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The Moser Trudinger inequality
Let Q C R? be a smooth open bounded set
Hy () #+ L= (Q)

[Pohozaev, Dock. Acad. Nauk ’65, Trudinger, J. Math. Mech. *67]

uEHNQ) = & eL'(Q)
and there exists A > 0 such that for any A € (0, A]

2
sup /e" dx < 400
Q

(MT)
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[Moser, Indiana *71]
A = 47 is sharp in (MT), in particular
sup / e"2 dx < 400, MT)4r
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while the supremum is +oo if A > 4.
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The Moser Trudinger inequality
Let Q C R? be a smooth open bounded set
Hy () #+ L= (Q)
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A < 4r: is the supremum attained?

sup / & dx = Cr0 (MT)
Q

2 =A
H(2)

[l

For A € (0, 4x) the supremum in (MT) is attained by standard minimization arguments.

The supremum is attained also for A = 47!
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A < 4r: is the supremum attained?

sup / ¢ dv = Cag (MT)
2y oy =272
0

For A € (0, 4x) the supremum in (MT) is attained by standard minimization arguments.

The supremum is attained also for A = 47!

[Carleson-Chang, Bull. Sci. Math. ’86]  if Q = B;(0)
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A < 4r: is the supremum attained?

sup / ¢ dv = Cag (MT)
2y oy =272
0

For A € (0, 4x) the supremum in (MT) is attained by standard minimization arguments.

The supremum is attained also for A = 47!

[Carleson-Chang, Bull. Sci. Math. ’86]  if Q = B;(0)
[Struwe, Ann. IHP ’88] if Q ~ B;(0)

Francesca De Marchis Critical points of the Moser-Trudinger functional June 25, 2023



A < 4r: is the supremum attained?

sup / & dx = Cr0 (MT)
llull? AJQ

Hy(2)

For A € (0, 4x) the supremum in (MT) is attained by standard minimization arguments.

The supremum is attained also for A = 47!

[Carleson-Chang, Bull. Sci. Math. ’86]  if Q = B;(0)
[Struwe, Ann. IHP ’88] if Q ~ B;(0)
[Flucher, Comm. Math. Helv.’92] for any Q2
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Critical points of the Moser Trudinger functional

Moser Trudinger Functional

F(u) :Z/Qe"zdx

Ma = {u € Hy(Q) : [lulliy ) = A}

Question: Given A > 0 does F)y;, admit positive critical points, i.e. positive solutions to

—Au=2)ue” in Q, A= / |Vul*dx = / 2nle” dx ?
Q Q
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Moser Trudinger Functional

F(u) :Z/Qe"zdx

Ma = {u € Hy(Q) : [lulliy ) = A}

Question: Given A > 0 does F)y;, admit positive critical points, i.e. positive solutions to

—Au=2)ue” in Q, A= / |Vul*dx = / 2nle” dx ?
Q Q

For A < 47 there are maximizers ([Carleson-Chang, ’86], [Struwe, *88], [Flucher, *92]).
For A > 4x?
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Critical points of the Moser Trudinger functional

Moser Trudinger Functional

F(u) :Z/Qe"zdx

Ma = {u € Hy(Q) : [lulliy ) = A}

Question: Given A > 0 does F)y;, admit positive critical points, i.e. positive solutions to

—Au=2)ue” in Q, A= / |Vul*dx = / 2nle” dx ?
Q Q

For A < 47 there are maximizers ([Carleson-Chang, ’86], [Struwe, *88], [Flucher, *92]).
For A > 4x?

[Monahan, Princeton Univ. *71], [Struwe, Ann. IHP *88], [Lamm-Robert-Struwe, J. Funct. Anal.
’09]

If A € (47,47 + ¢€), then F}y;, has a local maximum
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Critical points of the Moser Trudinger functional

Moser Trudinger Functional

F(u) :Z/Qe"zdx

Ma = {u € Hy(Q) : [lulliy ) = A}

Question: Given A > 0 does F)y;, admit positive critical points, i.e. positive solutions to

—Au=2xue" inQ, A:/ |Vu|2dx:/2Au2e”2dx?
Q Q

For A < 47 there are maximizers ([Carleson-Chang, ’86], [Struwe, *88], [Flucher, *92]).

