is a Lorentzian metric on X whose null
directions only have isolated zeros of negative index.

We write

o=1l—N= (Il —IIs)+ (lls — N,
where S is the tangent candidate to ¥ at some fixed g € &

We are going to study each term separately.



Expressions for /| — Ils and Ils — A

We can parametrize locally ¥, S in a neighborhood of g as
immersions

Y(u,v) = (u, v, h(u,v)), wo(u, v) = (u,v, ho(u, v)).

Let e, f,g and €°, O, g0 be the coefficients of // and //s.

A computation shows that

e—e® = &f(h—h°) + &5(h, — hy) + ®5(hy — W) + PG (huu — i),
where the functions ®¢(u, v) are smooth a neighborhood of (0, 0).

Similar formulas hold for the other coefficients 7, g of the second
fundamental form.



Expressions for /| — Ils and Ils — A

As both h(u,v), h%(u, v) are solutions of the same CH elliptic
PDE, by Bers' theorem, we have h = h° or

h(u,v) — ho(u, v)=p(u,v)+---,

where p(u, v) is a homogeneous harmonic polynomial of degree
k > 2. Thus

I — lls = ( If““ Puv ) +o(Vu? + v2)k 2.

uv pVV
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As both h(u,v), h%(u, v) are solutions of the same CH elliptic
PDE, by Bers' theorem, we have h = h° or

h(u,v) — ho(u, v)=p(u,v)+---,

where p(u, v) is a homogeneous harmonic polynomial of degree
k > 2. Thus

I — lls = ( If““ Puv ) +o(Vu? + v2)k 2.

uv pVV
For the blue part in

o=1—N=(I—1Is)+(lls — N

we can prove similarly that

lls — N = o(\/u? 4 v2)k=2,



Completion of the proof

o If 0 #£0, we have proved that

UZ( Puu puv>+o( /U2+V2)k72
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where p(u, v) is a harmonic homogeneous polynomial of
degree k > 2.
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on X —{q:0(q) =0}, whose null lines coincide with the
asymptotic directions in R3 of the graph of p(u, v).



Completion of the proof

o If 0 #£0, we have proved that

0':< Puu puv>+o( /U2—|-V2)k72

pUV pVV

where p(u, v) is a harmonic homogeneous polynomial of
degree k > 2.

o If o £0, o is a Lorentzian metric with isolated singularities
on X —{q:0(q) =0}, whose null lines coincide with the
asymptotic directions in R3 of the graph of p(u, v).

@ By harmonicity of p(u, v), the index of these line fields is
negative at every singularity.
(Impossible if X is diffeomorphic to S2, by Poincaré-Hopf).
Thus, ¥ is a candidate sphere S (since o = 0).



The Gauss map in homogeneous manifolds

Any simply connected homogeneous three-manifold other than
S?(k) x R is a Lie group M with a left invariant metric.

The Gauss map 7 of a surface in such an M is obtained by
left-translating its unit normal to the Lie algebra at e.

It takes its values in S C T.M.




A geometric application

M = three-dimensional Lie group with a left-invariant metric.

Corollary

Let Y1,%, be immersed spheres in M such that
W("ih K2, 77) =0

where W is C1%, symmetric in k1, k2, and satisfies the ellipticity

condition
ow 0w

Oky Oky
Then, if the Gauss map of X1 is a diffeomorphism, ¥5 is a left
translation of X 1.

> 0.

(Uniqueness of Christoffel-Minkowski problems in Lie groups).



Prescribed mean curvature spheres in R3

Theorem (Guan-Guan, 2002)
Let H € C?(S?) satisfy H(—x) = H(x) > 0 for all x € S2.

Then, there exists a closed strictly convex sphere Sy C R3 of
prescribed mean curvature H, i.e.

HZ = H(n)a

where ) : ¥ — S? is the unit normal of ¥.




Prescribed mean curvature spheres in R3

Theorem (Guan-Guan, 2002)
Let H € C?(S?) satisfy H(—x) = H(x) > 0 for all x € S2.

Then, there exists a closed strictly convex sphere Sy C R3 of
prescribed mean curvature H, i.e.

HZ = H(n)a

where ) : ¥ — S? is the unit normal of ¥.

