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We study centroaffine hyperovaloids with
centroaffine Einstein metric. We prove:
the hyperovaloid must be a hyperellipsoid.

This result answers a conjecture that was
open for several decades.



History

e 1963
H. F. Minzner (PhD thesis FU Berlin):
Theorem. Let z : M — R3 be an
analytic ovaloid equipped with a cen-
troaffine metric of constant Gaul3 cur-
vature. Then x(M) is an ellipsoid.

e method of proof:
index method for cubic forms



Similar results in other relative hypersur-
face geometries.



e Blaschke's unimodular
hypersurface theory.

e 1967 R. Schneider:
Theorem. Let z: M — R3 be an oval-
oid equipped with a unimodular-affine
metric of constant Gaulb curvature.
Then x(M) is an ellipsoid.

e Remark. (a) Schneider did not state
this as a result, but it follows from one
of his congruence theorems in his pa-
per.

(b) The theorem answers a conjecture
of Blaschke.



e 1985 M. Kozlowski and U. Simon:

e Theorem. Let z : M — R*"1 pe g
hyperovaloid equipped with a unimod-
ular (Blaschke) metric of Einstein type.
Then x(M) is a hyperellipsoid.

Proof. Extension of Scheider’'s method
applying eigenvalues of the Laplacian.

e 1998 G. Zhao

e Theorem. Let z : M — R*"t1 pe a
hyperovaloid equipped with a unimodu-
lar (Blaschke) metric with parallel Ricci
tensor. Then x(M) is a hyperellipsoid.



e Relative hypersurfaces with
Euclidean normalization.

e 1972 R. Schneider:

e Theorem. Let z: M — R"*"T1 pe
a hyperovaloid equipped with the
second fundamental form as relative met-
ric of a Euclidean normalization. If this
metric is of constant curvature then
x(M) is a Euclidean sphere.

e Remark. Schneider’'s proof works un-
der the weaker assumption that the scalar
curvature of the second fundamental
form metric is constant.



Proof of our centroaffine result:
(any dimension, no analycity).

Main Theorem: Let z : M — R*"T1 be a
hyperovaloid equipped with a centroaffine
metric of Einstein type. Then xz(M) is a
hyperellipsoid.



Centroaffine hypersurfaces - basics

o M n-dim. C°°-manifold
z: M — Rl
loc. str. convex hypersurf. imm.
position vector nowhere tangential;
{x, £ :== +x} centroaffine hypersurf.

e GaulB structure equations.

Dxdx(Y) = dx(VxY) + h(X,Y)S,

e V torsion free, Ricci-symmetric,
called induced connection

e h iS centroaffine metric, Riemannian



Intrinsic geometry of (M, h).
h induces:

e Riemannian volume form w,

e Levi-Civita V

e R curvature tensor,

e Ric RIicci tensor,

e ~ hormalized scalar curvature.



“Extrinsic” geometry of {z,+ =z} :

e symmetric difference tensor:
KxY =K(X,Y) =VyxY —VxY;

e cubic form
C(X,Y,Z) .= h(KyY,Z) tot. symm.,
n(n—1)J := ||K||? = ||C||? Pick inv.,

e [ chebychev form T
nT(X) := traceK x;
Tchebychev field h(T?, X) := T(X).

e [ he Tchebychev form T' is closed:
— n+2 )

p is the unimodular support function

e Tchebychev operator T :
TX .= ?XTﬁ.
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Integrability conditions for V:

R(X,Y)Z = KyKxZ — KxKyZ
(VOY(W, X, Y, Z) = (VC)(X,W,Y, Z),

centroaffine theorema egregium:
n(n—Dk= nn—1)(J+1)—n2 k(T TH.

Remark. In analogy to Bonnet's funda-
mental theorem in Euclidean hypersurface
theory there is such a fundamental exis-
tence and uniqueness theorem in each rel-
ative hypersurface theory, with prescribed
data h and C satisfying integrability condi-
tions.

There are other versions prescribing h and
a symmetric projectively flat connection.
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Quadrics.
The traceless part C of the cubic form C :

C(X,Y,Z) =C(X,Y,Z2) —
s (TXHRY, Z) + T(Y)h(Z, X) + T(Z2)h(X,Y)) .

Theorem. Let z: M — R*"T1 pe 2
centroaffine hypersurface. Then x is a
hyperquadric if and only if C =0 on M.
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Inequalities for intrinsic curvature inv.
Lemma (Calabi): We have

() |R|I? > 21| Ric||.
(i) ||Ricl|? > n(n — 1)2k2.

(i) |R||? > 2n(n — 1)k2.
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Cubic and quartic form inequalities.

Lemma.

112 2 2
0 < [ICl*=lIc]* - n+2 1)<

Lemma. Define U
totally symmetric, traceless (0,4)-tensor

UXY,ZWwW):=(NVCO)X,Y,Z, W) —
a7z (VY (X, Y R(Z,W) + (VT)(X, 2)h(Y, W) +
(VD(X, WY, Z) + (VT)(Z,W)h(X,Y) —+
(VDY(Y,W)Hh(X, Z) + (VT)(Y, Z)h(X,W)] +
Sy (X, Y)R(Z, W) + h(X, Z)h(Y, W)
+ h(X, W)h(Y, Z)],

then we have:

[U|2 = [TCI2~ oS TIP+ (it ay (trace T)2
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Differential equations

Lemma of Bochner-Lichnerowicz.

%AHTHQ = ||VT||4+Ric(T,T)+T(grad (trace T)).

Laplacian of the Pick invariant.
Let {e1,...,en} be alocal h-orthonormal frame;
define

n
Oé(X,Y) = Z C(Xaeiaej)c(yae’bej)'
1,7=1

We have tracea = ||C||? and

sA|C|I? =
IVC|I%2 + |R||? — 2n(n — 1)k + Y ale;, e;) Ric(e;, e)
©,J
+ n Z (@2T>(ei7 K ek)c(ei7 €4, ek)'
©,J,k
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Laplacian of ||C||?
Combine the preceding PDE's and ||U/]|2.
notation div := divergence-type terms.

Calculations.

° @jCijk = @kC’;‘j = nVFT?,

CIRG VT, = Vi (CURTL) — nl| VT
divy — n||V; T ||?

TV (V,T7) V(T ,T7) — (trace T)?

divy — (trace T)2. (1)
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PDE for centroaffine Einstein spaces

3 O NCI°

-+ 4+ |

+ +

sONCI1E -3

2
n—_|_2 AllT|

2
WUl + ||V;T || 2(&n>  3n%)

3n
(trace T)? (347 (n+2xn+49)
(n—Dr-(IC]? - WnTn ?) + div

2 2 3
U2+ VT2 S

2  3n2(n+3)
(trace 7)™ tng2)(n+4)

(n—Dx-||C|? + div.
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Hyperovaloids, centroaffine Einstein

Lemma. Hyperovaloid, centroaffine Ein-
stein, then k > 1.

Proof Main Theorem.
Apply PDE centroaffine Einstein spaces;
integration gives

ICI? =0,

thus quadric, compactness gives
hyperellipsoid.
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Complete centroaffine Einstein

T heorem. Let

r: M — R

be a locally strongly convex hypersurface
equipped with a centroaffine C'°°-metric h
of Einstein type.

Assume:

(M, h) is complete and there exists
O<eeR s.t.

Ric(h) > €- h.
Then (M) is a hyperellipsoid.
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