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The intermediate Schouten curvature tensor

In conformal geometry one often encounters the Schouten
curvature tensor on manifolds (M", g)

1 1

A= 5 Ae = 55— A9

where Ric stands for the Ricci curvature tensor and R = TrgRic
is the scalar curvature. For a good reason, one uses notation
J= 2(n 7y- In this talk, we want to call the attention to the

intermediate Schouten curvature tensor
AP — (p—-2)A+Jg

forp e (1,00).
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The transformation under conformal changes

4(p—1)

Forpe (1, n)andg—unp g,

— 2

Avfg) = a0 2L=T) [Zhg 1 (p—2) 2t

_ 2
+(p_2)(1+2(p—1))VU®VU]'

n—p u?
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p-Laplace equations in conformal geometry

Multiplying u|VulP~2 <k to and summing up on both sides,

we arrive at the p-Laplace equations in conformal geometry
n-—p
2(p—1)

SP)(Vu)u = ﬂ(S(p)(VU))[Q]uq

e 2(p—1)

SP(Vu) = [VulP2AP)(Vu), q= 2pr(;p__p1) +1,

and AP)(Vu) is the AP) curvature in the direction Vu. Recall

Apu = div(|VulP~2Vu).
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For p = 2, the intermediate Schouten curvature goes back to
the scalar curvature and the p-Laplace equation goes back to
the scalar curvature equation

n-—2 n—2

dut 2 gy 2

Hn—1) U= gyl

where g = un“ng. For p = n, the intermediate Schouten
curvature becomes the Ricci and we recover the n-Laplace
equation

—Ano + |Vo|"2Ric(Ve) = (IVé|" 2Ric(V4))[gle™

where g = €°?g, which was recently introduced.
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For p € (n, ), the p-Laplace equation for the intermediate
Schouten curvature still holds

Bt 5y SO(Vu) = 5B (SO (V) g

_4p—1)
forg=u" = gand g = % + 1 < 0. And, when taking
p — oo, we arrive at the infinite Laplace equation on Schouten

curvature A
1 1 _
~Aoo — 5| VUPAVU)U = —5(IVuPAVU))Glu™

for g = u=*g. Recall AU = uju;u;.
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Positivity cones

For the curvature tensor AP) we consider the cones

n
AP = (X € R min{(p — 2)Ac + Y _ A} = 0}

=1
Recall, for fully nonlinear equations, we often consider
K= {AeR": ay(\) >0,00()\) >0, ,0x()) > 0}.

To apply the Béchner formula on r-forms on locally conformally
flat n-manifolds, we consider, for r < g,

r n
R(’):{)\e]R”:min{(n—r)ZAi,(*'r Z A} >0}
k=1 k=r+1
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Properties of cone AP)

Lemma

o AP2) — Alp1) for py < p2;
(] A(z) = {(A17)‘27"' 7An) €R": 2721 Ai 2 O} =r e
baseline;

o A stands for Ric > 0 when (A1, Mo, - -+ , \n) represents
the Schouten curvature tensor A;

o AP approaches the nonnegative cone " as p — .

Therefore, we define, for any cone I in between ' and I'”,

pr =max{p:T c AP}
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cone comparisons

+2¢€[2,n]

_ ntk—1)
L

for 1 gkggandprg =n.

We also observe

Lemma

R ¢ RO for0<s§r§g
and n n
AP c RO for PPy
2 2
Obviously A® = R(2) = [ js the baseline.
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Vanishing of Betti numbers

Theorem (Liu-Ma-Q-Zhong 2023)

Let (M", g) be a compact locally conformally flat manifold with
AlP) > 0 for p € [2, n). Suppose that the scalar curvature is
positive somewhere on M". Then, for "52 +1 < k < T3P — 1,

the Betti numbers B = 0, unless (M", g) %0 H' x S,

The Béchner formula on r-forms (cf. Guan-Lin-Wang 2005)

Aw =V*Vw+ R(w)

R(w)=((n—r Z)\,JrrZ)\

i=r+1

forw =wi Aws -+ Aw,and {wk} is the orthonormal basis under
which A is diagonalized on locally conformally flat n-manifolds.
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Huber’s theorem

Suppose that (M?, g) is a complete surface and that

/ K~ dvol < .
M

Then M is a closed surface with finitely many points removed.
On the analysis side, Huber’s theorem includes the statement:

For a domain Q in a surface (M, g) and a compact subset
S c Q, if there is a conformal metric g = e?Yg on Q \ S, which
is complete near S and satisfies

/(Kdvo/)[g] < 00.
Q

Then S consists of finitely many points.
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The development map

Suppose that (M", g) is a locally conformally flat manifold and
that the conformal immersion from a covering (M", g) to (S", gs)
is injective.

i —— 5"

™y

Mn
Then, on ¢(M") c S, there is a complete conformal metric
g = e®Ygs. One is interested in the size of S\ ¢(M"), or
specifically, the Hausdorff dimension of S \ ¢>(I\~/I”). Smaller the
Hausdorff dimension is, "less" the topology of M" has. And,
more "positive" the curvature is, smaller the Hausdorff
dimension is.
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p-capacity

For a compact subset K of a domain Q2 in R”, we define
capp(K,Q) = inf{/ |[VulPdx : ue C3°(Q) and u>1on K}.
Q

Then p-capacity for arbitrary subset E of Q2 is

capo(E,Q) = inf su capp(K, Q).
Po(E, Q) ECG & GCQopen Kcho[r)npact PR, )
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p-thineness

Definition
A set E C R"is said to be p-thin for p € (1, n) at x, € R" if

capp(ENwi(Xo),Qi(X0))
ZI 1 capp( 8g (%0,277),B(x0,2~ 1)) A

E is said to be n-thin at x5 € R” if

S, i1 capn(E Nwi(xo), Qi(x0)) < +o0.

