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Introduction Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

Trapped submanifolds

e Consider an (n + 2)-dimensional spacetime Mf”, n> 2, thatis, a
time-oriented Lorentzian manifold of dimension n+2 > 4.
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Trapped submanifolds

e Consider an (n + 2)-dimensional spacetime Mf”, n> 2, thatis, a
time-oriented Lorentzian manifold of dimension n+2 > 4.

@ Let X" be a codimension-two spacelike submanifold immersed into
the spacetime M.
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Introduction Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

Trapped submanifolds

e Consider an (n + 2)-dimensional spacetime Mf”, n> 2, thatis, a
time-oriented Lorentzian manifold of dimension n+2 > 4.

@ Let X" be a codimension-two spacelike submanifold immersed into
the spacetime M.

@ That is, ¥ is an n-dimensional connected manifold admitting a
smooth immersion 1) : ¥—M such that the induced metric on ¥ is
Riemannian.
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Introduction Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

Trapped submanifolds

e Consider an (n + 2)-dimensional spacetime Mf”, n> 2, thatis, a
time-oriented Lorentzian manifold of dimension n+2 > 4.

@ Let X" be a codimension-two spacelike submanifold immersed into
the spacetime M.

@ That is, ¥ is an n-dimensional connected manifold admitting a
smooth immersion 1) : ¥—M such that the induced metric on ¥ is
Riemannian.

Second fundamental form
It is the symmetric tensor IT : X(X) x X(X)—X+(X) given by

I(X,Y) = —(VxY)*
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Introduction Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

Mean curvature vector field

The mean curvature vector field is defined by
1
H = —tr(II
(1)

where II is the second fundamental form of the submanifold.
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Introduction Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

Mean curvature vector field

The mean curvature vector field is defined by
1
H = —tr(II
(1)

where II is the second fundamental form of the submanifold.

@ The submanifold X is said to be

o Future (past) trapped if H is timelike and future-pointing
(past-pointing) on X.
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The (n + 2)-dimensional de Sitter spacetime

Mean curvature vector field

The mean curvature vector field is defined by
1
H = —tr(II
(1)

where II is the second fundamental form of the submanifold.

@ The submanifold X is said to be

o Future (past) trapped if H is timelike and future-pointing
(past-pointing) on X.

o Future (past) marginally trapped if H is null and future-pointing
(past-pointing) on X.
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Introduction Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

Mean curvature vector field

The mean curvature vector field is defined by
1
H = —tr(II
(1)

where II is the second fundamental form of the submanifold.

@ The submanifold ¥ is said to be
o Future (past) trapped if H is timelike and future-pointing
(past-pointing) on X.
o Future (past) marginally trapped if H is null and future-pointing
(past-pointing) on X.

o Future (past) weakly trapped if H is causal and future-pointing
(past-pointing) on X.
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Introduction Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

Mean curvature vector field

The mean curvature vector field is defined by

1
H— —tr(II
ntr( )

where II is the second fundamental form of the submanifold.

@ The submanifold ¥ is said to be
o Future (past) trapped if H is timelike and future-pointing
(past-pointing) on X.

o Future (past) marginally trapped if H is null and future-pointing
(past-pointing) on X.

o Future (past) weakly trapped if H is causal and future-pointing
(past-pointing) on X.

@ The extreme case H = 0 corresponds to a minimal submanifold.
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Introduction

The (n + 2)-dimensional de Sitter spacetime

@ Each normal space (TPZ)J‘, p € ¥, is timelike and two dimensional,
and hence admits two future-pointing null directions normal to X.
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Introduction

Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

@ Each normal space (TPZ)J‘, p € ¥, is timelike and two dimensional,
and hence admits two future-pointing null directions normal to X.

@ Under suitable orientation assumptions, ¥ admits a globally defined
future-pointing normal null frame {£,n}, unique up to positive
pointwise scaling, satisfying (¢,7n) = —1.
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Introduction Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

@ Each normal space (TPZ)J‘, p € ¥, is timelike and two dimensional,
and hence admits two future-pointing null directions normal to X.

@ Under suitable orientation assumptions, ¥ admits a globally defined
future-pointing normal null frame {£,n}, unique up to positive
pointwise scaling, satisfying (¢,7n) = —1.

Shape null operators

The shape operators associated to & and 7 are the symmetric operators
Ae, Ay - X(X)—X(X) given by

<A€X’ Y) = ({l(X,Y),§), and <A77X’ Y) = (L(X, Y),n).
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Introduction Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

@ Each normal space (TPZ)J‘, p € ¥, is timelike and two dimensional,
and hence admits two future-pointing null directions normal to X.

@ Under suitable orientation assumptions, ¥ admits a globally defined
future-pointing normal null frame {£,n}, unique up to positive
pointwise scaling, satisfying (¢,7n) = —1.

Shape null operators

The shape operators associated to & and 7 are the symmetric operators
Ae, Ay - X(X)—X(X) given by

<A€X’ Y) = ({l(X,Y),§), and <A77X’ Y) = (L(X, Y),n).

| A

Null mean curvatures

The null mean curvatures (or null expansion scalars) of X are given by

1 1
e = Etrace(Ag) and 0, = Etrace(An).

A
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Introduction

The (n + 2)-dimensional de Sitter spacetime

@ Then, we have the expression
H=—0,6—0en

for the mean curvature vector field.
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Introduction

Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

@ Then, we have the expression
H=—0,6—0en

for the mean curvature vector field.

@ In particular
(H,H) = —26.0,

so that
e Y is a trapped submanifold if and only if

i) either both 6 < 0 and 6, < 0 (future trapped),
ii) or both ¢ > 0 and 6, > 0 (past trapped).
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2)-dimensional de Sitter spacetime

The (n

@ Then, we have the expression

H=—0,6—0en

for the mean curvature vector field.
@ In particular

so that

(H,H) = 26,6,

e Y is a trapped submanifold if and only if

i)
ii)

either both 6 < 0 and 6, < 0 (future trapped),
or both 6 > 0 and 6, > 0 (past trapped).

e ¥ is a marginally trapped submanifold if and only if

i)
ii)

either ¢ = 0 and 6, # 0 (future marginally trapped if 6, < 0 and
past marginally trapped if 6, > 0),

or O¢ # 0 and 6, = 0 (future marginally trapped if 6 < 0 and past
marginally trapped if 6; > 0).
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Introduction Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

@ Then, we have the expression

H=—0,6—0en

for the mean curvature vector field.
@ In particular
(H,H) = —26.0,
so that

e Y is a trapped submanifold if and only if
i) either both 6 < 0 and 6, < 0 (future trapped),
ii) or both ¢ > 0 and 6, > 0 (past trapped).

e ¥ is a marginally trapped submanifold if and only if

i) either 6¢ =0 and 6, # 0 (future marginally trapped if 6, < 0 and
past marginally trapped if 6, > 0),

ii) or 6¢ # 0 and 6, = 0 (future marginally trapped if ; < 0 and past
marginally trapped if 6; > 0).

e ¥ is a weakly trapped submanifold if and only if

i) either both 6 < 0 and 6, < 0 with 92 + 9% > 0 (future weakly
trapped),

ii) or both 6 > 0 and 6, > 0 with 0% + 9% > 0 (past weakly trapped).
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Introduction Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

