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Overview

Nonlinear potential in (M, g), M # @

> LINEAR potential theory: Au =20

Monotonicity RPI

(M, g) complete noncompact
3-Riemannian manifold

> R® ~» Willmore inequality [A.-Mazzieri, 2016]
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Overview Nonlinear potential in (M, g), 8M # @ Monotonicity RPI proofs

(M, g) complete noncompact
> LINEAR potential theory: Au =10 3-Riemannian manifold

» R® ~» Willmore inequality [A.-Mazzieri, 2016]

167 < H?do
5.9}

> Ric > 0 ~» generalised Willmore inequality [A.-Fogagnolo-Mazzieri, 2018]
16T AVR(g) < / H2do
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» R >0~ PMT [A.-Mazzieri-Oronzio, 2021]
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» NONLINEAR potential theory: Apu =0
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Overview

summary:

nonlinear potential in (M, g), with M # @
e monotonicity result

e RPI

sketches of the proof of RPI and of the monotonicity
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(M, g) complete, noncompact, 3-Riem. mfld, M smooth and compact

Apu = 0 inM
u=0 ondM (P)
u—1 atoo

> range of u
> regularity

» critical points

1A,u = div(|]DulP2Du) = 0 <= / {|DulP~>Du, Dy)du = 0, for every 9 € Cﬁo(w di 77
Q



Monotonicity

(M, g) complete, noncompact, 3-Riem. mfld, 8M smooth and compact

Apu=0 inM
u=0 ondM (P)
u—1 atoo

t5o1 =
> quantity &Ep(t) = 4mt — —— / [DulHdo + —- |Dul?do
c G
p{u:ap(t)} P fu=ap(t)}
_ (P 1yt 1 (B)et
& = (3*P)Cp ap(t)fl—(t)

defined for every t > t, := ((p — 1)/(3 — p) c,,)<p71)/<37p) such that ap(t) is regular
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Monotonicity

(M, g) complete, noncompact, 3-Riem. mfld, 8M smooth and compact

Apu=0 inM
u=0 ondM (P)
u—1 atoo

| = g )
> quantity &Ep(t) = 4mt — —— / [DulHdo + —- / |Du|* do
Cp c
{u=ap(t)} P fu=ap(t)}
o P—1N 5 _ Y=
& = (73*P)Cp ap(t)fl—(t)

defined for every t > t, := ((p — 1)/(3 — p) c,,)<p71)/<37p) such that ap(t) is regular

» if p=2,then o =1 and

&(t) = &(t) = 4mt — t2/ |[Du|H do + t3/ [Dul? do

{u=1-1 {u=1-1}

2 Cpi= inf{(%)pilﬁ/MlDw\Pdu: w e CZ(M), w=1on 6M} 12 di 77



vervie Nonlinear potential in (M, g I ()] Monotonicity

(M, g) complete, noncompact, 3-Riem. mfld, 9M smooth and compact

Apu=0 inM
u=0 onoM
u—1 atoo

5-p
! 2
/ |Du|*do
S

trT =
gp(t) = 4t — Cip / |DU‘HdO’ + >
{u=ap(t)} {u=ap(t)}

t

Theorem [A.-Mantegazza-Mazzieri-Oronzio, 2022]:
R >0 & OM connected & Ho(M,0M;Z) = {0} & T sln uto pb
4

s<t

ap(s), ap(t) reg. values } = &(s) < &(1)

()
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Nonlinear potential in (M, g), M # @ Monotonicity RP proofs

comment: H.(M;Z) = {0} = every regular level set of u is connected
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Monotonicity
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Monotonicity

comment: H.(M;Z) = {0} = every regular level set of u is connected

Indeed:
e suppose {u =T} regular =¥ L ¥"
Y =00

o HZ(M;Z) = {0} = {ZH — 8"
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vervie Nonlinear potential in (M, g), M # @ Monotonicity

comment: H>(M;Z) = {0} = every regular level set of u is connected

Indeed:
e suppose {u =T} regular =X UY"
Y =080
H(M;Z) = {0} = Lo
o Hy(M;Z) = {0} {z 50

e Strong maximum principle

= 0cQNQ = QccQ = o0eQccQ = u=const.in Q\Q :imp.!
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Overview Nonlinear potential in (M, g), 8M # @ Monotonicity RPI proofs

