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1 Introduction

For a given non—variational system of differential equations, there are multiple
ways of transforming it into a variational one - among these, variational multi-
pliers (or variational integrating factors), [I], are maybe the most well known.
Another possibility is to simply add a correction term.

In the paper, we consider systems of ordinary or partial differential equa-
tions - represented by source forms, or source tensors, similar to Euler-Lagrange
systems for extremals of integral variational functionals in the calculus of vari-
ations. We propose a way of obtaining such a correction term - which we call
a variational completion, as follows. Any ordinary or partial differential system
can be expressed as the vanishing of some source form ¢ on sections of an ap-
propriate jet bundle. Further, to this source form, one can naturally attach a
Lagrangian ., called the Vainberg-Tonti Lagrangian of ¢, [7]; this Lagrangian
has the property that the difference

Ti=E(\)—¢ (1)

between its Euler-Lagrange form E(\.) and e offers a measure of the non-
variationality of e. Using 7 in (Il) as the correction term, the system ¢ + 7 = 0
becomes variational.
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The method appears to have several interesting applications. We present
here three of them.

1) Einstein tensor obtained from variational completion of the Ricci ten-
sor. Historically, the first variant of gravitational field equations proposed by
Einstein was:

8Tk

— Tijs (2)

Rij =
J C4

where: R;; is the Ricci tensor of a 4-dimensional Lorentzian manifold (X, g), T;;
is the energy-momentum tensor, while x and ¢ are constants, [8]. This variant
correctly predicted some physical facts, but failed to fulfil another request: local
energy-momentum conservation. This led Einstein to adding in the left hand

1
side the ”correction term” ——Rg;; (by a reasoning based on Bianchi identities),

thus leading to the nowadays famous:

1 TR
Rij — 5Rgi; = 80—4Tz‘j- (3)
The variational deduction of (@), due to Hilbert, relies on a heuristic argument
- simplicity. Hilbert chose to construct the action for the left hand side using the
”simplest scalar” (i.e., simplest differential invariant) which can be constructed
from the metric tensor and its derivatives alone. Happily, the Euler-Lagrange
expression ensuing from this simplest scalar - which is the scalar curvature R -
coincides with the left hand side of (3.

There is, still, another way of finding this correction term. Equation (2))
is not variational. Actually, the term which fails to be variational is R;;; in
the paper, we prove that the Hilbert Lagrangian is (up to multiplication by a
non-essential constant), nothing else than the Vainberg-Tonti Lagrangian cor-

responding to R;;. Accordingly, the correction term —§Rgij can be obtained

from R;; as a canonical variational completion.

2) Energy-momentum tensors. In special relativity, energy-momentum ten-
sors are obtained by adding to the Noether current corresponding to the in-
variance of the matter Lagrangian to space-time translations a symmetrization
term. The way of obtaining the symmetrization term is subject to an old de-
bate, [2], [3]. The canonical variational completion method offers the possibility
of recovering the expression of a full, symmetric energy-momentum tensor from
just one of its terms - e.g., from a non-symmetrized Noether current. In partic-
ular, the energy-momentum tensor of the electromagnetic field can be obtained
this way.

3) In classical mechanics, equations of damped small oscillations are known
to be non-variational. Without aiming to give a general physical interpreta-
tion of the obtained correction term, we determine the canonical variational
completion of these equations.

In Sections 2 and 3, we briefly present some known notions and results to
be used in the following.



2 Differential forms on jet bundles

The mathematical background for a modern formulation of both field theory
and mechanics are fibered manifolds and their jet bundles.

Consider a fibered manifold Y of dimension m + n, with n-dimensional base
X and projection 7 : Y — X. Fibered charts (V, 1), ¥ = (2%,4%) on Y induce the
fibered charts (V7,4"), " = (xt,y°, Y%, Y% jn.. ;) o0 the r-jet prolongation
J'Y of Y and (U,¢), ¢ = (2') on X. The manifold J"Y can be regarded as a
fibered manifold in multiple ways, by means of the projections:

7" JY — JSYa (xiaygvygjla ---,ygjlj2___j,_) = (Iiaygaygjlv "'7ygjlj2...js)7
where r > s, JOY := Y and:
" JY — X.