For A > 4x?

[Monahan, Princeton Univ. *71], [Struwe, Ann. IHP *88], [Lamm-Robert-Struwe, J. Funct. Anal.
’09]

If A € (47, 4w + ), then F|y;, has at least two critical points: a local maximum and a saddle
point.
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Q = B,(0)
[Malchiodi-Martinazzi, JEMS *14]

There exists Ay > 4w such that F|y;, has:

> at least one positive critical point for A € (0,47] U {Ax};
> at least two positive critical points for A € (47, Ay);

> no critical points for A > Ay.

Il 0o lull oo [lll 0o
A
4m

47 A# 47 A#
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Q = B,(0)
[Malchiodi-Martinazzi, JEMS *14]

There exists Ay > 4w such that F|y;, has:

> at least one positive critical point for A € (0,47] U {Ax};
> at least two positive critical points for A € (47, Ay);

> no critical points for A > Ay.

(BN

47 A# 47 A#

[Mancini-Martinazzi, Calc. Var. ’17]

Blow-up only occurs from the right, namely if 1 := ||lu||co = u,(0) = +00

4 _
Auz/ |Vuu|2dx247r+“—zr+o(p Y > 4n
Q

=g
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(2 not simply connected

[del Pino-Musso-Ruf, J. Funct. Anal. *10]

If Q is non simply connected, then there exists A; — 87", such that F, |4, has at least one
critical point (with two peaks).
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(2 not simply connected

[del Pino-Musso-Ruf, J. Funct. Anal. *10]

If Q is non simply connected, then there exists A; — 87", such that F, |M,; has at least one
critical point (with two peaks).

[del Pino-Musso-Ruf, J. Funct. Anal. *10]

If Q is an annulus, then, for any k € N, there exists A; —s 47wk ™ such that F| Ma, has at least
one critical point (with k peaks).
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(2 not simply connected

[del Pino-Musso-Ruf, J. Funct. Anal. *10]

If Q is non simply connected, then there exists A; — 87", such that F, |M,; has at least one
critical point (with two peaks).

[del Pino-Musso-Ruf, J. Funct. Anal. *10]

If Q is an annulus, then, for any k € N, there exists A; —s 47wk ™ such that F| Ma, has at least
one critical point (with k peaks).

Remarks

> at 47k, k € N, blow-up can occur
> topology seems to play a role
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Blow-up and compactness of positive critical points

[Druet, Duke *06]

Let (u;); € Hy(Q) be a sequence of positive solutions to

—Auj = 2)\]'1,{]'8”]2; Aj = / |Vuj|2dx — A
Q

Then (up to a subsequence) either

(i) 4 = Uoo in C*=(0) or

(i) #j — too in Cle(Q\ {x1, ..., 28 })

A — / |Vitoo|*dx+4mk = A, k> N.
Q

There is a related parabolic version in [Lamm-Robert-Struwe, "09].

Francesca De Marchis Critical points of the Moser-Trudinger functional June 25, 2023



Blow-up and compactness of positive critical points

[Druet, Duke *06]
Let (u;); € Hy(Q) be a sequence of positive solutions to

—Auj = 2)\juje"fz; Aj = / |Vuj|2dx — A
Q

Then (up to a subsequence) either

(i) 4 = Uoo in C*=(0) or

(i) #j — too in Cle(Q\ {x1, ..., 28 })

A — / |Vitoo|*dx+4mk = A, k> N.
Q

There is a related parabolic version in [Lamm-Robert-Struwe, "09].

[Druet-Thizy, JEMS °20] ((Malchiodi-Martinazzi, JEMS ’14] for the radial case)

In case (ii): uoo = 0 and k = N.

Consequence: compactness holds provided A & 47N.