TIME SYMMETRIC CASE & CONNECTED HORIZON
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Overview Nonlinear potential in (M, g), 8M # @ Monotonicity RPI proofs

TIME SYMMETRIC CASE & CONNECTED HORIZON

A =0 Theorem [Huisken-llmanen, 2001]: (M, g) complete noncompact 3-mfld.

|OM]|
() R=0 " meou(M.9) 2 e
(i) (M,qg)is A. F. » “=" holds iff
ini dr®d
(iii) @M outermost minimal (M, g) = ([2m,+oo)><82, lr_ 27mr i rzgsz>
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RPI

TIME SYMMETRIC CASE & CONNECTED HORIZON

A =0 Theorem [Huisken-llmanen, 2001]: (M, g) complete noncompact 3-mfld.

() R>0
) (M, g)is A F. =

(iii) OM outermost minimal

aM|
» “=" holds iff
(M, g) = ([2m +00)xS?, 1

dr®dr 5

+r gsz>

e

s (M, g) complete noncompact 3-Riem. mfld. is if

o M\ K diffco R3\B o g;(x) =& + Oa(Ix|"), 7> 1/2 ‘

mADM(Mv 9)

lim
rtoo 16m

20

ag/k
Axk

B9k
ox!

) Vido
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Geometry of the spatial Schwarzschild metric:

dr ® dr
g=

M = [2m, +00) xS?, =T +r’ge, u=

e the Ricci curvature of (M, g) is given by

. 2m dr®dr = m
Ric = _I’i?’(]_—isz) + 7952,
e the scalar curvature of (M, g) is

R = 0;

e the coordinate spheres S, are totally umbilic surfaces with

RPI
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RPI

simplistic physical facts on m

Newtonian theory of gravity‘

e V :R® = R gravitational potential
Ay =4mp, in R®

e p:R® > R mass density
V=0 at oo

= /R3pd'u’_ﬂr4>+oc/ Erﬂrroc/; (I’2+O( ))da:m

‘ General relativity‘

e (M, g) complete 3D mfld = time-snapshot of an isolated gravitational
system

Ry =16mp, in M

(M,g) AF.

\

® p: R® — R mass density {

- U 995 _09i i
m = 16‘"/ dRg[g—3g]du = ﬁrL+m/r <7Dtrg+d1vg, u> do = EJTOO/S’ (axi ~ B v'do
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RPI

TIME SYMMETRIC CASE & CONNECTED HORIZON

A =0 Theorem [Huisken-llmanen, 2001]: (M, g) complete noncompact 3-mfld.

|6M|
() R=0 " oM. 9) 2\ e
(i) (M, g)is A. F. » “=" holds iff
(iii) @M outermost minimal (M, g) = ([rm,+oo)><S2, 1rf§2ﬂr n r2gsz>
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RPI

TIME SYMMETRIC CASE & CONNECTED HORIZON

A =0 Theorem [Huisken-llmanen, 2001]: (M, g) complete noncompact 3-mfld.

oM
> mADM(M.g) > %

(i) R>0
(i) (M, g) is A. F. = s =" holds iff
(iii) &M outermost minimal (M, g) 2 ( [rm, +00)xS2, lf_®27mf +f2932>

A < 0 Theorem [Lee-Neves, 2015]: (M, g) complete noncompact 3-mfld.

1 |oM]| |aM]|

. > = [1— LAy YaAd)

(i) R> -6 g Vel = = [1 9(oM) + } 167

. . 3/2
(i) (M, g)is A. H. . (max{l,g(@M)—l})

(iii) &M outermost minimal —
> =" holds iff

~ M.
) dr®dr
(iv) m(M,g) <0 (’V’v 9) = (lfmvk*oo)xzk'kﬂz_m*ﬁgik)

with k = -1
24 di 77



Nonlinear potential in (M, g), M # @ Monotonicit RPI sroofs

TIME SYMMETRIC CASE & CONNECTED HORIZON,
AN=-3, m(M,g)>0,
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verviev Nonlinear potential in (M, g), 8M # @ Monotonicit RPI

TIME SYMMETRIC CASE & CONNECTED HORIZON,
A=-3, m(M,g)>0,

Theorem [Ambrozio, 2015]: (M, g) complete noncompact 3-mfld.