The set of C*°-smooth sections v : X — Y, locally expressed by some
functions (z') — ~(z*) = (2,y°(z")) is denoted by I'(Y). Given a sec-
tion v € I[(Y), its prolongation to J'Y is: J'™y : (2) — J'y(2t) =
(2,97 (x),y° ;(2), s ¥ o (x)), where the symbol ; denotes partial differ-
entiation with respect to 7.

In field theoretical applications, the coordinates z play the role of space-
time coordinates, while y? are ”field” coordinates (to be accurate, real fields
are encoded in sections y° = y°(x%)). The case of mechanics is characterized
by dim X = 1; in this case, the coordinates on J"Y are usually denoted by
(t,q°,4%,4°, ..., q(r)) and are interpreted as: time, generalized coordinates, gen-
eralized velocity etc.

By Q. W, we denote the set of k-forms of order » over an open set W C Y,
i.e., the set of k-forms over the r-th prolongation J"W C J"Y. In particular,
F(W) := QpW is the set of real-valued smooth functions over J"W.

The subset of 27 W consisting of k-forms:

1 _ . .
p= Eailhmikd‘r” Adz? A ... ANdx't, (4)

(where a;,iy..4,, kK < mn, are smooth functions of the coordinates
Y7 Y%, Y. g,) 1S called the set of (n"-)horizontal k-forms of order
r; similarly, one can speak about 7" *-horizontal forms of order r as forms gen-
erated by exterior products of the differentials dz?, dy®, ..., ay’, .-

Examples of n"-horizontal forms are volume forms and Lagrangians.

For X =R"”, the Euclidean volume form is:

wo = daz' Adz? A .. A da™. (5)

On pseudo-Riemannian manifolds (X, g;;), a coordinate-invariant volume form

is locally given by: dV = y/|g|lwo, where g := det(g;;).



A Lagrangian of order r is defined as a 7"-horizontal n-form of order 7 :

A\ = Lwg, L:E(zi,y",...,yflm”). (6)

A form 6 € QY is a contact form if it is annihilated by all jets J"vy of
sections v € T'(Y). Important examples are the basic contact 1-forms on J"Y
defined on a coordinate neighborhood by:

w? =dy’ — y‘Tjdzzrj, w%, =dy%, — y"iljdxj, (7)

K2
o

Woitin. iy — dydilzg...ir,l - ydilig...ir,ljdxj'
A differential form is called p-contact if it is generated by p-th exterior powers
of contact forms.

3 Source forms and variationality conditions

A source form of order r on a fibered manifold Y, [5], is a 7"*-horizontal, 1-
contact (n+ 1)-form on J"Y. In local coordinates, any source form is expressed
as:

e =¢cow’ Awo, €0 =o(®, Y7, Y% ¥ 4 ) (8)

The set of source forms of order at most r over Y is closed under addition and
under multiplication with functions f € F(J"Y).

The most notable example of a source form is the Euler Lagrange form E())
of a Lagrangian A\ = L(z",y7,...,y7 ; Jwo € Q(Y) :

E(\) == E;w’ Awo,
oL oL oL
Ey = —— —dpymo + .+ (=1)"dg, o dp, 75—
8ya’ 1 8y 3 ( ) 1 8y e o
A section v : X — Y is critical for the Lagrangian X if and only if the F())
is annihilated by the r-jet of v, i.e., E,(A\) o J"y=0,0 =1,...,m.

A source form ¢ is called:

a) locally variational if around any point of the fibered manifold Y, there
exists a local fibered chart (V, 1) and a Lagrangian A on some jet prolongation
V™ (r € N) of V, such that, on V", e = E(\);

b) globally variational if there exists a Lagrangian A on the whole manifold
Y such that € = E(\).

Local variationality of a source form € = e,w? A wq of order r is equivalent
to a generalization of classical Helmholtz conditions, [6]:

H

ov

Bde(e) =0, k=0,..m, ®)

where:



850- 851/

H,, 7t In(e) = o——F— — (1) ——F— — (10)
8y J1---Jk 8y J1--Jk
- Oe,
_ Z (_1)1(2)dik+1dik+2...dila =
I=k+1 Yogrning i

1 .
locally describe the Helmholtz form H. = 51@20}[0”]1”% (e)w¥), s Nw Awo.