The (n + 2)-dimensional de Sitter spacetime

o Let L.""3 be the (n + 3)-dimensional Lorentz-Minkowski space,
endowed with the Lorentzian metric

()= —(d0)® + ()’ + -+ (dxni2)®,  x= (X0,  Xnt2)
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Introduction Trapped submanifolds

The (n + 2)-dimensional de Sitter spacetime

The (n + 2)-dimensional de Sitter spacetime

o Let L.""3 be the (n + 3)-dimensional Lorentz-Minkowski space,
endowed with the Lorentzian metric

() = —(dx0)® + (dx1)? + - - - + (dxpy2)?, x = (X0, - -, Xn42)
@ The hyperquadric
ST = {xeL"®: (x,x) =1}

endowed with the induced metric from L"*3 is the standard model
of the de Sitter space.
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The (n + 2)-dimensional de Sitter spacetime

The (n + 2)-dimensional de Sitter spacetime

o Let L.""3 be the (n + 3)-dimensional Lorentz-Minkowski space,
endowed with the Lorentzian metric

() = —(dx0)® + (dx1)? + - - - + (dxpy2)?, x = (X0, - -, Xn42)
@ The hyperquadric
ST = {xeL"®: (x,x) =1}

endowed with the induced metric from L"*3 is the standard model
of the de Sitter space.

@ Consider on S'1’+2 the time-orientation induced by the globally
defined timelike vector field e € X(S7™2) given by

&5 (x) = eg — (en, X)x = €9 + XoX, e =(1,0,...,0),

with
(e5(x), €5(x)) = —1 — (eg, x)> < —1 < 0.
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Null hypersurfaces in de Sitter spacetime

e Null hypersurfaces in de Sitter spacetime
@ Marginally trapped submanifolds into the light cone
@ Marginally trapped submanifolds into J~
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Null hypersurfaces in de Sitter spacetime Marginally trapped|submanifolds|into

Null hypersurfaces in de Sitter spacetime

o Let ¢ : X" — ST be a codimension-two spacelike submanifold of
de Sitter space.
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Null hypersurfaces in de Sitter spacetime

o Let ¢ : X" — ST be a codimension-two spacelike submanifold of
de Sitter space.
@ We are interested in the case where ¥ is contained into one of the
two following null hypersurfaces of de Sitter space:
@ The future component of the light cone.
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Null hypersurfaces in de Sitter spacetime

o Let ¢ : X" — ST be a codimension-two spacelike submanifold of
de Sitter space.

@ We are interested in the case where ¥ is contained into one of the
two following null hypersurfaces of de Sitter space:

@ The future component of the light cone.
© The past infinite of the steady state space.
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Null hypersurfaces in de Sitter spacetime

o Let ¢ : X" — ST be a codimension-two spacelike submanifold of
de Sitter space.

@ We are interested in the case where ¥ is contained into one of the
two following null hypersurfaces of de Sitter space:

@ The future component of the light cone.
© The past infinite of the steady state space.

@ Recall that a null hypersurface into a spacetime M is a smooth
codimension one embedded submanifold such that the pull-back of
the Lorentzian metric of M is degenerate.
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Null hypersurfaces in de Sitter spacetime

o Let ¢ : X" — ST be a codimension-two spacelike submanifold of
de Sitter space.

@ We are interested in the case where ¥ is contained into one of the
two following null hypersurfaces of de Sitter space:

@ The future component of the light cone.
© The past infinite of the steady state space.

@ Recall that a null hypersurface into a spacetime M is a smooth
codimension one embedded submanifold such that the pull-back of
the Lorentzian metric of M is degenerate.

@ As we will see later, in these cases there always exists a globally
defined future-pointing normal null frame {&,n} on T.
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Marginally trapped submanifolds into the light cone

Light cone of de Sitter spacetime

Fix a point a € S{™2. The light cone in S]™ with vertex at a is the
subset
Aa={x €SI (a,x) =1,x #a}.
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Marginally trapped submanifolds into the light cone

Light cone of de Sitter spacetime

Fix a point a € S{™2. The light cone in S]™ with vertex at a is the
subset

Aa={x €SI (a,x) =1,x #a}.

The future component of A, is

A ={xe S (a,x) =1, > 0,x # a}.
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Marginally trapped submanifolds into the light cone

Light cone of de Sitter spacetime

Fix a point a € S{™2. The light cone in S]™ with vertex at a is the
subset

Aa={x €SI (a,x) =1,x #a}.

The future component of A, is

A ={xe S (a,x) =1, > 0,x # a}.

o Let ¢ : X" — ST be a codimension-two spacelike submanifold.
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Marginally trapped submanifolds into the light cone

Light cone of de Sitter spacetime

Fix a point a € S{™2. The light cone in S]™ with vertex at a is the
subset

Aa={x €SI (a,x) =1,x #a}.

The future component of A, is

A ={xe S (a,x) =1, > 0,x # a}.

o Let ¢ : £ — ST be a codimension-two spacelike submanifold.
@ Define the function u: ¥ — (0,400) by u = — (), ).

Verénica L. Canovas Trapped submanifolds in de Sitter space



Marginally trapped submanifolds into the light cone

Null hypersurfaces in de Sitter spacetime Marginally, trapped|submanifolds|into

Marginally trapped submanifolds into the light cone

Light cone of de Sitter spacetime

Fix a point a € S{™2. The light cone in S]™ with vertex at a is the
subset

Aa={x €SI (a,x) =1,x #a}.

The future component of A, is

A ={xe S (a,x) =1, > 0,x # a}.

o Let ¢ : £ — ST be a codimension-two spacelike submanifold.

@ Define the function v : ¥ — (0,400) by u = — (¢, &).

@ Assume that (X)) is contained into the future connected
component of the light cone, /\j, that is

() =1, (a,9p)=1 and u>0.
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Null hypersurfaces in de Sitter spacetime

Normal null frame

In these conditions

f=¢—a and n=-——1 " THcy

1+ || Vul]? + uv? iy
a 2u? Eeo

are two future-pointing null normal vector fields globally defined on X
with (£,n) = —1, where we are denoting

& = € (p) + & (p) + (¥(p); )¥(p), pET.
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Null hypersurfaces in de Sitter spacetime

Normal null frame

In these conditions

1 242 1
f=p—a and no—TIVulPHe, 1
u

2u?

are two future-pointing null normal vector fields globally defined on X
with (£,n) = —1, where we are denoting

& = € (p) + & (p) + (¥(p); )¥(p), pET.

| A

Null shape operators

The null second forms associated to the global null frame {&, n} are given
by
14 [Vul|? — u?

1 2
2U2 I—l—EV u,

Ac=1 and A=

where V2u is the Hessian operator of u.
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Null hypersurfaces in de Sitter spacetime

o In particular, the null expansions are 6 = Ltr(A¢) = 1 and

1 2uAu —n(l+ ||Vul]® — v?)
O = Etr(An) - 2nu? ’

where Au is the Laplacian of u.
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Null hypersurfaces in de Sitter spacetime

o In particular, the null expansions are 6 = Ltr(A¢) = 1 and

1 2uAu —n(l+ ||Vul]® — v?)
O = Etr(An) - 2nu? ’

where Au is the Laplacian of u.