= =g
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A degree formula for positive solutions
[Malchiodi-Martinazzi-Thizy, preprint *22]
Let A € (47k, 47 (k + 1)). Then

dr = L=XQ)2 = x(Q) ... (k= x(?)
A k!
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A degree formula for positive solutions
[Malchiodi-Martinazzi-Thizy, preprint *22]

Let A € (47k, 47 (k + 1)). Then

dr = L=XQ)2 = x(Q) ... (k= x(?)
A k!

Corollary

> If 2 is non contractible (being x(€2) < 0), then dx > 1 for any A ¢ 47N.
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A degree formula for positive solutions
[Malchiodi-Martinazzi-Thizy, preprint *22]

Let A € (47k, 47 (k + 1)). Then

dr = L=XQ)2 = x(Q) ... (k= x(?)
A k!

Corollary

> If 2 is non contractible (being x(€2) < 0), then dx > 1 for any A ¢ 47N.
> Via estimates as in [Mancini-Martinazzi, *16] blow up can occur only from the right hand side

I

if (2 is non contractible, then F|,,, admits a positive critical point for any A > 0.
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A degree formula for positive solutions
[Malchiodi-Martinazzi-Thizy, preprint *22]

Let A € (47k, 47 (k + 1)). Then

dr = L=XQ)2 = x(Q) ... (k= x(?)
A k!

Corollary

> If 2 is non contractible (being x(€2) < 0), then dx > 1 for any A ¢ 47N.
> Via estimates as in [Mancini-Martinazzi, *16] blow up can occur only from the right hand side

I

if (2 is non contractible, then F|,,, admits a positive critical point for any A > 0.

lulloc

ir 87 127 A
Same degree formula as for the equation —Au = 2A —5— f ~i7 [Chen-Lin, "03]. J
P




Moser-Trudinger functional on surfaces

[Moser, Indiana ’71], [Fontana, Comment. Math. Helv. *93], [Y. Li, J. PDE *01]

(X, go) compact Riemannian surface. For any A < 47

2 2
sup / e dvg, = Cs and sup / €' dvg, = Cx A,
2 — 2 _
2 gy =AY = Va2 gy =A I 5
J udvgy =0

and the supremum is attained, while the supremum is +oo if A > 4.
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Moser-Trudinger functional on surfaces

[Moser, Indiana ’71], [Fontana, Comment. Math. Helv. *93], [Y. Li, J. PDE *01]

(X, go) compact Riemannian surface. For any A < 47

2 2
2sup / e dvg, = Cx,a and sZup / e" dvg, = Cxa,
—AJs _AJs
2 gy =A 1Vl gy =0
fudvg():O

and the supremum is attained, while the supremum is +oo if A > 4.

[DM-Malchiodi-Martinazzi-Thizy, Inventiones *22]

For every A > 0 and for any K smooth positive function the functional
= 2
F(u) = / K e" dvyg,
b
has a positive critical point constrained on

Mp = {uc H(Z) : ||ul = A}
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Moser-Trudinger functional on surfaces

[Moser, Indiana ’71], [Fontana, Comment. Math. Helv. *93], [Y. Li, J. PDE *01]

(X, go) compact Riemannian surface. For any A < 47

2 2
u u
2sup /e dvg, = Cs A and S2up /e dvg, = Cs 4,
—AJx —AJz
el 5y =4 I1Vullp 5y =2
fudvg():O

and the supremum is attained, while the supremum is +oo if A > 4.

[DM-Malchiodi-Martinazzi-Thizy, Inventiones *22]
For every A > 0 and for any K smooth positive function the functional

= 2

F(u) = / K e" dvg,

b
has a positive critical point constrained on
Mp = {uc H(Z) : ||ul = A}

i.e. a positive solution to

u? 2 A
—Agyut + u = 2\Kue" , lullmsy =A A= —FrF—5—>0

= >
J5, 2KuPe* dvy,
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Moser-Trudinger functional on surfaces

[Moser, Indiana ’71], [Fontana, Comment. Math. Helv. *93], [Y. Li, J. PDE *01]

(X, go) compact Riemannian surface. For any A < 47

2 2
u u
2sup /e dvg, = Cs A and S2up /e dvg, = Cs 4,
—AJx —AJz
el 5y =4 I1Vullp 5y =2
fudvg():O

and the supremum is attained, while the supremum is +oo if A > 4.