4 Canonical variational completion

By wariational completion of a given source form ¢ on Y, we will mean any
source form 7 on Y with the property that ¢ + 7 is variational. Of course, one
can speak about local and about global variational completions.

In the following, we will only study local variational completions.

Clearly, every source form has infinitely many variational completions: in-
deed, any Lagrangian A induces the completion 7 := E(A) — e. Thus, the ques-
tion is how to choose the Lagrangian A in a meaningful way. In the following,
we will try to give an answer to this question.

Given an arbitrary source form € = e,w” Awg € QY of order r, a local
Lagrangian attached to e is the Vainberg-Tonti Lagrangian A\e = L.wo, [1], [E],
defined by:

1
L.(2',y°, ¥ ) = ya/ag(xi,uy", o uy’ o )du. (11)
0

The Euler-Lagrange form F(\.) = E,w” A wg of the Vainberg-Tonti La-
grangian \. is given, [7], by:
1
E,=¢, - /u{y"(Hua oxu) + 4% (Hyd 0 x) + oy, (HyG 7 o x,) Yu,
0
where x, : J*Y — J?'Y denotes the homothety (xi,y",y"j,...,y"jl“.jw) —
(f, uy?, uy’, ..., uy%, ;) and the coefficients H,, 71k are as in ().

From (@), it follows that the coefficients H,, 71/ above have the meaning

of ”obstructions from variationality” of the source form e. In particular, if the
source form ¢ is variational, then E(\;) = ¢.

It thus appears as natural

Definition 1 The canonical wvariational completion of a source form e €
1 (Y), is the source form T(c) given by the difference between the Euler-
Lagrange form of the Vainberg—Tonti Lagrangian of € and € itself:

7(e) = E(\:) —e. (12)



The local coefficients 7, of the canonical variational completion 7(g) =
Tow” A wp can be directly expressed in terms of the coefficients H,, 71 7%:

1

= / g (Hyo 0 Xa) + 4% (Hyd 0 x0) + oot 5% 5 (H, 3797 0 X Y,
0

Remark. Generally speaking, the Vainberg-Tonti Lagrangian and, accord-
ingly, the canonical variational completion of a source form of order r, are of
order 2r. Still, under certain conditions, [4] (which are fulfilled by a large number
of equations in physics), the Vainberg-Tonti Lagrangian is actually equivalent
to a Lagrangian of order r.

5 Source forms in general relativity

Consider a Lorentzian manifold (X, g;;) of dimension 4, with local charts (U, ¢),
¢ = (2"),_g3 and Levi-Civita connection V. We denote by R;; the Ricci tensor
of V and by R = g R;;, the scalar curvature. We assume in the following that
measurement units are chosen in such a way that ¢ = 1. Indices of tensors will
be lowered or raised by means of the metric g;; and its inverse g*.

Einstein field equations (3)) arise by varying with respect to the metric tensor
the Lagrangian A = A\, + A, where:

1
i) Ag = —TR lglwo (with wg = d2® A da' A dz? A da®) is the Hilbert
‘ TR
Lagrangian;
ii) the matter Lagrangian Ay = Lm+/|glwo, is given by a differential invari-
ant Ly, = Lp(9ij, Gijho -3 Y7, Y%, ...,y"jlmjr) depending on the metric tensor

components and their derivatives up to a certain order s € N and on the r-jet
of a field y?. Typically, in classical general relativity, s = 0.
In the case of vacuum Einstein equations

1
Rij — 5 Rgij =0, (13)

the "field components” to be varied are the metric tensor components g;; (or,
more commonly, the inverse metric components ¢g*), hence the fibered manifold
Y is the bundle of metrics Met(X), defined as the set of symmetric nondegen-
erate tensors of type (0,2) on X. Since both R;; and R are of second order in
gij, the space we have to work on is the second order jet bundle J2Met(X).