@ The scalar curvature of X is given by

Scal = n(n—1)(1 + (H, H)).
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Null hypersurfaces in de Sitter spacetime

o In particular, the null expansions are 6 = Ltr(A¢) = 1 and

1 2uAu —n(l+ ||Vul]® — v?)
O = Etr(An) - 2nu? ’

where Au is the Laplacian of u.

@ The scalar curvature of X is given by

Scal = n(n—1)(1 + (H, H)).

Corollary 1

Lety: " — AT C S’1’+2 be a codimension-two spacelike submanifold
which is contained in A}. The following assertions are equivalent:

@ Y is (necessarily past) marginally trapped.

@ The positive function u = — (v, ey) satisfies the differential equation

2uAu —n(1+[[Vul?>—u?)=0 onX.
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Null hypersurfaces in de Sitter spacetime

o In particular, the null expansions are 6 = Ltr(A¢) = 1 and

1 2uAu —n(l+ ||Vul]® — v?)
O = Etr(An) - 2nu? ’

where Au is the Laplacian of u.
@ The scalar curvature of X is given by

Scal = n(n—1)(1 + (H, H)).

Corollary 1

Lety: " — AT C S’1’+2 be a codimension-two spacelike submanifold
which is contained in A}. The following assertions are equivalent:

@ Y is (necessarily past) marginally trapped.

@ The positive function u = — (v, ey) satisfies the differential equation

2uAu —n(1+[[Vul?>—u?)=0 onX.

@ Y has constant scalar curvature Scal = n(n — 1).
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Example 1

@ For each positive smooth function f : S"—(0, +00), consider the
embedding ¥ : S"—AT C SIT2 given by

Ye(p) = (f(p), f(p)p,1).

Null hypersurfaces in de Sitter spacetime
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Null hypersurfaces in de Sitter spacetime

Example 1

@ For each positive smooth function f : S"—(0, +00), consider the
embedding ¥ : S"—AT C SIT2 given by

Ye(p) = (f(p), f(p)p,1).

@ It is not difficult to see that for every v,w € T,S"

(d(¥r)p(v), d(Wr)p(w)) = F2(p)(v, W),

(,) the standard metric of the round sphere.
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Null hypersurfaces in de Sitter spacetime

Example 1

@ For each positive smooth function f : S"—(0, +00), consider the
embedding ¥ : S"—AT C SIT2 given by

Ye(p) = (f(p), f(p)p,1).

@ It is not difficult to see that for every v,w € T,S"

(d(¥r)p(v), d(Wr)p(w)) = F2(p)(v, W),

(,) the standard metric of the round sphere.

e Thatis ¥}((,)) = f2(,),, which means that 1r defines a spacelike
immersion of S” into AT with induced metric conformal to (, ).
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Example 1

@ For each positive smooth function f : S"—(0, +00), consider the
embedding ¥ : S"—AT C SIT2 given by

Ye(p) = (f(p), f(p)p,1).

@ It is not difficult to see that for every v,w € T,S"

(d(¥r)p(v), d(Wr)p(w)) = F2(p)(v, W),

(,) the standard metric of the round sphere.

e Thatis ¥}((,)) = f2(,),, which means that 1r defines a spacelike
immersion of S” into AT with induced metric conformal to (, ).

@ Moreover, ¢ is marginally trapped if and only if f satisfies
2fAf — n(1+ ||VFII? - f*) =0

on S" with respect to the conformal metric 2(,),.
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Null hypersurfaces in de Sitter spacetime

@ We will see now that every codimension-two compact spacelike
submanifold in A is, up to a conformal diffeomorphism, as in
Example 1.
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Null hypersurfaces in de Sitter spacetime

@ Every codimension-two compact spacelike submanifold in AT is as in
Example 1.

Let ) : X" — AT C S’1’+2 be a codimension-two compact spacelike
submanifold contained in AT.
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Marginally trapped submanifolds into 7

@ Every codimension-two compact spacelike submanifold in AT is as in
Example 1.

Proposition 1

Let ) : X" — AT C S’1’+2 be a codimension-two compact spacelike
submanifold contained in AT.
There exists a conformal diffeomorphism

W (Z7,(,)) = (S", (,)) such that (,) = uPW*((,),),

with u = —(1, &) = 1o > 0, and ¥ = 1hr o W where f = uo W=, and 1¢
is the embedding
vr(p) = (f(p), f(p)p, 1)

T Yo (0, +00) Yo At st
c%u/ d%:%
s S
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Null hypersurfaces in de Sitter spacetime

@ Every codimension-two compact spacelike submanifold in AT is as in
Example 1.

Proposition 1

Let ) : X" — AT C S’1’+2 be a codimension-two compact spacelike
submanifold contained in AT.
There exists a conformal diffeomorphism

W (Z7,(,)) = (S", (,)) such that (,) = uPW*((,),),

with u = —(1, &) = 1o > 0, and ¥ = 1hr o W where f = uo W=, and 1¢
is the embedding
vr(p) = (f(p), f(p)p, 1)

T Yo (0, +00) Yo At st
c%u/ d%:%

S” Sn

In particular, 1 is an embedding.
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Null hypersurfaces in de Sitter spacetime

Proof:

@ Without loss of generality we may assume that the vertex of the
light cone is the point a = (0,...,0,1), so that

A ={xe S’1’+2 D Xpyp2 = 1,x0 > 0}.
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Null hypersurfaces in de Sitter spacetime

Proof:

@ Without loss of generality we may assume that the vertex of the
light cone is the point a = (0,...,0,1), so that

A ={xe S’1’+2 D Xpyp2 = 1,x0 > 0}.

e Consider ¢ : ¥" — At C ST satisfying our assumptions.
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Null hypersurfaces in de Sitter spacetime

Proof:

@ Without loss of generality we may assume that the vertex of the
light cone is the point a = (0,...,0,1), so that

t={xe S’1’+2 D Xpyp2 = 1,x0 > 0}.

e Consider ¢ : ¥" — At C ST satisfying our assumptions.

@ Then ¢(P) - (u(p), 1/’1(P)a cee ’1/)n+1(P)7 1) with

n+1

Zw (p) > 0.
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Null hypersurfaces in de Sitter spacetime

Proof:
@ Without loss of generality we may assume that the vertex of the

light cone is the point a = (0,...,0,1), so that
t={xe S’1’+2 D Xpyp2 = 1,x0 > 0}.

e Consider ¢ : ¥" — At C ST satisfying our assumptions.

@ Then ¢(P) - (u(p), 1/’1(P)a cee ’1/)n+1(P)7 1) with

n+1

Zw (p) > 0.

@ Define the function ¥ : ¥" — S” by
1
V(p) = @(%(p), c s Y (p))-
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Null hypersurfaces in de Sitter spacetime

Proof:

@ Without loss of generality we may assume that the vertex of the
light cone is the point a = (0,...,0,1), so that

t={xe S’1’+2 D Xpyp2 = 1,x0 > 0}.

e Consider ¢ : ¥" — At C ST satisfying our assumptions.

@ Then ¢(P) - (u(p), 1/’1(P)a cee ’1/)n+1(P)7 1) with

n+1

Zw (p) > 0.