[DM-Malchiodi-Martinazzi-Thizy, Inventiones *22]

For every A > 0 and for any K smooth positive function the functional
2
F(u) = / K(e" — 1) dvg,
b
has a positive critical point constrained on

M = {uc H'(D) : Jull = A}
i.e. a positive solution to

u? 2 A
—Agyut + u = 2\Kue" , lullmsy =A A= —FrF—5—>0

= >
J5, 2KuPe* dvy,
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Moser-Trudinger functional on surfaces

Introducing the norm
Julft = [ (9 + ) av,
b

where h := % and g := Kgo
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Moser-Trudinger functional on surfaces

Introducing the norm

Jull2 = / (IVu* + i) dvg = ( / (Vul? + 1) dvgy =: ||u||§,l)

where h := % and g := Kgo, being A, = h/A, the result can be reformulated as follows:

An equivalent version [DM-Malchiodi-Martinazzi-Thizy, Inventiones *22]

For every A > 0 and for any & smooth positive function the functional
Pu) = / (€ — 1) dv,
5
has a positive critical point constrained on

My ={uecH (D) : ||luli = A}
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Moser-Trudinger functional on surfaces

Introducing the norm

Jull2 = / (IVu* + i) dvg = ( / (Vul? + 1) dvgy =: ||u||§,l)

where h := % and g := Kgo, being A, = h/A, the result can be reformulated as follows:

An equivalent version [DM-Malchiodi-Martinazzi-Thizy, Inventiones *22]

For every A > 0 and for any & smooth positive function the functional
Pu) = / (€ — 1) dv,
)
has a positive critical point constrained on

Mp = {ucH'(T) : ||ulls = A}
i.e. a positive solution to

2 A
—Agu + hu = 2)ue" ulf=A, A=—"— >0
: Jul? T
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A known compactness result

[Y. Yang, Calc. Var. °15]
Let (1;); € H'(X) be a sequence of positive solutions to
—Aguj + = 2)\jujeuf2, Aj = ||u||2 — A.
Then (up to a subsequence) either
(i) #j = Uoo in C°(X) or

(i) #j — Uoo in Che(Z\ {x1,...,xx}) and

A= luoo|? + 47k =A,  k>N.
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How to get existence?

Ingredients

> New compactness results (the idea is to prove that uo, = 0 and k = N, but an extra parameter
is introduced)

> A min-max scheme (in the spirit of [Djadli-Malchiodi, *08])
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How to get existence?

Ingredients

> New compactness results (the idea is to prove that uo, = 0 and k = N, but an extra parameter
is introduced)

> A min-max scheme (in the spirit of [Djadli-Malchiodi, *08])

Problem

Min-max schemes produce Palais-Smale sequences, but the Palais-Smale condition it is known
to hold for A < 47 [Adimurthi, *90], [Adimurthi-Struwe, *00] and it fails for A > 47
[Costa-Tintarev, *14].
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How to get existence?

For p € (1,2), A > 0, we introduce the functional

P
2— AN
Jpoa(u) := TP (%) - log/):(e”: — 1) dv,
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How to get existence?

Forp € (1,2), A > 0, we introduce the functional

P
2— A
Tp.a(u) == 5 “ (pglj\l“) - log/z(e”e# — 1) dv,

Any non trivial critical point of J,  is a positive solution to
—Agu+ hu = pi "

where A > 0 is given by the relation

A:%(/E(“" dvg> (/u‘"e dvg>

2(p—1)

()p

(k% )p
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How to get existence?

Forp € (1,2), A > 0, we introduce the functional

P
2— A
Tp.a(u) == 5 “ (pglj\l“) - log/z(e'& — 1) dv,

Any non trivial critical point of J,  is a positive solution to
—Agu+ hu = pi "

where A > 0 is given by the relation

A:%’f(/z(“" dvg> (/u"e dvg)

2(p—1)

()p

(%)

Strategy

Solve for p < 2 (via a min-max method) and prove compactness for p " 2.
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How to get existence?