We denote the local charts on Met(X) by (V, 1), with ¢ = (2%, gjx) and the
induced fibered chart on J2Met(X), by (V2,47), with ¥* = (2%, gjk; Gjk.i; Gjk.it)-
We will also use the notations:

i _ i
Wik = dgjr — gjk,:dx"; Wik1 = dgjr,1 — Gjk,udT

for the basic contact forms on J2Met(X). The Riemann tensor, the Ricci tensor
and the Ricci scalar thus become objects on J?Met(X).



5.1 Canonical variational completion of the Ricci tensor

We will prove in the following that vacuum Einstein equations (I3) can be
obtained by means of the canonical variational completion of the source form
with components R;;.

Take the following source form on J2Met(X) :

g := aR"\/|g|lwij A wo, (14)

where a is a (momentarily) arbitrary constant. Its components &% =
€9 (gri; Gkt i, Ght,ij) are given by

€9 = qRY \/m .

The Vainberg-Tonti Lagrangian A = L.wq is defined as:
1
L= gij/gij(UQkUngl,i? ugki,ij)du.
0

Let us study the behavior of the integrand with respect to homotheties
Xu ¢ (k13 91, 9rlij) — (Wgki; Ugkii; Ugkiij). These homotheties induce the
transformation g — u~1g* of the inverse metric tensor components. The
Christoffel symbols

. 1.
Ik = 59" (9njin + ghkj = gik.h)
are invariant to ,, and hence the curvature tensor components Rji =T 3 kel —
I‘iﬂ)k + I‘hjkl"ihl - I‘hjll"ihk are also invariant. The Ricci tensor Rjj, = Rji,ﬂ- is
obtained just by a summation process from R}, which means that it is also
insensitive to x,,. That is, RY = ¢""¢/' Ry, will acquire a u=2.

It remains to compute the contribution of x,, to the factor \/|g|. Each line
of the matrix (g;%) is multiplied by w, that is, g = det(g;;) will acquire a factor

of u* and finally,
Vi0gox.| =u*Vlgl-

Substituting into the expression of L., we get this way,

1 1

L. = gy [Pl glau = agy RV [udu = arg
0 0

Thus, if we choose
-1

@ 167k’

the Vainberg-Tonti Lagrangian A = L.wg becomes the Hilbert Lagrangian A, :

Ae = Ag. (15)



We know, however, that the Euler-Lagrange expressions of Ry/|g| with re-
spect to g;; are given by (minus) the contravariant components of the Einstein
tensor. In differential form writing, this is:

1
" 167k

1
E(Xe) (RY — 539”)\/ lglwij A wo

hence, we find the variational completion 7 = E(\.) — ¢ as

1
" 167k

T

1
(2RY = 5 Rg¥)V/|glwij A wo.

Remark. The factor o in ([4) is actually unessential, the variationally
completed equation
EX)=0

is still the correct vacuum Einstein equation, regardless of its value.

5.2 Energy-momentum tensors

Having one term of an energy-momentum tensor, the canonical variational com-
pletion method offers a way of recovering its full expression. We will apply this
method in the case when the known piece is a (non-symmetrized) Noether cur-
rent.

In the case of Einstein equations with matter [B)), we will have to work on
a fibered product Y xx Met(X) over X (where Y is a fibered manifold with
base X) with coordinate charts (V,1), ¥ = (z%,47, g;r). In this case, one can
speak separately about variations with respect to y” and to g;; and accordingly,
about Y-variationality and Met(X)-variationality, Y- and Met(X)-variational
completions.

Consider a first order Lagrangian \,, on Y xx Met(X); we suppose in
addition that \,, does not depend on x/ and on the derivatives 9ij.k- Thus,
Am = Lmy/|g|wo, where

Lm - Lm(yo-ayo-jagij)'

In classical relativity theory, there are two major ways of defining energy-
momentum tensors, corresponding to two different contexts:

1) The canonical energy-momentum tensor, corresponding to special relativ-
ity (where X = R* and the metric tensor is fixed as 1,; = diag(1, -1, -1, —1)).
A Lagrangian A\, = Lywo, which is invariant to the group of space-time trans-
lations #° = x' 4 a’, a’ = const., gives rise to a system of conserved Noether
currents, called the canonical energy-momentum tensor (invariance to space-
time translations amounts to the above assumption that L,, does not explicitly
depend on z*). These Noether currents are given by, [S]:

0L,

i — ik (7

— 61 Lum). (16)



The canonical energy-momentum tensor T is, generally, not symmetric -
which is inconvenient, since symmetry is required on physical grounds (angular
momentum conservation). This is usually solved by adding a divergence-free

can . .
term, thus obtaining a tensor T " which is symmetric and still conserved, i.e.,

can. .