@ Define the function ¥ : ¥" — S” by

1
V(p) = @(%(p), -y ¥nsa(p))-
o A straightforward computation yields
1
(dWp(v), dWp(w))g = m(\hw

for every p€ ¥ and v,w € T,X.
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Null hypersurfaces in de Sitter spacetime

@ In particular, ¥ is a local diffeomorphism.
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Null hypersurfaces in de Sitter spacetime

@ In particular, ¥ is a local diffeomorphism.

@ Assume now that X is complete (that is, (,) is a complete
Riemannian metric on ¥) and v* = supy u < +00.
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Null hypersurfaces in de Sitter spacetime

@ In particular, ¥ is a local diffeomorphism.

@ Assume now that X is complete (that is, (,) is a complete
Riemannian metric on ¥) and v* = supy u < +00.

@ Therefore the conformal metric

is also complete on .
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@ In particular, ¥ is a local diffeomorphism.

@ Assume now that X is complete (that is, (,) is a complete
Riemannian metric on ¥) and v* = supy u < +00.

@ Therefore the conformal metric

is also complete on .
@ Then, the map -
v (Zn’ <7 >) - (Snv <7 >0)

is a local isometry between complete Riemannian manifolds.
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Null hypersurfaces in de Sitter spacetime

@ In particular, ¥ is a local diffeomorphism.

@ Assume now that X is complete (that is, (,) is a complete
Riemannian metric on ¥) and v* = supy u < +00.

@ Therefore the conformal metric

is also complete on .
@ Then, the map -
V(2 () = (87()0)
is a local isometry between complete Riemannian manifolds.

@ Hence, V is a covering map, but S” being simply connected this
means that W is in fact a global diffeomorphism.
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Null hypersurfaces in de Sitter spacetime

@ In particular, ¥ is a local diffeomorphism.

@ Assume now that X is complete (that is, (,) is a complete
Riemannian metric on ¥) and v* = supy u < +00.

@ Therefore the conformal metric

is also complete on .
@ Then, the map -
V(2 () = (87()0)
is a local isometry between complete Riemannian manifolds.

@ Hence, V is a covering map, but S” being simply connected this
means that W is in fact a global diffeomorphism.

@ In particular, this happens when ¥ is compact.
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Null hypersurfaces in de Sitter spacetime

@ In particular, ¥ is a local diffeomorphism.

@ Assume now that X is complete (that is, (,) is a complete
Riemannian metric on ¥) and v* = supy u < +00.

@ Therefore the conformal metric

is also complete on .
@ Then, the map -
V(2 () = (87()0)
is a local isometry between complete Riemannian manifolds.

@ Hence, V is a covering map, but S” being simply connected this
means that W is in fact a global diffeomorphism.

@ In particular, this happens when ¥ is compact.
@ But the proof also works under any assumption which implies that
the conformal metric (,) is complete.
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Null hypersurfaces in de Sitter spacetime

e For instance, it is enough if ¥ is complete and u satisfies

lim sup v < 400
r—1o0 rlog(r)

r the Riemannian distance from a fixed origin o € ¥..
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Null hypersurfaces in de Sitter spacetime

e For instance, it is enough if ¥ is complete and u satisfies

lim sup v < 400
r—1o0 rlog(r)

r the Riemannian distance from a fixed origin o € ¥..
o Let ®:S" — X" be the inverse of V.
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Null hypersurfaces in de Sitter spacetime

e For instance, it is enough if ¥ is complete and u satisfies

lim sup v < 400
r—1o0 rlog(r)

r the Riemannian distance from a fixed origin o € ¥..
o Let ®:S" — X" be the inverse of V.
e Taking f = uo ® one has f oW = u and

YroW(p) = (F(V(p)), f(W(p))W(p),1)
=(u(p), ¥1(p), - - Ynr1(p), 1) = ¥(p).
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For instance, it is enough if X is complete and u satisfies

lim sup v < 400
r—1o0 rlog(r)

r the Riemannian distance from a fixed origin o € ¥..
Let ®: S" — X" be the inverse of V.
Taking f = uo ® one has f oW = u and

YroW(p) = (F(V(p)), f(W(p))W(p),1)
=(u(p), ¥1(p), - - Ynr1(p), 1) = ¥(p).

Then, the diagrams

T Yo (0, +00) R SN
%’/ ‘%’%

Sr N

are commutative, and it completes the proof.
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Example 2

e For every fixed vector b € R™1, let f, : S"—(0, +oc) be the
function 1

fo(p) =
{p,b)g + /1 + [bl3

where (, ), stands both for the Euclidean metric in R™"! and for the
induced standard metric on the Euclidean sphere S".

Null hypersurfaces in de Sitter spacetime
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Example 2

e For every fixed vector b € R™1, let f, : S"—(0, +oc) be the
function 1
fo(p) =
(p,b)o + 1+ b3

where (, ), stands both for the Euclidean metric in R™"! and for the
induced standard metric on the Euclidean sphere S".

@ It is not difficult to see that the corresponding embedding
Pp =Yg, « S"AT C ST

is a (necessarily past) marginally trapped submanifold.
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Example 2

e For every fixed vector b € R™1, let f, : S"—(0, +oc) be the
function 1

fo(p) =
{p,b)g + /1 + [bl3

where (, ), stands both for the Euclidean metric in R™"! and for the
induced standard metric on the Euclidean sphere S".

@ It is not difficult to see that the corresponding embedding
Pp =Py, : S"AT C S
is a (necessarily past) marginally trapped submanifold.
@ To see it, it suffices to check the validity, for f = #,, of

2FAf — n(1+ |[VFIP =) =0 on (S",f3(,)) (EQ1)
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Example 2
e For every fixed vector b € R™1, let f, : S"—(0, +oc) be the
function 1
fo(p) =
(p,b)o + 1+ b3

where (, ), stands both for the Euclidean metric in R™"! and for the
induced standard metric on the Euclidean sphere S".

@ It is not difficult to see that the corresponding embedding
Pp =Yg, « S"AT C ST

is a (necessarily past) marginally trapped submanifold.
@ To see it, it suffices to check the validity, for f = #,, of

2FAf — n(1+ |[VFIP =) =0 on (S",f3(,)) (EQ1)

e Equivalently,
2f Aof + (n— 4)||VOf||2 — nf2(1 - f3) =0 (EQ2)

on (Sn’ <7 >0)
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Example 2 (continuation)

@ By a direct computation we can see that

Null hypersurfaces in de Sitter spacetime

1 1 2
Vo515 = EHVOgH%, and  Agfy = —?Aog + ?HVOgHS,

with g(p) = (p,b)y + /1 + [|b[3.
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Example 2 (continuation)

@ By a direct computation we can see that

Null hypersurfaces in de Sitter spacetime

1 1 2
Vo515 = EHVOgH%, and  Agfy = —?Aog + ?HVOgHS,

with g(p) = (p,b)o + /1 + [|b|[5.
@ Observe that Vg(p) = b — (p,b)op and [|[Vg||3 = |b||3 — (p, b);.
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Null hypersurfaces in de Sitter spacetime

Example 2 (continuation)

@ By a direct computation we can see that

1 1 2
Vo515 = EHVOgH%, and  Agfy = —?Aog + ?HVOgHS,

with g(p) = (p,b)o + /1 + [|b|[5.
o Observe that V°g(p) = b — (p, b)yp and [V°|3 = [Ib]}3 — (p,b)?.
@ Then
[bI3 ~ (p. by