Theorem (Galvez, —)
Let ¥ be an immersed sphere in R3 with prescribed mean curvature
H € C?(S?), where

H(—x) =H(x) >0 Vx € S2.

Then X is the Guan-Guan sphere Sy .




Proof of Alexandrov's conjecture



The Alexandrov conjecture (1956)

Theorem (Galvez, —)

Let S C R3 be closed, strictly convex, satisfying the prescribed
curvature equation
W(Kla K2, 77) - 07 (3)

where W satisfies the ellipticity condition W), W), > 0 on

Q= {(As1(p), Ae3(p), n°(p) : p € S, A € R}

Then any other sphere ¥ immersed in R® that satisfies (3) is a
translation of S.




The Alexandrov conjecture (1956)

Theorem (Galvez, —)

Let S C R3 be closed, strictly convex, satisfying the prescribed
curvature equation
W(Kla K2, 77) - 07 (3)

where W satisfies the ellipticity condition W), W), > 0 on

Q= {(As1(p), Ae3(p), n°(p) : p € S, A € R}

Then any other sphere ¥ immersed in R® that satisfies (3) is a
translation of S.

o Difficulty 1: the ellipticity condition is not global.
o Difficulty 2: Equation (3) is not C1® (problem at umbilics).



Step 1: the Legendre transform

The Legendre transform of ¢ = (Y1, 2,13) is

1 2 1 2
Ly = (—" ot - ws)
o UK 3

If ¢ is a graph of positive curvature, so is Ly: (x,y, h(x,y)).



Step 1: the Legendre transform

The Legendre transform of ¢ = (Y1, 2, 13) is:

If ¢ is a graph of positive curvature, so is Ly: (x,y, h(x,y)).
With respect to the parameters (x,y), we have for ¢ = i(x, y):

@ The unit normal is

n= (_Xv -y, 1)
V14 x2+y2
i — 1 xz2
o The second fundamental form is I/ = mv h.

o The principal curvatures are k; = ®/(x, y, hux, hxy, hyy).



Step 2: a discontinuous linear elliptic PDE

Take p € ¥ with o(p) =0 and o # 0.
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Step 2: a discontinuous linear elliptic PDE

Take p € ¥ with o(p) =0 and o # 0.
(x,y,h(x,y)) and (x,y, h°(x,y)) = Legendre transforms of ¥, S.
That both ¥, S satisfy W/(k1, k2,m) = 0 is rewritten as

F(x,¥, o, iy hyy) = Fx, v, hxxa Xy )

uniformly elliptic on compact sets with 0 < ¢ < W, < C.

Lemma

The function o := h — h® satisfies around the origin a uniformly
elliptic linear homogeneous PDE

a110xx + 23120xy + a220yy = 0,

where ajj = ajj(x, y) are maybe not continuous.




The Bers-Nirenberg representation

Theorem (Bers-Nirenberg)

Let u(x,y) be a non-linear solution on D to
Llu] = a11usx + 2a10uyy + axpuy, =0,
where L[u] is uniformly elliptic (maybe not continuous). Then
e — ity = F(p(x,y)),

where

Q F is a holomorphic map.

Q ¢ is a C* homeomorphism, whose inverse is also C*.




The Bers-Nirenberg representation

Theorem (Bers-Nirenberg)

Let u(x,y) be a non-linear solution on D to
Llu] = a11usx + 2a10uyy + axpuy, =0,
where L[u] is uniformly elliptic (maybe not continuous). Then
e — ity = F(p(x,y)),

where

Q F is a holomorphic map.

Q ¢ is a C* homeomorphism, whose inverse is also C*.

Consequence 1: The zeros of uy, u, are of finite order.

Consequence 2: uy, u, have no interior extrema.
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Define again o := I/ — A. Note that A is a Riemannian metric on X.
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Step 3: ¢ has isolated zeros of non-positive index

Define again o := I/ — A. Note that A is a Riemannian metric on X.

Let p € ¥ where o(p) = 0 but o # 0 around p. Then:

1
0:<QXX xy ), 0:=h—H.
V31I+x2+y2 \ Oy Oy

By Bers-Nirenberg, o(x,y) = w(x,y) + o(1/x2 + y2)* for k > 3.
By uniform ellipticity of L[g] = 0, we have

2 2 2
Wxx Wyy — Wy, < —€ (Wax + wyy )7, e #0.
From here, we have

w(x,y) = wo(x,y) My (ajx + Biy)™,  m;j=1 V]



Step 3: ¢ has isolated zeros of non-positive index

Define again o := I/ — A. Note that A is a Riemannian metric on X.