T"v j = 0. There are multiple possibilities of choosing the symmetrization term,
2.
2) In general relativity (where (X, g;;) is an arbitrary Lorentzian manifold),
met

energy-momentum tensors (Hilbert, or metric energy-momentum tensors) T gl
are defined by means of functional derivatives of the matter Lagrangian A, =
Lmwo, L, = Lim/|g|, with respect to g;;:

g 3 1

T =22 T T, (17)
Vgl

Here, L = Lin(y7,9%,Y%; gi5) is a differential invariant (a ” scalar”), hence the

Lagrangian A, is invariant to (transformations on J"Y induced by) arbitrary
met .
diffeomorphisms on X. As a result, T % obeys on-shell the covariant conser-

vation law miztij .; = 0 and also, has gauge invariance properties, [2]. Moreover,
n%stij is, by construction, symmetric.

The two procedures of defining the energy-momentum tensor are fundamen-
tally different and obviously require a thorough geometric analysis. Just as a
first remark, they generally do not even make sense at the same time: in special
relativity, where the metric is fixed, it makes no sense to speak about variations
of a Lagrangian with respect to the metric. On the other hand, in general rel-
ativity, where X is an arbitrary manifold, space-time translations Z* = 2% + a’,
a' = const., cannot be defined geometrically. However, there is a realm (see,
e.g., [10]) where both procedures can be applied, namely, when:

X =R*, g;j — arbitrary (18)

(actually, in [I0], it is pointed out the particular case of weak metrics —in which
the author studies the equivalence between the two definitions. Still, for our
purposes, we do not need the assumption that the metric is weak).

For a special-relativistic Lagrangian
)\m = me07 Lm = Lm(ygaygiugij = nij)u (19)

the canonical variational completion offers a recipe of symmetrization of the
Noether current 7%7. We will do this in three steps:

Step 1. We leave for the moment the special relativistic context and for-
mally allow g% to vary. Abiding by the principle of general covariance, [§], a
straightforward generalization of (IG) to the new context is given by the tensor
density:

Fij ik, o OLm j
T = g™ (Y7o — 5iLm) V19l (20)

Ay’



where the semicolon ., denotes (formal) covariant differentiation with respect
to 0/0x*.

Note: In the above, y? are tensors of some unspecified rank (the upper posi-
tion of the index is chosen just for convenience; y” can very well be components
of, e.g., a scalar, a covector field or of a tensor of type (0,2)).

Step 2. Taking into account (), we consider the source form e = a7 Yw;; A
wo on JH (Y x x Met(X)), with components e = o T (y7, y%, grn), where v € R
is a constant. Its Met(X)-Vainberg-Tonti Lagrangian A, := L.wy is:

1
J/ T”OX
0

where x,,(y7,¥%, 9i;) := (y7,y%, ug;;) only affects the metric components. Sub-
stituting 7% from (20) and taking into account that x, leaves Christoffel sym-
bols invariant and that §; = dim(X) = 4, we have:

1

=afuty, OX“)—4L o xu)/I9ldu. (21)

0

Further, we calculate the Hilbert energy-momentum tensor of A, as:

1met . . 1 c
N (22)

2 V191 695

Step 3. Finally, particularize in ([22)) gi; as 7;; and define

meti . i
T gy=n, = T".
met .
This way, T % is defined up to multiplication by the constant a. This constant
can then be adjusted, for instance, in such a way that the obtained symmetriza-
tion term N -
T =T —TY (23)
is independent from T% (it does not contain any multiple of 7%).
met .
The covariant conservation law of T " (obtained as a consequence of the

met .
fact that T * is a Hilbert energy-momentum tensor) now transforms into the
usual conservation law: T”ﬁ ; = 0. Thus, the obtained energy-momentum tensor
Tj; is, as required, both symmetric and conserved. Moreover, the symmetrzation

term 79 offers a measure of the non-Met(X)-variationality of 7%

Example: energy-momentum tensor of the electromagnetic field.
The electromagnetic field is described by the potential 1-form A = A;dz? on X

1 , 4
and by the 2-form F':=dA = §Fijd:1cZ Adaxd.