IV(p)lls = 2 0p)

(1)
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Null hypersurfaces in de Sitter spacetime

Example 2 (continuation)

@ By a direct computation we can see that

1 1 2
Vo515 = EHVOgH%, and  Agfy = —?Aog + ?HVOgHS,

with g(p) = (p,b)o + /1 + [|b]|3.

o Observe that Vg(p) = b — (p,b),p and [V°g|2 = [[b]2 — (p, b)5.
@ Then

IbJ3 = (p, b)3

g*p)

e Furthermore, Agg(p) = —n{p,b), and

IV ()G = (1)

nip,b), 2 (IBIE— (p.5)})
-~ g2(p) * g3(p) '

Aofy(p)
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Example 2 (continuation)

@ By a direct computation we can see that
0f |12 1 oo, 2 1 2 So_n2
Vhllo = EHV gllo, and  Aofy = —?Aog‘F ?HV glia,

with g(p) = (p,b)o + /1 + [[b]5.
o Observe that V0g(p) = b — (p, b)op and Vg = b[3 — (p, b)>.
@ Then
I3 — (p,b)g
g*(p)
e Furthermore, Agg(p) = —n{p,b), and

IV ()G = (1)

nip,b), 2 (IBIE— (p.5)})
-~ g2(p) g3(p) '

o Inserting (1) and (2) into (EQ2) we get the validity of (EQ2).

Aofy(p)
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Null hypersurfaces in de Sitter spacetime

Lety: X" — AT C S’1’+2 be a codimension-two compact marginally
trapped spacelike immersed submanifold contained in AT.
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Null hypersurfaces in de Sitter spacetime

Theorem 1

Lety: X" — AT C S’1’+2 be a codimension-two compact marginally
trapped spacelike immersed submanifold contained in AT.

There exists a conformal diffeomorphism V¥ : (X", (,)) = (S, (,),)
such that ) = ¢, o W, where £, : S” — (0, +00) is

1

fio(p) =
) = b+ VIOl

for some fixed vector b € R™ and 1y, : S"—AT C ST is the embedding

Yu(p) = (fu(p), fo(p)p,1).

Verénica L. Canovas Trapped submanifolds in de Sitter space



Marginally trapped submanifolds into the light cone
Marginally trapped submanifolds into 7

Null hypersurfaces in de Sitter spacetime

Theorem 1

Lety: X" — AT C S’1’+2 be a codimension-two compact marginally
trapped spacelike immersed submanifold contained in AT.

There exists a conformal diffeomorphism V¥ : (X", (,)) = (S, (,),)
such that ) = ¢, o W, where £, : S” — (0, +00) is

1

(p,b)g + /1 +1bll5

for some fixed vector b € R™ and 1y, : S"—AT C ST is the embedding

Yu(p) = (fu(p), fo(p)p,1).

In particular, ¥ is embedded.

fo(p) =
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Null hypersurfaces in de Sitter spacetime

Proof:

@ From our previous discussion, the proof of Theorem 1 reduces to
find the positive solutions of the differential equation

2fAf — n(1+ || VFI> - ) =0

on (S, (,)) , where (,) = £2(,),.
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Null hypersurfaces in de Sitter spacetime

Proof:
@ From our previous discussion, the proof of Theorem 1 reduces to
find the positive solutions of the differential equation

2fAf — n(1+ || VFI> - ) =0

on (Sn’ <7>) ' Where <> - f2<5>0'
@ Here we are denoting by || - ||?, V and A the norm, the gradient and
the Laplacian operator on S” with respect to the conformal metric

()
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Null hypersurfaces in de Sitter spacetime

Proof:

@ From our previous discussion, the proof of Theorem 1 reduces to
find the positive solutions of the differential equation

2fAf — n(1+ || VFI> - ) =0

on (Sn’ <7>) ' Where <> - f2<5>0'
@ Here we are denoting by || - ||?, V and A the norm, the gradient and
the Laplacian operator on S” with respect to the conformal metric

().
@ We also know from Corollary 1 that (S”, (,)) has constant scalar
curvature n(n — 1).
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Proof:

@ From our previous discussion, the proof of Theorem 1 reduces to
find the positive solutions of the differential equation

2fAf — n(1+ || VFI> - ) =0

on (Sn’ <7>) ' Where <> - f2<5>0'

@ Here we are denoting by || - ||, V and A the norm, the gradient and
the Laplacian operator on S” with respect to the conformal metric
(;).

@ We also know from Corollary 1 that (S”, (,)) has constant scalar
curvature n(n — 1).

@ From a classical result by Obata (1971), a conformal metric on the

Euclidean sphere S” has constant scalar curvature n(n — 1) if and
only if it has constant sectional curvature 1.
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Null hypersurfaces in de Sitter spacetime

Proof:

@ From our previous discussion, the proof of Theorem 1 reduces to
find the positive solutions of the differential equation

2fAf — n(1+ || VFI> - ) =0

on (Sn’ <7>) ' Where <> - f2<5>0'

@ Here we are denoting by || - ||?, V and A the norm, the gradient and
the Laplacian operator on S” with respect to the conformal metric
()

@ We also know from Corollary 1 that (S”, (,)) has constant scalar
curvature n(n — 1).

@ From a classical result by Obata (1971), a conformal metric on the
Euclidean sphere S” has constant scalar curvature n(n — 1) if and
only if it has constant sectional curvature 1.

o Therefore, (S", (,)) has constant sectional curvature 1.
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Null hypersurfaces in de Sitter spacetime

@ The problem becomes equivalent to solving the Yamabe problem
on the unit round sphere.
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Null hypersurfaces in de Sitter spacetime

@ The problem becomes equivalent to solving the Yamabe problem
on the unit round sphere.

@ That is, finding the positive functions f on S” for which the
conformal metric £2(, ), has constant sectional curvature 1.
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Null hypersurfaces in de Sitter spacetime

@ The problem becomes equivalent to solving the Yamabe problem
on the unit round sphere.

@ That is, finding the positive functions f on S” for which the
conformal metric £2(, ), has constant sectional curvature 1.

o Obata proved that the conformal metric £2(, ), is obtained from (,),
by a conformal diffeomorphism of the unit round sphere.
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Null hypersurfaces in de Sitter spacetime

The problem becomes equivalent to solving the Yamabe problem
on the unit round sphere.

That is, finding the positive functions f on S” for which the
conformal metric £2(, ), has constant sectional curvature 1.

Obata proved that the conformal metric £2(, ), is obtained from (,),
by a conformal diffeomorphism of the unit round sphere.

In particular, the conformal factor f is the conformal factor of a
conformal diffeomorphism of the unit round sphere.
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Null hypersurfaces in de Sitter spacetime

The problem becomes equivalent to solving the Yamabe problem
on the unit round sphere.

That is, finding the positive functions f on S” for which the
conformal metric £2(, ), has constant sectional curvature 1.

Obata proved that the conformal metric £2(, ), is obtained from (,),
by a conformal diffeomorphism of the unit round sphere.

In particular, the conformal factor f is the conformal factor of a
conformal diffeomorphism of the unit round sphere.