Let p € ¥ where o(p) = 0 but o # 0 around p. Then:

o= 1 <Qxx Oxy )7 Q::h_ho‘

V31I+x2+y2 \ Oy Oy

By Bers-Nirenberg, o(x,y) = w(x,y) + o(1/x2 + y2)* for k > 3.
By uniform ellipticity of L[g] = 0, we have

Wi Wy — ny < —(wx + Wy )%, £ #0.
From here, we have
W(X7y): WO(Xay) nj:l(ajx+5jy)mj7 mj = 1 VJ

Thus wywy, — w2, < 0 on R?\ {(0,0)}.



Step 3: ¢ has isolated zeros of non-positive index

Thus, 0xx0yy — Q)%y < 0 on D*(0,0), i.e.

U:]-(Qxx Qxy)’ Q::h_ho

V31+x24+y?2 \ Oy Oy

is a Lorentzian metric with an isolated singularity at p.



Step 3: ¢ has isolated zeros of non-positive index

Thus, 0xx0yy — Q)Z(y < 0 on D*(0,0), i.e.

UZ;(@XX Qxy)’ Q::h_ho

V14 x24+y2 \ Oy Oy

is a Lorentzian metric with an isolated singularity at p.

The index of the null lines of o at the origin is < 0 if and only if
the index of Vo, = (0xx, 0xy) is < 0.
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Step 3: ¢ has isolated zeros of non-positive index

Thus, 0xx0yy — Q)2(y < 0 on D*(0,0), i.e.

UZ;(@XX Qxy)’ Q::h_ho

V14 x24+y2 \ Oy Oy

is a Lorentzian metric with an isolated singularity at p.

The index of the null lines of o at the origin is < 0 if and only if
the index of Vo, = (0xx, 0xy) is < 0.

The index of Vpy is < 0. I

By Bers-Nirenberg, ox has no local extrema. So, the origin is a
saddle point of gy = Index(Voyx) < 0. O




Step 3: ¢ has isolated zeros of non-positive index

Thus, 0xx0yy — ,Q)2<y < 0 on D*(0,9), i.e.

a:;(gxx Qxy)7 Q::h_ho

V31I+x2+y2 \ O Oy

is a Lorentzian metric with an isolated singularity at p.

The index of the null lines of o at the origin is < 0 if and only if
the index of Vo 1= (0xx, 0xy) is < 0.

The index of Vo, is < 0. I

The null lines of o have isolated singularities of index < 0.




Step 4: A global line field with isolated singularities



Step 4: A global line field with isolated singularities

Let T:X(X) — X(X) be given by
ANT(X),Y)=0a(X,Y).

The eigenspaces L1, L5 of T define on ¥ — {o = 0} two smooth
line fields with isolated singularities at the points 0 = 0.



Step 4: A global line field with isolated singularities

Let T: X(X) — X(X) be given by
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Let T: X(X) — X(X) be given by

AT(X),Y) = (X, Y).

The eigenspaces L1, L5 of T define on ¥ — {o = 0} two smooth
line fields with isolated singularities at the points o = 0.

If o is Lorentzian at a point, the lines L1, Lo bisect the null
directions of o (w.r.t. the Riemannian metric \).

—> the index of L; at the isolated zeros of o is non-positive
(since the index of the null directions of o is non-positive).

(Impossible if ¥ diffeomorphic to S?) END.
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(1) Consider a warped product 3-space Q?(c) x ¢ R with metric

<7> = f(t) <’ >Q2(c) + dtz, f>0.

Problem

Are CMC spheres in Q?(c) x¢ R spheres of revolution?

(Proved by Abresch-Rosenberg if f(t) is constant).

(2) A self-similar shrinker of the mean curvature flow is a surface
x : ¥ — R3 satisfying Hy = 3(x,n).

Self-similar shrinkers diffeomorphic to S? are spheres of revolution.

(Proved by Brendle in the embedded case).