10



In the special relativistic case g;; = 7,;, we have F;; = A;;—A; j, or, in terms
of the contravariant components A : F;; = njkAk)i — nikAkJ. The Lagrangian
of the electromagnetic field is Ay = L rwo with

1 ..
Ly=——F,Fi, 24

Translational invariance of Ay leads to the Noether current, [§]:

1,04 1
LA pi v L i g rh, (25)

i _
i azh T T6r

The curved space generalization of 7% in (2H) is the tensor density:

- 1 . 1 .
iy (. zhAl‘ FJ — (IR Fkl 26
TV = (=g AW + 19V Fa ™)V ] (26)
where, this time:
Fij = gjkAk;z‘ - gikAk;j- (27)
Further, we calculate the Vainberg-Tonti Lagrangian of the source form
E= a’f‘ijwij N wo,

where T = T (AF; A,kﬁ 9ki; Gri,n)- We prefer to use AF rather than Ay, = gy Al
as the field variables for a reason which will become transparent below. This
way, X, acts as follows:

Gij © Xy = UGij, gU O Xy = u_lgija

while x,, does not affect the field variables y° = A*. Again, the Christoffel sym-
bols T ;1. are invariant to x,,. Expressing Fy; as in (27), we can now determine

the effect of y,, on each term of 7% :
Aljox,=Aly Fiox, =uFu; FMox, =u 'FM lglox, =u*V/|g|.
All in all, we have:
T oy, =uTh

and hence, the Vainberg-Tonti Lagrangian \. = L.wy is given by:

1

Le = gij/uaf'ijdu = %giﬂ%j,
0

that is,

1 1
L. = a(—g—ﬁAl*kal + 8—7TFMF’”)\/| I (28)

11



Taking into account that Fy; = —Fjj, the term ALk Fy, in the above can be
1 1
re-expressed as: AWFFy, = 5(14“’“ — AFDFyy = §F’“ZFM; substituting into (28]),
we finally obtain the Met(X)-Vainberg-Tonti Lagrangian of (26]) as:

«
e = EF“FM |glwo = —aA;. (29)
But, variation of Af with respect to g% is well-known, [8]; namely, we will
get for A\, = —aAy the Hilbert energy-momentum tensor
i () = —a(—— PR £ 2 gii M)
47 L 16w ’

Particularizing now ¢ = n%, we get the symmetrized energy-momentum
tensor:

. met . .. 1 . y
T4 .= T4 = —o(T¥ + — Al i),
4T >
met . o
Taking « := —1 (which provides T % = T + independent_term), we obtain
Ae = Ay and the symmetrization term:

or, in covariant writing,

1
4m
as the correction term. This is the classical symmetrization term, [g], yet,
obtained here by a completely different reasoning.

A Fy!

Tij =

Remarks.

1) If, for a given (symmetrized or not) energy-momentum tensor 7%, the
Lagrangian A, is not known, a Lagrangian can be constructed as the Met(X)-
Vainberg-Tonti Lagrangian (2I)); if a Lagrangian A, is already known, the above
gives an alternative construction.

1) If the given matter Lagrangian density L,, is homogeneous both in the
metric components and in the derivatives y°, (the homogeneity degrees need not
coincide) then, applying Euler’s theorem in (ZI]), we see that the Vainberg-Tonti
Lagrangian density L. in (2I]) actually coincides, up to multiplication by some
constant, with the matter Lagrangian density £,,. In this case, we can always
choose « such that £, = £,,. In this case, the symmetrization term coincides
with the one in [3], yet, it is found just by considerations of variationality.