(i) R>—6 . m(M.g) > {1+ Iamq B
(i) (M, g) is CP-close to the B 16m
Schwarzschild anti-de Sitter — » “—" holds iff
of mass m >0 dr®dr
~ 2 2
(iii) &M minimal (M. g)= Grm,—i—oo)xs 142 25 7" 952

26 di 77



RPI

TIME SYMMETRIC CASE & CONNECTED HORIZON,
A=-3, m(M,g)>0,

Theorem [Ambrozio, 2015]: (M, g) complete noncompact 3-mfld.

. > _
() R>—6 3 . m(M,g) > {1+ Ia/vlq |lom|
(ii) (M, g) is C°-close to the 16m
Schwarzschild anti-de Sitter — » “=" holds iff
of mass m >0 dredr
M, )= |[rm. XS 41
(iii) &M minimal (M.9) Gr +oc) 14+r2 - 25 1" 952

Theorem [Chodosh, 2016]: Asymptotically hyperbolic RPI for (M, g)
Schwarzschild anti-de Sitter at infinity,..., and m>0

[
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proofs

sketch of our proof of RPI: Y= {u=ap(t)}

2 5-p
1

o &(t) == 4wt — tnflc,;l/\Du|Hda + th,;2/|Du|2do
pas >

e s<t = &(s)<E(L)

28 di 77



proofs

sketch of our proof of RPI: Y= {u=ap(t)}

2 5-p
1

o &(t) == 4wt — tﬂTlcp_l/\Du|Hda + th;2/|Du|2do
pas >

e s<t = &(s)<E(L)

t% 2
c |Du|*do > 47t,

e OM is minimal = &,(t,) = 47t, + —
P

oM
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proofs
sketch of our proof of RPI:

e = {u=a(t)}

p(t) = 4mt — trIc /\Du|Hda +thic 2/|DLI|2dO'
5 b3

e s<t = &(s)<E(L)

5-p
. . tr-1

e OM is minimal = &,(t,) = 47t, + 2 /lDu| do > 4rt,
P

oM

o (M.g)isCAAF. = —1- (P71 @

(Ix|7 %)
— +o2(|x] P71
3=p7 x5t

—1

= tllm En(t) < 81 mapm(M, g)
—+o00
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proofs

o= {u=op(t)}

sketch of our proof of RPI:

»(t) == 4mt — thic, /\Du|Hda +thic 2/|Du|2dor
pans It

e s<t = &(s)<E(L)

;P
/|Du| do > 4wt

e OM is minimal = &,(t,) = 47t, + 2
P
oM

e (M, g)isCi-AF. = =1- (p;l) Cfﬁp +02(|X|*%)
3P
= tllm En(t) < 81 mapm(M, g)
—+00
1 oM
= meu(Mg) = GOMT — e
31di 77



vervie Nonlinear potential in (M, ¢ N\ D I \otonicit

(M, g) complete, noncompact, 3-Riem. mfld, 9M smooth and compact

Apu=0 inM
u=0 onoM
u—1 atoo

5-p
! 2
/ |Du|*do
S

trT =
gp(t) = 4t — Cip / |DU‘HdO’ + >
{u=ap(t)} {u=ap(t)}

t

Theorem [A.-Mantegazza-Mazzieri-Oronzio, 2022]:

R >0 & OM connected & H>(M,0M;Z) = {0} & 3T sIn uto pb (P)

I

s<t

ap(s), ap(t) reg. values } = &(s) < &(1)

proofs
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proofs

idea of the proof:

e {critical values} = @

P

2

EN(t) =4 —
{u=0op(t)}

|D):‘\Du||2 .o R /5—p\[H /p—1y Dyl ]?
+/{ |Du| +1h +§+(p—1)[§_(3—p)1—u} }da

{u=ap(t)}

do

33di77



Nonlinear potential ir

proofs

{critical values} = @ :

d
) = el K t2 / DulH do + t3 / |Dul? do

{”:1*% {u:lf%
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proofs

{critical values} = @ :

d
gty = el i t? / |Du|H do + 3 / Dul? do
{u=1-1} {u=1-1}
= 47 ’
IDXDu|” ., R R 3
—2t Du|*Hd = — 1 4+ h)P H? Ydo
/|u| a+/{|Dul e
{u=1-1} {u=1-1}