Recall that, up to orthogonal transformations, every conformal
diffeomorphism of (S, (,),) is given by

_ P+ (P c)o +N)e
AL+ (p, €)o)

for all p € S”, where ¢ € B!, B"*! the open unit ball in R"*, and

Fe(p)

A=(1—lel§)"2 and  p=(A-1)clp.
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Null hypersurfaces in de Sitter spacetime

@ A direct computation shows that the conformal factor f of F. is
given by
1 —lc|l3

f(p) B 1+ <P, C>O

for c € Bt
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Null hypersurfaces in de Sitter spacetime

@ A direct computation shows that the conformal factor f of F. is
given by
1—|cl3
flp)="—-—5
1 + <P7 c>0
for ¢ € B!

e Equivalently,

VI—Til} 1
f(p) = 2 =
1+(p.c)g  (p,b)y++/1+[b]3
C

b= ——= € R
1 —|ellg

with
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Null hypersurfaces in de Sitter spacetime

@ A direct computation shows that the conformal factor f of F. is

given by
V1= llell3
f(p) = Y-l
P) =159,
for c € Bt

e Equivalently,

1+ {p.clo  (p,b)g+ /1 +]bf3

with
< e R

V1-=|lel

@ This completes the proof of Theorem 1.
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Marginally trapped submanifolds into J ~

Past infinity of steady state

Fix a null vector a € L"t3, a # 0. Our null hypersurface in S'1’+2 is

L={xecSi?:(a,x) =0}
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Marginally trapped submanifolds into J ~

Past infinity of steady state

Fix a null vector a € L"t3, a # 0. Our null hypersurface in S'1’+2 is

L={xecSi?:(a,x) =0}

@ Without loss of generality we may assume that a is past-pointing,
(a, e) > 0. The open region

H™2 = {x € ST : (x,a) > 0}.

is the steady state model of the universe.

Verénica L. Canovas Trapped submanifolds in de Sitter space



Marginally trapped submanifolds into the light cone

Null hypersurfaces in de Sitter spacetime Marginally trapped|submanifolds into 7

Marginally trapped submanifolds into J ~

Past infinity of steady state

Fix a null vector a € L"t3, a # 0. Our null hypersurface in S'1’+2 is

L={xecSi?:(a,x) =0}

@ Without loss of generality we may assume that a is past-pointing,
(a, e) > 0. The open region

H™2 = {x € ST : (x,a) > 0}.

is the steady state model of the universe.

@ The steady state space has as boundary the null hypersurface L,
which represents the past infinity of #"*2, usually denoted by J~.
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Marginally trapped submanifolds into J ~

Past infinity of steady state

Fix a null vector a € L"t3, a # 0. Our null hypersurface in S'1’+2 is

L={xecSi?:(a,x) =0}

@ Without loss of generality we may assume that a is past-pointing,
(a, e) > 0. The open region

H™2 = {x € ST : (x,a) > 0}.

is the steady state model of the universe.

@ The steady state space has as boundary the null hypersurface L,
which represents the past infinity of #"*2, usually denoted by J~.

o Let ¢ : X" — ST be a codimension-two spacelike submanifold and
define the function v : X — (0,400) by u = — (¢, ).
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Marginally trapped submanifolds into J ~

Past infinity of steady state

Fix a null vector a € L"t3, a # 0. Our null hypersurface in Si’“ is

L={xecSi?:(a,x) =0}

@ Without loss of generality we may assume that a is past-pointing,
(a, e) > 0. The open region

H™2 = {x € ST : (x,a) > 0}.

is the steady state model of the universe.

@ The steady state space has as boundary the null hypersurface L,
which represents the past infinity of #"*2, usually denoted by J~.

o Let ¢ : X" — ST be a codimension-two spacelike submanifold and
define the function v : X — (0,400) by u = — (¢, ).

@ Assume that ¢(X) is contained in J .
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Null hypersurfaces in de Sitter spacetime

Normal null frame

In these conditions

14Vl + P 1 ol

2(a, &)’ (a, &)

E=—-a and n=

are two future-pointing null normal vector fields globally defined on ¥
with (¢, ) = —1.
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Null hypersurfaces in de Sitter spacetime

Normal null frame

In these conditions

14Vl + P 1 ol

2(a, &)’ (a, &)

E=—-a and n=

are two future-pointing null normal vector fields globally defined on ¥
with (¢, ) = —1.

Null shape operators

The corresponding null second forms associated to the global null frame
{&,n} are given by

1
Ac=0 and A, = M(V% + ul).
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o In particular, the null expansions are §¢ = 1tr(A¢) = 0 and

0, = %tr(An) = (Au + nu).

n(a, eo>
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o In particular, the null expansions are §¢ = 1tr(A¢) = 0 and

0, = %tr(An) = (Au + nu).

n(a, eo>
@ Therefore,

1
H = —W(AU + nu){'

and ¥ is always marginally trapped except at points where
Au+ nu =0 (if any), where it is minimal.
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o In particular, the null expansions are §¢ = 1tr(A¢) = 0 and

0, = %tr(An) = (Au + nu).

n(a, eo>
@ Therefore,

1
H = —W(AU + nu){'

and ¥ is always marginally trapped except at points where
Au+ nu =0 (if any), where it is minimal.

Lety: X" = J~ C S:'l”“z be a codimension-two spacelike submanifold
which is contained in the past infinite of the steady state space. The ¥
is always marginally trapped, except at points where Au + nu = 0 (if
any), u = —(1, eg), where it is minimal.
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Example 3

@ For each smooth function f : S"—R, consider the embedding
bf 1 ST~ C ST given by

or(p) = (f(p), P, f(P))-

Verénica L. Canovas Trapped submanifolds in de Sitter space



Marginally trapped submanifolds into the light cone
Marginally trapped submanifolds into 7 —

Null hypersurfaces in de Sitter spacetime

Example 3

@ For each smooth function f : S"—R, consider the embedding
bf 1 ST~ C ST given by

or(p) = (f(p), P, f(P))-

o It is not difficult to see that for every v,w € T,S"

(d(0r)p(v), d(or)p(w)) = (v, w)o,

(,)o the standard metric of the round sphere.
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Null hypersurfaces in de Sitter spacetime

Example 3

@ For each smooth function f : S"—R, consider the embedding
bf 1 ST~ C ST given by

or(p) = (f(p), P, f(P))-

o It is not difficult to see that for every v,w € T,S"

(d(0r)p(v), d(or)p(w)) = (v, w)o,
(,)o the standard metric of the round sphere.

e That is ¢7({,)) = (, )y, which means that ¢ defines a spacelike
isometric immersion of the round sphere into J .
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Null hypersurfaces in de Sitter spacetime

Example 3

@ For each smooth function f : S"—R, consider the embedding
bf 1 ST~ C ST given by

or(p) = (f(p), P, f(P))-

o It is not difficult to see that for every v,w € T,S"

(d(0r)p(v), d(or)p(w)) = (v, w)o,
(,)o the standard metric of the round sphere.

e That is ¢7({,)) = (, )y, which means that ¢ defines a spacelike
isometric immersion of the round sphere into J .

o Moreover, ¢r is marginally trapped except at points (if any) where

A0f+nf:0

on S" with respect to the pointwise conformal metric £2(, ).
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ly trapped subm:

Lety : X" = J~ C S:'l”“z be a codimension-two complete spacelike
submanifold contained in 7.
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Proposition 2