2) If we had worked with the potential 1-form components A; (instead of
the vector field components A?) as our field variables, we would have had F;; =
Aj,i — A;j - invariant to x, and by a similar reasoning to the above, we would

~ . ~ .. v~ 1
have got 7% (ugg) = u= T (gr) and, consequently, to L. = (¢ 7T;;) [u du.
0

But, since the latter integral does not have a finite value, we could not have

12



calculated L. this way. Hence, it appears that, at least in this case, the 4-
potential wvector field components A® are a more advantageous choice for our
dynamical variables.

6 An example in first order mechanics

Take Y = R x R™, with local coordinates (¢,¢?); on the second jet prolongation
J?Y, we denote the induced local coordinates by (t,¢%, %, {°).
Consider the second order source form

€ =e,w’ Adt,

- ,  OF
Eo = Mgpq + kauq + 8—qg, (30)
where:
- Mgy, koyp are constant and symmetric;

- F = F(¢°) is homogeneous of some degree p > 1 in ¢°.

The ODE system e, = 0 is generally non-variational. Let us determine its
canonical variational completion. The Vainberg-Tonti Lagrangian attached to
€is A = Lcdt, with

.. oF .
(mduuqy + km/uqu + —(uqy))du

1
_ 0o v v Py _ o
L.=q /ag(t,uq sug” ug”)du = q ¥
0

oS — =

Taking into account the homogeneity degree of F this is:

1
oF
Ea = qg/[u(mgy(.jy + ka-yqy) + ’U,pila—qg]du =
0

1( i a® + k o u) + 1 o oF
= Moy ov —q T
5 (Movi’q 4) 1 5

1 1
The term gmwijl’q" differs by a total derivative dt(gmm,q"’q") from

1
——myG”q%, hence the two expressions are dynamically equivalent. We will

thus prefer to take the latter, which is of lower order and thus, we obtain the
following Lagrangian function, which is equivalent to the Vainberg-Tonti one:

1 1 _OF
E — —(_ ov VO ko’y o _ vV - O'_.' 31
5 (=Moud”q + qQ)+pqaqg (31)

Let us determine the Euler-Lagrange form of £. We have, on one hand:
oL 1 0F

T kot
dqr & +p3qﬂ
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and, on the other hand,

oL o 1 9*°F
-, = —Me —Fa .9,
dge T pogeag!
d(a,c) ,,p+1 PBF U+1 0’F
Sy = —Ms Ao ~—a-a-,4;
" og T pograirar T T pograp”
. - oF .
taking again into account that 0r is homogeneous of degree p — 1, the latter
q
0%F —10F
term is: ————¢% = L —— and, finally,
p 947 9¢° p 0¢°

2-pdF 1 O%F

E E = fea G7 ko 7 - P _7V U'
p(L) = (Mopd” + kopq”) + 9P paqgaqpaqu q
We find the variational completion 7 = 7,(t, ¢, ¢)w” A dt as:
1 _9F 1 F
Tp=2(=—1) q’'q°. (32)

p 0¢  poidPdg”

Particular cases:
1) If F =0, the system ¢, = 0 is equivalent to

mm/ijy + km/qy =0.

These equations characterize free small oscillations with multiple degrees of
freedom, [§]. They are known to be variational; their Lagrangian function £ =

1
5(—mg,,(j”qa + ksq?q¥) coincides (as expected), with (BI).
2) If p =2 and F is quadratic in ¢:

1 o
F= gaavngyv
(where oy = @y € R) the ODE system e, = 0 characterizes, [9], Section 25,
linearly damped oscillations. In this case, the function F' is called the Rayleigh
dissipation function and is interpreted as the rate of energy dissipation in the

system. In (B0), the last term (with a minus in front) —— = —ag,¢" is

9q

interpreted as a friction force. In this case, the canonical variational completion

(2) is given by
oF

o

and the variationally completed equations are:

Ty =

mpvijy + kpuqy =0, (33)
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which are precisely the equations of ”undamped” oscillations. That is, the fric-

0
tion force D00 has, in this case, the meaning of obstruction from variationality
q

of the equations.
oF
Remark. In other cases (e.g., when ~9e0 is quadratic or cubic in ¢7), the
q

variationally completed equations will not coincide anymore with the equations
(3) of undamped oscillations.
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