+3¢t2 /|Du|2da—t /|Du|Hda

{u:lf% {u=1-1
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{critical values} = @ :

&(7)

d
T Art — t2 / |Du|H do + 3 / Duf? do
{u=1-1} {u=1-1}

4m
DXDu|” ., R RS 3
—2t Du|*Hd = — 1 4+ h)P H? Ydo
/|u| a+/{|Dul AP+ S =
{u=1-1} {u=1-1}

+3¢t2 /|Du|2da—t /|Du|Hda

{u:lfl {u:lfl

w5

{u:l— ¥ {u= 1— =
—_—

Gauss-Bonnet term

2 1—u

[Dul

D>t|D . H |Du|\?
{' IDui* +|h\2+%+3(——| ul)}da

proofs
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{critical values} = @ :

&(7)

d
T Art — t2 / |Du|H do + 3 / Duf? do
{u=1-1} {u=1-1}

4m
IDX|Du|” ., R R 3
—2t Du|*Hd = — 1 4+ h)P H? Ydo
/|u| a+/{|Dul AP+ S = 4
{u=1-1} {u=1-1}

+3t2 /|Du|2da—t /|Du|Hda

{u:lfl {u:lfl

w5

{u:l— ¥ {u= 1— =
—_—

Gauss-Bonnet term

2 1—u

[Dul

= &(t) >0, for very t > 1

D>t|D . H |Du|\?
{' IDui* +|h\2+%+3(——| ul)}da

proofs
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Overview Nonlinear potential in (M, g), 8M # @ Monotonicity RPI proofs
idea of the proof:
e {critical values} = @
R>¢
£1(t) = am — / do
{u=ap(t)}
DXDul|* ., R /5—p\[H /p—1y [Du]?
P+ = —— d
N / { Dol +2+(p—1)[2 (3_,,)1_,,} } 7

{u=ap(t
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Overview Nonlinear potential in (M, g), 8M # @ Monotonicity

o [1,+00) Dt E(t) = 4mt — 2 /|Du|H do + t:’-/|Du|2 do

{u=1-1} {u=1-13
D|Du|
= t) =4mt d Y = — L
&(t) “+/< Bul ) 4 a—u "

(u-l——

RPI

[Dul

(1—wp?

proofs

Du
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Overview Nonlinear potential in (M, g), 8M # @ Monotonicity

o [1,+00) Dt E(t) = 4mt — 2 /|Du|H do + t3/|Du|2 do

{u=1-1} {u=1-1}

D DD
= &(t) =41rt+/<Y “>da, y = 2Pul

"IDul -y

{u=1-}}

e outside Crit(u):

(1—wp?

RPI proofs

D
Dl Du

div(Y) = a—up

|Dul R*
T -y {7T+ () }

1—u)? |Dul? (1—u)?

|Dul 3|Dul? IDDuf? — | D|Du| |2 |Du| | 3(D|Du|,.Du) = Ric(Du, Du)
+
( (1= u)|Dul

[Dul?
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Overview Nonlinear potential in (M, g), 8M # @ Monotonicity RPI proofs

o [1,+00) Dt E(t) = 4mt — 2 /|Du|H do + t3/|Du|2 do

{u=1-1} {u=1-1}
D|Du| |Du|
t) =4nt Y, Y = —+ ——=D
= e e [ (viph e a—op O
{u—l—l
e outside Crit(u):
div(Y) =

~ |Duy| R>
T (1 - u)? {_T+ ('2'0') }

e soif {1—-1/s<u<1—1/t}NCrit(u) =09, then

E(t) —E(s) = 4m(t —s) + / divYdu
{1-1/s<u<1-1/t}
1-1/t RE
= 4n(t — - — . d
ne—s)+ [ (1_7)2 / S (o
1-1/s
1-1/t 1-1/t