.

Lemma

Suppose E is p-thin at xo for p € (1, n). Then there is a ray from
Xp that avoids E in some neighborhhod of xy.

V.
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p-superharmonic functions and the Wolff potentials

The Wolff potential and p-Laplace equation

For a nonnegative Radon measure i on a bounded domain
QcR"and p € (1,n], let

Xo, at
1pXI‘ /( t=p 1T

Theorem (Kilpeldinen and Maly 1994)

Suppose that u is a nonnegative p-superharmonic function
satisfying —Apu = . Then

Wi (x.r) < u(x) < ca( inf u+ Wy (x,2r))

B(x,r)

for some constants c¢{(n, p) and cx(n, p) forp € (1, n].
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The asymptotic behavior

Theorem (Liu-Ma-Q-Zhong 2023)

Let » be a nonnegative finite Radon measure in Q2 and

p € (1,n], and let B(xg,3ry) C Q. Then there is a subset E that
is p-thin at xy such that

"’j;u({x()})ﬁ*

for p € (1,n). Similarly, there is a subset E that is n-thin at xo
such that

n—p
lim X — Xo|PTW! (X, rp) =
X—Xp andxgéE‘ 0| 1"0( ’ 0)

. W‘iun(xa rO)
Im — s

2~ u(fxop)

[x—xol

I
X—Xg and x¢ E |Og
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The improved asymptotic behavior

Theorem (Liu-Ma-Q-Zhong 2023)

Suppose . is a nonnegative finite Radon measure in €.
Assume that, for a point xy € Q and some number
me (07 n— p)!

w(B(xo, 1)) < Ct™

forallt € (0,3ry) with B(xg,3ry) C Q. Then, fore > 0, there are
a subset E C Q, which is p-thin at xy, and a constant C > 0
such that

1%

1p(x rn) < Clx — x0| ~ forall x € Q\E

forp € [2,n)
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Asymptotic behavior at singularities

Theorem (Liu-Ma-Q-Zhong 2023)

Suppose that u is a nonnagetive p-superharmonic function in
Q c R" for a nonnegative finite Radon measure on Q2 and
p € (1,n]. Then, for xy € Q, there is a subset E that p-thin at xg
such that
im Y0 s

X—Xp and x¢E Gp(X7 Xo)
Moreover u(x) > mGp(x, Xg) — ¢y for some ¢y and all x in a
neighborhood of xy, where

n—p
X—Xo| " whenpe (1,n
Gp(X,Xo): | ol pe( )

—log |x — Xo| when p = n.
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Improved estimates on the asymptotic

Corollary

Suppose u is a nonnegative p-superharmonic function
satisfying —Apu = p for a nonnegative finite Radon measure in
Q. Assume that, for a point xo € Q and some number
me (0,n—p),

#(B(xo, 1)) < Ct™

for all t € (0,3ry) with B(xo,3rp) C Q. Then, fore > 0, there are
a subset E C Q, which is p-thin at xy, and a constant C > 0
such that

u(x) < Clx — xo| 71 forallx € Q\E

forp e [2,n)
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A generalized Lebesgue Theorem

Lemma (Kpata 2019) Let 1 be a nonnegative Radon measure
on a complete Riemannian manifold (M", g) and let

% ={x e M":limsup r 9u(B:(x)) = +o0}

r—0
forany d € [0, n]. Then
Ha(Gg') =0

where H4 is the Hausdorff measure of dimension d.
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On Hausdorff dimensions and consequences

Theorem (Liu-Ma-Q-Zhong 2023)

Suppose that S is a closed subset of the sphere S". And
suppose that there is a metric g on S" \ S that is conformal to
the standard round metric gs. Assume that it is geodesically
complete near S and that AP)[g] > 0 for some p € [2, n). Then

n—p
5

dimy(S) <

A\

Corollary

Suppose that (M", g) is locally conformally flat with A®P) > 0 for
p € [2,n). Then, for1 < k < ™52 — 1, the homotopy groups
k(M) are trivial.

A
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On a class of fully nonlinear equations

Corollary (Extension of Labutin 2002)

Suppose that u is nonnegative and u € C?(Q\ S) for a compact
S c Q c R". Assume limy_,s u(x) = oo, and —\(D?u(x)) € Tk
for1 < k < J. Then, for xo € S, there is E that is pr«-thin at xg

u(x)

lim —————=m>0
x—xo and x¢E TK(X, Xg) -

Moreover u(x) > mr(x, xo) — co in some neighborhood of x;.
n

Here pr« = k:k” +2 and

n

X — Xo|> % when1 < k < g
rk(X7XO) = n
—log |x — Xo| when k = >
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Thank you!
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