Lety : X" = J~ C S:'l”“z be a codimension-two complete spacelike
submanifold contained in J .
Then ¥ is compact and there exists an isometry

v (va <7>) — (Snv <7>0)

such that ¢ = ¢¢ o W where f = uo W~ with u = —(¢), &g) = 1o, and
¢ is the embedding

or(p) = (f(p), P, f(p))-

Y R Yo g s
%u / %%

s gn
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Proposition 2

Lety : X" = J~ C S:'l”“z be a codimension-two complete spacelike
submanifold contained in J .
Then ¥ is compact and there exists an isometry

v (va <7>) — (Snv <7>0)

such that ¢ = ¢¢ o W where f = uo W~ with u = —(¢), &g) = 1o, and
¢ is the embedding

or(p) = (f(p), P, f(p))-

Y R Yo g s
%u / %%

s gn

In particular, the immersion % is an embedding and it is always
marginally trapped except at points where Au + nu = 0 (if any), where
it is minimal.
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Proof:
o Let ¢ : X" — J~ C ST be a codimension-two spacelike
submanifold contained in J .
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Proof:
o Let ¢ : X" — J~ C ST be a codimension-two spacelike
submanifold contained in 7.
@ Assume without loss of generality that a = (—1,0...,0,—1).
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Proof:
o Let ¢ : X" — J~ C ST be a codimension-two spacelike
submanifold contained in J .

o Then ¢(p) = (u(p), ¥1(p), - - -, ¥nr1(p), u(p)) with

n+1

> vip) =1
i=1
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Proof:
o Let ¢ : X" — J~ C ST be a codimension-two spacelike
submanifold contained in J .

o Then ¢(p) = (u(p), ¥1(p), - - -, ¥nr1(p), u(p)) with

n+1

> Yip) =1.
i=1
@ Define the function ¥ : ¥" — S” by

V(p) = (¥1(p); - - - » Yn+1(p))-
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Proof:
o Let ¢ : X" — J~ C ST be a codimension-two spacelike
submanifold contained in J .

o Then ¢(p) = (u(p), ¥1(p), - - -, ¥nr1(p), u(p)) with

n+1
> Yip) =1.
i=1

@ Define the function ¥ : ¥" — S” by

V(p) = (¥1(p); - - - » Yn+1(p))-

@ Forevery pc ¥ and v,w € T,X, we have
(dWp(v), dVp(w))y = (v, w).
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Proof:
o Let ¢ : X" — J~ C ST be a codimension-two spacelike
submanifold contained in J .

Then (p) = (u(p), ¥1(p); - - - ¥nr1(p), u(p)) with

n+1
> vip) =1
i=1
Define the function ¥ : X" — S" by
V(p) = (¥1(p); - - -, ¥ns1(p))-

For every p € > and v,w € T,%, we have
(dWp(v), dVp(w))y = (v, w).

That is, the map
W (Z7 () = (S™ (D)

is a local isometry.
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Proof:
o Let ¢ : X" — J~ C ST be a codimension-two spacelike
submanifold contained in J .

o Then ¢(p) = (u(p), ¥1(p), - - -, ¥nr1(p), u(p)) with

n+1

> vip) =1
i=1
@ Define the function ¥ : ¥" — S” by
V(p) = (¥1(p); - - -, ¥ns1(p))-
@ Forevery pc ¥ and v,w € T,X, we have
(dWp(v), dVp(w))y = (v, w).
@ That is, the map
V(X)) = (8" (o)

is a local isometry.
@ Therefore, if we assume X to be complete, S” being simply
connected, we conclude that W is in fact a global isometry.
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Corollary 3

Lety : 2" — J C SQH be a codimension-two complete spacelike
submanifold contained in 7~ and having parallel mean curvature vector.
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Corollary 3

Lety : 2" — J C SQH be a codimension-two complete spacelike
submanifold contained in 7~ and having parallel mean curvature vector.
Then ¥ is compact and there exists an isometry

\U : (znv <7 >) — (Sn7 <a >0)
such that ¥ = ¢p c oV, where ¢p . : S"=>T~ C S’1’+2 is the embedding
Pb,c(P) = ({p, b>0 +¢,p, (P, b>o I &)k

for any b € R"*! and ¢ € R.

Verénica L. Canovas Trapped submanifolds in de Sitter space



Marginally trapped submanifolds into the light cone
Marginally trapped submanifolds into 7 —

Null hypersurfaces in de Sitter spacetime

Corollary 3

Lety : 2" — J C SZH be a codimension-two complete spacelike
submanifold contained in 7~ and having parallel mean curvature vector.
Then ¥ is compact and there exists an isometry

\U : (znv <a >) — (Sn7 <a >0)
such that ¥ = ¢p c oV, where ¢p . : S"=>T~ C S’1’+2 is the embedding

¢b,c(p) = (<pa b>0 + ¢ p, <P, b>0 + C)'

for any b € R"*! and ¢ € R.
Moreover:

(1) X is minimal if and only if ¢ = 0.
(11) X is future marginally trapped if and only if ¢ < 0.

(11r) X is past marginally trapped if and only if ¢ > 0.

Verénica L. Canovas Trapped submanifolds in de Sitter space



. . . Marginally tra i submanifolds into the light
Null hypersurfaces in de Sitter spacetime argina’ly trappec submantio’ds into the ight cone

Marginally trapped submanifolds into 7 —

Proof:
@ Since (a, g) =1, it follows that

H= %(Au + nu)a. (3)
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Proof:
@ Since (a, g) =1, it follows that

H= %(Au + nu)a. (3)

@ Then, H is parallel if and only if Au+ nu = constant on (X, (,)).

Verénica L. Canovas Trapped submanifolds in de Sitter space



. . . Marginally tra i submanifolds into the light
Null hypersurfaces in de Sitter spacetime argina’ly trappec submantio’ds into the ight cone

Marginally trapped submanifolds into 7 —

Proof:
@ Since (a, g) =1, it follows that

H= %(Au + nu)a. (3)

@ Then, H is parallel if and only if Au+ nu = constant on (X, (,)).

@ Equivalently, H is parallel if and only if Agf + nf = constant on

(Sna <7 >0)
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Proof:
@ Since (a, g) =1, it follows that

H= %(Au + nu)a. (3)

@ Then, H is parallel if and only if Au+ nu = constant on (X, (,)).

@ Equivalently, H is parallel if and only if Agf + nf = constant on

(Sna <7 >0)

@ Therefore, the Laplacian of f satisfies Aqf = —n(f — ¢) for a certain
constant c.
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Proof:
@ Since (a, g) =1, it follows that

H= %(Au + nu)a. (3)

Then, H is parallel if and only if Au+ nu = constant on (X, (,)).

@ Equivalently, H is parallel if and only if Agf + nf = constant on

(Sna <7 >0)

Therefore, the Laplacian of f satisfies Aqf = —n(f — ¢) for a certain
constant c.

That is,
Aoo+no=0

where p = f — c.
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@ That is,
Aoo+no=0

where p = f — c.
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@ That is,
Aoo+no=0
where p = f — c.
@ This implies that either o = 0 or p € Spec(S”, (,),) is a first
eigenfunction of the round sphere.
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@ That is,
Aoo+no=0
where p = f — c.
@ This implies that either o = 0 or p € Spec(S”, (,),) is a first
eigenfunction of the round sphere.

