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Small Gallery

In February 2012 there where 320 hits for area preserving (in the
title) and 1234 (anywhere) in MathScinet.

If we add differential geometry in anywhere there are respectively
only 2 and 16 hits.

These numbers indicate that if there are nice relations between
APT and classical surface theory, they need to be popularized (or
repopularized...).

Part of the content of this talk was known to geometers such as
P.Appell, O.Bonnet, G.Fubini, A.Ribaucour, E.Goursat,
G.Scheffers, A.Sannia and, of course, G.Darboux and L.Bianchi.
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Small Gallery

In February 2012 there where 320 hits for area preserving (in the
title) and 1234 (anywhere) in MathScinet.

If we add differential geometry in anywhere there are respectively
only 2 and 16 hits.

These numbers indicate that if there are nice relations between
APT and classical surface theory, they need to be popularized (or
repopularized...).

Part of the content of this talk was known to geometers such as
P.Appell, O.Bonnet, G.Fubini, A.Ribaucour, E.Goursat,
G.Scheffers, A.Sannia and, of course, G.Darboux and L.Bianchi.

It's a pitty that they're not here to see some pictures... .
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trivial example of a Bonnet Surface
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Appell Surface (Pollo Asado, according to my daughter)
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Rotated...
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Another Bonnet (1-periodic)
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Appell Spiral
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Top View
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One more Appell
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A "Bonnet Star" (Tarea: find it in Alhambra)
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FACTS

@ These surfaces are particular examples of Laguerre minimal
surfaces, that is, critical points of the functional
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Initial motivation: Surfaces in S3

RIHT  APT
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APT and Gauss Maps in S*

The correspondence defined by the right and left Gauss maps is an
APT.
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Let ¢ : Q C R?> — R be a differentiable function.
Consider the following maps

and
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T—(Xay) = (X_ (Pya}’"‘SDx)

Ti(xy)=(x+ @y, y —¢x)
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Scheffers APT

Sheffers’ APT in the plane

The map T, o T~'is an APT (up to degenerate cases).

P.Roitman, joint work with W.Ferreira Area Preserving Transformations and Classical Differential Geome



fHac

o)
il



Our (Riemannian) generalization of Scheffers method

Let M denote either S? or H?, the hyperbolic plane, and
¢ :Q C M — R be a differentiable function.
Consider the following maps

T_(p) = expp(—IVe(p)))

and
T4 (p) = expp(IVe(p)))
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Our (Riemannian) generalization of Scheffers method

Let M denote either S? or H?, the hyperbolic plane, and
¢ :Q C M — R be a differentiable function.
Consider the following maps

T_(p) = expp(—IV(p)))

and
T+(p) = expp(IV(p)))

After some computation we obtain the following:

Generalization of Scheffers’ method

The map T4 o T-1is an APT (up to degenerate cases).
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Some concepts from classical differential geometry

To appreciate the connections of the APT generated a la Scheffers
with some special surfaces we need to recall some classical
concepts.
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with some special surfaces we need to recall some classical
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The Middle Surface

Let ¥ be an oriented surface in R3 with H and K the mean and
Gaussian curvatures. For p € ¥ consider the point M(p) along the
normal line to X at p that we get by moving from p a signed
distance % along the normal line.
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The Middle Surface

Let ¥~ be an oriented surface in R3 with H and K the mean and
Gaussian curvatures. For p € ¥ consider the point M(p) along the
normal line to X at p that we get by moving from p a signed
distance % along the normal line.

In other words:

M(p) = X(p) + T N(p)

This defines a surface called the Middle Surface of the congruence
of lines normal to X.
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the Middle Plane at p.

The plane passing through M(p) and orthogonal to N(p) is called
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Middle Plane and Middle Spheres

The plane passing through M(p) and orthogonal to N(p) is called
the Middle Plane at p.

The congruence of spheres centered at M and with radius ‘%| is
called the Middle Sphere Congruence.
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Appell and Bonnet surfaces

Appell Surfaces

Appell surfaces are defined by the following property:
All middle planes pass through a fixed point.
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Appell and Bonnet surfaces

Appell Surfaces
Appell surfaces are defined by the following property:
All middle planes pass through a fixed point.

4

Bonnet Surfaces

Bonnet surfaces are defined as surfaces for which the middle
surface is contained in a plane.
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Appell surfaces and APT
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@ Is there a choice of ¢ such that the congruence is normal, i.e.,
admits orthogonal surfaces?
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The answers

function.

functions.

@ Yes, we get normal congruences if and only if ¢ is a harmonic
congruences is that they are Appell surfaces.

@ The special property of the orthogonal surfaces to such

So, we may generate examples of Appell surfaces using harmonic
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Bonnet surfaces and APT
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The answers

@ Yes, we get normal congruences if and only if ¢ is a solution
of the P.D.E. for minimal graphs.

@ The orthogonal surfaces to such congruences are Bonnet
surfaces.

So, we can generate examples of Bonnet surfaces with minimal
surfaces.
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And what about the H? case?

You may guess what happens...
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SOME PROBLEMS

@ Study global aspects of Appell and Bonnet surfaces.
o Study their singularities.

o Generalization to other spaces...maybe CP" with the
Fubini-Study metric.
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Conclusion

SOME PROBLEMS
@ Study global aspects of Appell and Bonnet surfaces.
@ Study their singularities.

@ Generalization to other spaces...maybe CP" with the
Fubini-Study metric.

@ Use APT's a la Schefers to produce Lagrangian immersions in
product spaces...
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All the details and historical references can be found in a preprint

(hopefully it will be published in Israel Journal of Math.) that Ill
be happy to share with anyone that is interested.
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