Forp € (1,2), A > 0, we introduce the functional

P
2— A
D) = —=F (’%'") —log/E(e“'i — 1) dvg

Any non trivial critical point of J,  is a positive solution to
—Agu+ hu = pi " *)p

where A > 0 is given by the relation

2(p—1)

Y (L) (o)

Strategy

Solve for p < 2 (via a min-max method) and prove compactness for p " 2.
Indeed if (u,), are positive solutions to (), and (*x), converging strongly, as p 2, to u, then
u is a positive solution to (x), and it satisfies

A= 2)\/ e dv,.
b
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How to get existence?

Letp € (1,2)and A > 0

2= 2\ 2—p
Ity = 222 (”g’j\'“) ~ log /2 (% — 1) dv
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How to get existence?

Letp € (1,2)and A > 0

Moser-Trudinger + Young’s inequality

P
o, 2—p (plullr\ >
+ — < — =
log/E(e 1)dv, 5 (8 +C
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How to get existence?

Letp € (1,2)and A > 0

Moser-Trudinger + Young’s inequality

P
W 2—p P”“”ﬁ =
+ — d < — = +(
log/}j(e Ty = 2 ( 8m
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How to get existence?

Letp € (1,2)and A > 0

Moser-Trudinger + Young’s inequality

_ 2\ 75
10g/(eup+ _ l)dVg S ZTP (p”u“h) +C
=

8m

As a consequence:

o if A < 4m: J, A is coercive
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How to get existence?

Letp € (1,2)and A > 0

_P
2 — =z
ata) = 252 (ALY g [ 1y,

Moser-Trudinger + Young’s inequality

o, 2= P”u”h
+ — < =
log/ (e l)dVg ) ( 3 + C

N
\1

As a consequence:

o if A < 4m: J, A is coercive

o if A = 4m: J, A is bounded from below
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How to get existence?

Letp € (1,2)and A > 0

_P
2 — =z
ata) = 252 (ALY g [ 1y,

Moser-Trudinger + Young’s inequality

i) 2= P”u”h
+ — < — =
log/ (e l)dvg ( 3 + C

N
\1

As a consequence:

o if A < 4m: J, 4 is coercive
o if A = 4m: J, A is bounded from below

Conversely:

e if A > 4m: J, A is unbounded from below.
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How to get existence?

Some improved inequalities allow to perform an analysis of the topology of low sublevels of
Jp,a and to prove that:

there exists a PS-sequence at some min-max level

Francesca De Marchis Critical points of the Moser-Trudinger functional



How to get existence?

Some improved inequalities allow to perform an analysis of the topology of low sublevels of
Jp,a and to prove that:

there exists a PS-sequence at some min-max level

Back to the same problem!

Even for the approximate problem it is not known whether the Palais-Smale condition holds or
not. But in the subcritical case, p < 2, it is standard to prove convergence of bounded (in
H'-norm) Palais-Smale sequences.
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How to get existence?

Some improved inequalities allow to perform an analysis of the topology of low sublevels of
Jp,a and to prove that:

there exists a PS-sequence at some min-max level

Back to the same problem!

Even for the approximate problem it is not known whether the Palais-Smale condition holds or
not. But in the subcritical case, p < 2, it is standard to prove convergence of bounded (in
H'-norm) Palais-Smale sequences.