H{u=1}) dr
> 4n(t—s)—2m Xid‘r > 4n(t—s)— —— =0 .
A // - 11//5“—” 41di 77



Overview Nonlinear potential in (M, g), 8M # @ Monotonicity RPI proofs

D|Du]| [Du|

Ex(t) =4rmt + / |Du|>da Y = -0y + - u)3Du

{u=1-1}

A 42 di 77



Overview Nonlinear potential in (M, g), 8M # @ Monotonicity RPI proofs

D|Du| [Dul|
Ex(t) = 4nt d Y =
o(0) =ame + [ (v. 5 )ao -2 T a-uye
{u=1-1}

P D

3|Dul? IDDuf? — | D|Du| |2 n |Du| | 3(D|Du|,.Du) = Ric(Du,Du)
(1—u)p [Dul? (1—u)?| (1-u)|Duyl [Dul?

e outside Crit(u):

div(Y) = (1“3“[1)2 [

A 43 di 77



W Nonlinear potential in (M, g), 8M # @ Monotonicity RPI proofs
D|Du| [Dul|
&Ex(t) =47t + / Y =
2(2) |Du| (1—up? " (1-u)d
{u=1-1} .
e outside Crit(u):
div(Y) = |Dul 3|Dul? . IDDuf? — | D|Du| |2 |Du| | 3(D|Du|,.Du) = Ric(Du,Du)
MU T e Ay IDuf? (1-u? | (1w Dyl IDuf2

|Dul R*>
=9+ ()
(1—u) 2 >0
] . ' [Dul
e now if {1 —1/s<u<1—1/t}NCrit(u) # @, then we define Y := nk<1 — u) Y

|Du| |Du|

= div(Y) = mP+nD + () 'D\D |+ 1

Du‘

= E(t)—E(s) = 4m(t —s) + / divYydp
{1-1/s<u<1-1/t}

> 4m(t—s)+ / {nP +nD}dp
{1-1/s<u<1-1/t}

— 47(t—s)+ / lM\Crit(u)diVYde >0

Koo {1-1/s<u<1-1/t} 44 di 77



Overview Nonlinear potential in (M, g), OM # Monotonicity RPI proofs

idea of the proof:

o {critical values} = @
py
E(t) = 4m — / R2 do

{u=ap(t)}

|th|Du|| .o R /5—p\[H /p—1y [Dul]?
+/{ Dyl +|hl+5+(p—1)[5_(3—p)1—u} }da

{u=ap(t
°_
* [Heritical values} > 0]

»for0< T <1, Mr={0<u<T} | |:=+|1]>+¢
div (]Dv[2™®Dv) =0  in My
v=0 ondoM

v=T on{u=T}

> the solution u® is smooth

5—

tp1I
> EE(t) == Amt — / [DulHdo + — f |Duf? do
p.E Cp,z—:

A {u=aj(t)} {u=ap(t)} 45 di 77
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Overviev Nonlinear potential in (M, g), M # @ Monotonicit RP

idea of the proof:

- TR
»for0< T <1 Mr:={0<u<T} | ]|:
div (JDv|2™?Dv) =0
=0
=T

> the solution u® is smooth

2
tp-1
> Ep(t) = 4mt — ° / |DulHdo +
P lu=ag(0)}

=V Fre
in Mt
on OM
on {up=T}

° 2
2 / |Dul® do
G

P u=as )y

5-p

t

proofs
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Overviev Nonlinear potential in (M, g), M # @ Monotonicit RP

idea of the proof:

»for0< T <1, Mr={0<u<T}H| |:=+|P+e¢
div ([Dv|?™?Dv) =0  in My
=0 ondM

=T on{u=T}

> the solution u® is smooth
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P lu=ag(0)} Peu=as (e)}

> Ep(t) = Ep(t), as e — of
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Nonlinear potential in (M, g), M # @ Monotonicit R

idea of the proof:
*  Heritical values}| > 0.
»for0< T <1, Mr={0<u<T}H| |:=+|P+e¢
div (JDv[2™2Dv) =0  in My
=0 onodoM
=T on{u=T}
> the solution u® is smooth

5-p

o1 tr1 2
> = wt — u o - u (o}
£5(t) = amt / IDulHdo + = / IDuPd
C,
P lu=ag(0)} Peu=as (e)}

> Ep(t) = Ep(t), as e — of
> suppose by contradiction that s < t and £,(t) < Ey(s), then

p—1

proofs

182 3—p D €2
0> —6 > E5(t) — E(s) > — £ (i) / o [Du |p71 du

- 6 \p—1

p—1

(a5 (s)<iE<ag(t)} [3’—” (1- ue)] =P
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