@ In the first case f = c is constant (which corresponds to b = 0).
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@ That is,
Noo+no=0
where p = f — c.
@ This implies that either o = 0 or p € Spec(S”, (,),) is a first
eigenfunction of the round sphere.
@ In the first case f = c is constant (which corresponds to b = 0).
o In the second case, o(p) = (p,b), for some fixed vector b € R""?,
b # 0, and
f(p) = (p: b>() +c.
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@ That is,
Ngo+no=20
where p = f — c.

@ This implies that either o = 0 or p € Spec(S”, (,),) is a first
eigenfunction of the round sphere.

@ In the first case f = c is constant (which corresponds to b = 0).

o In the second case, o(p) = (p,b), for some fixed vector b € R""?,
b # 0, and
f(p) = (p: b>() +c.

@ The last assertions follow from (3) since H = ca, with a
past-pointing.
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Corollary 4

Lety: X" = J~ C S:'L’+2 be a codimension-two complete spacelike
submanifold contained in 7.
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Corollary 4

Lety: X" = J~ C S:'L’+2 be a codimension-two complete spacelike
submanifold contained in 7.
¥ is minimal if and only if there exists an isometry

V(2 () = (8% (o)
such that ¢ = ¢p o W, where ¢y, : S"> T~ C S'ﬁz is the embedding

¢b(P) = (<P, b>07p’ <P7 b>0)

for any b € R,
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e A uniqueness result for the marginally trapped type equation on
compact manifolds
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A uniqueness result for the marginally trapped type
equation on compact manifolds

@ Motivated by the geometric meaning of the solutions to the partial
differential equation 2uAu — n(1 + | Vu||> — u?) = 0, we establish
the following intrinsic uniqueness result for this equation.
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A uniqueness result on compact manifolds

A uniqueness result for the marginally trapped type
equation on compact manifolds

@ Motivated by the geometric meaning of the solutions to the partial
differential equation 2uAu — n(1 + | Vu||> — u?) = 0, we establish
the following intrinsic uniqueness result for this equation.

Theorem 2

Let (X, (,)) be a compact, Riemannian manifold of dimension n > 2 and
Ricci curvature satisfying

Ric > K

for some constant K > (n — 1).
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A uniqueness result on compact manifolds

A uniqueness result for the marginally trapped type
equation on compact manifolds

@ Motivated by the geometric meaning of the solutions to the partial
differential equation 2uAu — n(1 + | Vu||> — u?) = 0, we establish
the following intrinsic uniqueness result for this equation.

Theorem 2

Let (X, (,)) be a compact, Riemannian manifold of dimension n > 2 and

Ricci curvature satisfying
Ric > K

for some constant K > (n — 1).
The only positive solution to the partial differential equation

2ulAu —n(1+ |Vul? - u?) =0 (MT)

on 2 is the constant function u = 1.
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Proof:
@ Consider the vector field

1 A
V=u0-D <vw||2 - ”w> .
2 n
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A uniqueness result on compact manifolds

Proof:
@ Consider the vector field

V=u0-D <1vw||2 - A”w) .
2 n
@ The divergence of V is given by
1 1
div(V) =u~ (1) <2A|Vu||2 — ;((Au)2 + <VAu,Vu>)>

n—1
2

(4)

~1
UV VU2, V) — T um A V2.
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A uniqueness result on compact manifolds

Proof:
@ Consider the vector field

V=u0-D <1vw||2 - A”w) .
2 n
@ The divergence of V is given by
1 1
div(V) =u~ (1) <2AVU||2 — ;((Au)2 + <VAu,Vu>)>

n—1
2
@ Bochner-Lichnerowicz formula states that

(4)

~1
UV VU2, V) — T um A V2.

1
5Auvun2 = |V2u|]? + (VAu, Vu) + Ric(Vu, Vu).
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Proof:
@ Consider the vector field

V=u0-D <1vw||2 - A”w) .
2 n
@ The divergence of V is given by
1 1
div(V) =u~ (1) <2AVU||2 — ;((Au)2 + <VAu,Vu>)>

n—1
2
@ Bochner-Lichnerowicz formula states that

(4)

~1
UV VU2, V) — T um A V2.

1
5Auvun2 = |V2u|]? + (VAu, Vu) + Ric(Vu, Vu).
@ Using this into (4) jointly with (MT) we obtain
A 2
div(V) =y~ ("1 (||V2u||2 - (:))

+ u= D (Ric(Vu, Vu) — (n—1)||Vu|]?).
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o Integrating this and using the divergence theorem we obtain

/ T <Ilv2ull2 - B Rie(Vu, V) — (- 1)IIV““2> =0
5 n
(5)
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o Integrating this and using the divergence theorem we obtain

/ZU n—1) <||v2 ” (AU) +R|C(Vu VU) (nf 1)||VU||2> =0
(5)

@ We know from Cauchy-Schwarz inequality that
A 2
vz~ B9 > g

with equality if and only if Vu is a conformal vector field on X.
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A uniqueness result on compact manifolds

o Integrating this and using the divergence theorem we obtain

A 2
/ u=(=D) <||v2u||2 - % +Ric(Vu, Vu) — (n— 1)||vU||2> =0.
b
(3)
@ We know from Cauchy-Schwarz inequality that

A 2
vz~ B9 > g

with equality if and only if Vu is a conformal vector field on X.
@ On the other hand, from Ric > K we also have

Ric(Vu, Vu) — (n—1)||Vu|?> > (K — (n—1))||[Vu|>>0
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A uniqueness result on compact manifolds

o Integrating this and using the divergence theorem we obtain

A 2
/ u=(=D) <||v2u||2 - % +Ric(Vu, Vu) — (n— 1)||vU||2> =0.
b
(3)
@ We know from Cauchy-Schwarz inequality that

A 2
vz~ B9 > g

with equality if and only if Vu is a conformal vector field on X.
@ On the other hand, from Ric > K we also have

Ric(Vu, Vu) — (n—1)||Vu|?> > (K — (n—1))||[Vu|>>0

A

o Therefore, from (5) we conclude that | V2u|? — % =0, and

Ric(Vu,Vu) — (n—1)|Vu|? = (K = (n—1))||Vu|]®> = 0.
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A uniqueness result on compact manifolds

o Integrating this and using the divergence theorem we obtain

A 2
/ u=(=D) <||v2u||2 - % +Ric(Vu, Vu) — (n— 1)||vU||2> =0.
b
(3)
@ We know from Cauchy-Schwarz inequality that

A 2
vz~ B9 > g

with equality if and only if Vu is a conformal vector field on X.
@ On the other hand, from Ric > K we also have

Ric(Vu, Vu) — (n—1)||Vu|?> > (K — (n—1))||[Vu|>>0

A

o Therefore, from (5) we conclude that | V2u|? — % =0, and

Ric(Vu,Vu) — (n—1)|Vu|? = (K = (n—1))||Vu|]®> = 0.

@ Since K > (n— 1), this last equation implies that u is constant and,
by (MT) it must be u = 1.
0
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A uniqueness result on compact manifolds

That's all 1!

Thanks a lot for your attention...

Verénica L. Canovas Trapped submanifolds in de Sitter space
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