Using p < 2, via the Struwe’s monotonicity trick, we are able to prove for a.e. A the existence
of a bounded Palais-Smale sequence and thus to find a positive critical point of J, A
for a.e. A, namely a positive solution to

—Au+hu=p)\u‘"_le"p, A= Ap, A u).
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Existence for A ¢ 47N
Compactness for p < 2 fixed
Let A; — A and let (%;); be positive solutions to

— Dt + huy = phd ' e, N = Ap, A w).
If (u;); blow up, then A € 47N
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Existence for A ¢ 47N

Compactness for p < 2 fixed
Let A; — A and let (%;); be positive solutions to

—Agu; + hu; = p)\juj-’_le”;, A= Ap, Aj, ).
If (u;); blow up, then A € 47N

I

Existence for every A & 47N and for every p € (1,2) of a positive solution to
—Agu+ hu=phi~'e” A= Ap, A u),

and so of a positive critical point of J, » for every A ¢ 47N and for every p € (1,2).
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Existence for A ¢ 47N

Compactness for p < 2 fixed
Let A; — A and let (%;); be positive solutions to

—Agu; + hu; = ‘17)\11,5'-’_16“?7 A= Ap, Aj, ).
If (u;); blow up, then A € 47N

I

Existence for every A & 47N and for every p € (1,2) of a positive solution to
—Agu—l—huzp)\up_le“p7 A= Ap, A u),

and so of a positive critical point of J, A for every A ¢ 47N and for every p € (1,2).

I
Compactness as p 2

Let u; be critical points of J,, A with p; 7 2.
If A & 47N, then (no blow-up s0) uj — Uoo, Uss > 0, solution to

2
—Aglioo + hitos = 2AUsce">, ||uoo||2 = A,

namely uo is a positive critical point of the M-T functional  on M, = {||ul|? = A}.
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Existence for any A > 0
Let A = 47N and let (u;); be positive solutions to
— Ayt =20 ue, [} = Ay — A,

blowing up. Then u; blows up at N points x1, . .., xy and

Il > 4+ 3 41Dy P

i—1 'uh/ Bs (xi)
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Existence for any A > 0
Let A = 47N and let (u;); be positive solutions to

2
—Auj + huy = 2)\juze'7 llujllz = Aj — A,

blowing up. Then u; blows up at N points x1, . .., xy and

A—||uj||h>47rN+Z47r+70(1)>4ﬂ'N A, Mij = IMax u;.

i—1 i, B (x;)

I

For A; /47N no blow up , hence u; — u positive solution for A = 47N.
Thus u is a positive critical point of the M-T functional F on Ms = {||u|7 = A}.
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A remark on the case p = 1

Analogously, let A 47N and let u; be positive critical points to J, a;, then as p; \ 1 u; —>u
positive critical point of J . J
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A remark on the case p = 1

Analogously, let A ¢ 47N and let u; be positive critical points to J,a;, then as p; \ 1 uj —>u
positive critical point of Jj .

Moreover we can exclude blow up from the left hand side for any p € (1, 2] but not for p = 1.

Indeed if u; is a sequence of positive blowing-up critical points of J,,o; (when p is fixed and
Aj— A = 47N) then

— if 1
A >4nN+Z—16W(” Do) izt yrn - 4,

> Mij = Max u;.
Bs (x;
= Pt 5 5 (xi)
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A remark on the case p = 1

Analogously, let A ¢ 47N and let u; be positive critical points to J,a;, then as p; \ 1 uj —>u
positive critical point of Jj .

Moreover we can exclude blow up from the left hand side for any p € (1, 2] but not for p = 1.
Indeed if u; is a sequence of positive blowing-up critical points of J,,o; (when p is fixed and
Aj— A = 47N) then

N
1 —1 1) itp > 1

A‘Z47rN+§ Ml’; 47N = A, Ly = max u;.

J 2.2 T Bs() L

i=1 P Hij 5 (xi

For the widely studied functional

IA(u) == %/E|Vu|2dvgo + ZA][z udvg, — 2Alog/EKe" dvyg,

the side condition (which depends on the Gauss curvature of the surface) was determined in
[Chen-Lin, *02].
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Open problems

> What about multiplicity?

Is there generic multiplicity (in / and g) of solutions for any fixed p € [1,2] and A & 47N, as
proved for /5 in [DM, *10]?
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Open problems

> What about multiplicity?

Is there generic multiplicity (in / and g) of solutions for any fixed p € [1,2] and A & 47N, as
proved for /5 in [DM, *10]?

> What about the existence of critical points of

F(u) = / e“zdvg constrained on My = {u € H'(2) : ||Vu|\iz(z) =A, / udv, =0}?
= >3
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Open problems

> What about multiplicity?

Is there generic multiplicity (in / and g) of solutions for any fixed p € [1,2] and A & 47N, as
proved for /5 in [DM, *10]?

> What about the existence of critical points of

F(u) = / e”zdvg constrained on My = {u € H'(2) : ||VMH§2(Z) =A, / udv, =0}?
= >3

o Existence of 2 peaks solutions Aj — 8t [Figueroa-Musso, "09]
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Open problems

> What about multiplicity?

Is there generic multiplicity (in / and g) of solutions for any fixed p € [1,2] and A & 47N, as
proved for /5 in [DM, *10]?

> What about the existence of critical points of

F(u) = / e”zdvg constrained on M = {u € H'(X) : HVMH%Z(Z) =A, / udvg = 0}?
5 )

o Existence of 2 peaks solutions A; —s 87" [Figueroa-Musso, *09]

e Quantization seems to be very hard, indeed there exist blowing-up sequences u. of
critical points of

Fi (u) = / hee dx, where he — 1in C*(Q) ase — 0,
Q

such that || V|7, — A, ue — uy € Hy(€2), where uj is a sign changing critical point of
F(u) = fQ e’ dx [Martinazzi-Thizy-Vétois, '22]
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Muchas gracias!



Muchas gracias!



Muchas gracias!



Muchas gracias!



Blow-up analysis for positive critical points

Suppose (u;); is a sequence of positive blowing-up solutions to
—Auj = 2)\]'14]'8”/2, Aj = / |Vu]|2dx — A
Q

and set 1 = ||uj]|co = u;(x;) — +oo0.
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Blow-up analysis for positive critical points

Suppose (u;); is a sequence of positive blowing-up solutions to
—Auj = 2)\]'14]'8”/2, Aj = / |Vu]|2dx — A
Q

and set 1 = ||uj||cc = u;(x;) = +o00. Define
2
rji=—————1 =0 vi(x) = (x5 + rix) — ] <0
(2Npre)2

then v; satisfies R

. 2v-+i

Hj
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Blow-up analysis for positive critical points

Suppose (u;); is a sequence of positive blowing-up solutions to
—Auj = 2/\juje"12, Aj = / |Vu]|2dx — A
Q

and set 1 = ||uj||cc = u;(x;) = +o00. Define

2
rjpi=———"55 >0 vi(x) = il (x + rix) — ] <0
(2Npre)2
then v; satisfies R
. 2v'+i
—Av; =4 1—|—Lj2 e M~ 4e™,
Hj

It is possible to prove that v; — V in Cp,.(R?), where V solves
AV =4¢¥ inR% / ?dx < 4o0.
R2

Solutions were classified in [Chen-Li, 91]: V(x) = — log(1 + |x|*) and Ja2 4¢”Y dx = 4.
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Blow-up analysis for positive critical points

Suppose (u;); is a sequence of positive blowing-up solutions to
—Auj = 2/\juje"f2, Aj = / |Vu]|2dx — A
Q

and set 1 = ||uj||cc = u;(x;) = +o00. Define

2
rjpi=———"55 >0 vi(x) = il (x + rix) — ] <0
(2Npre)2
then v; satisfies R
. 2v'+i
—Av; =4 1—|—Lj2 e M~ 4e™,
Hj

It is possible to prove that v; — V in Cp,.(R?), where V solves
AV =4¢¥ inR% / ?dx < 4o0.
R2

Solutions were classified in [Chen-Li, 91]: V(x) = — log(1 + |x|*) and Ja2 4¢”Y dx = 4.

2 Vi
2 . 2vi+ - oo -
/ uje dx= | 4|1+ ‘% e Md’ZS | 46 dx"EX an.
By, (x7) Bp Hj Br
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Blow-up analysis for positive critical points

Suppose (u;); is a sequence of positive blowing-up solutions to
—Auj = 2/\juje"f2, Aj = / |Vuj|2dx — A
Q
and set 1 = ||uj||cc = u;(x;) = +o00. Define

T (2)\],“]26“/2)% —0 VJ()C) M [MJ(XJ + rj_x) /“Lj} < 0

2
. 2vi+ L
—Av; =4 1—|—Lj2 e M~ 4e™,
Hj

It is possible to prove that v; — V in Cp,.(R?), where V solves

then v; satisfies

AV =4¢¥ inR% / ?dx < 4o0.
R2

Solutions were classified in [Chen-Li, 91]: V(x) = — log(1 + |x|*) and Ja2 4¢”Y dx = 4.

2
/ e dx= [ 41+ L) ¢ fdxfif/ 4" dx 2% 4,
Brr; (%) Bg H;

Br

Hard part of the analysis: what happens at larger scales?
Tane 35,30



How to get existence?

Proposition (after [Moser,’ 73], [Aubin,’ 76], [Chen-Li,’91])
Let Qi,..., Q41 C X satisfy dist(€;, ;) > 6 > 0 and let v > 0.

Suppose that

Jo, (" = D)y, .
WZ’Y Vle{l,,,,,]H_l}.

Then for any ¢ > 0 there exists C = C(g, d,~) > 0 (independent of u) such that

P

— 2 2—p
W _ vy < 220 (__ plluli
log/z(e 1)dv, ) Srlk+ 1) —e +C
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How to get existence?

Proposition (after [Moser,’ 73], [Aubin,’ 76], [Chen-Li,’91])
Let Qi,..., Q41 C X satisfy dist(€;, ;) > 6 > 0 and let v > 0.
Suppose that
fﬂi (e‘“'p — 1)dv,
fz(e|”|” — 1)dv,

Then for any ¢ > 0 there exists C = C(g, d,~) > 0 (independent of u) such that

>~  Viedl,... k+1}.

P

— 2 2—p
lul? _ o pllulli
log/E(e 1)dv, < » e 1C
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How to get existence?

Proposition (after [Moser,’ 73], [Aubin,’ 76], [Chen-Li,’91])
Let Qi,..., Q41 C X satisfy dist(€;, ;) > 6 > 0 and let v > 0.
Suppose that

fni (ewp — Ddv,

L (1) ::M >y  Vie{l,... k+1}.

Then for any ¢ > 0 there exists C = C(g, d,~) > 0 (independent of u) such that

P

— 2 2—p
lul? _ o pllulli
log/E(e 1)dv, < » e 1C
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How to get existence?

Proposition (after [Moser,’ 73], [Aubin,’ 76], [Chen-Li,’91])
Let Qi,..., Q41 C X satisfy dist(€;, ;) > 6 > 0 and let v > 0.
Suppose that

fn,- (e‘“‘p — Ddv,

wp (1) ::W >~  Viedl,... k+1}.

Then for any ¢ > 0 there exists C = C(g, d,~) > 0 (independent of u) such that

P

— 2 2—p
W pygy < 220 (__ plluli
log/g(e 1)dv, ) Bl D) =< +C

Corollary
If A € (4mk,4m(k+ 1)) and y1,(u) spreads in (k + 1) regions, then

P

2 _ b=
Jpa(u) = Tp (P!MJ\;,) ! 7log/2(e”p+ —1)dvy > —L.
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Step 2. Topology of low sublevels of J,, 5

If A € (4nk,4m(k+ 1)) andu € {J,» < —L}
4
(el = v,

concentrates around at most k points
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Step 2. Topology of low sublevels of J,, 5

If A € (4nk,4n(k+ 1)) andu € {J, » < —L}

I
(" —1)av,

——————— concentrates around at most k points
fz(e|”|" — 1)dv, P

I

Lemma 1

Let A € (4mk,4m(k + 1)). We can define a continuous map

U . {Jp,A < —L}

k
Yip={o= Zf.;l 0y > i =1,6>0,x € X}
i=1




Step 2. Topology of low sublevels of J,, 5

IfA € (4mk,4m(k+ 1)) andu € {J, » < —L}

I
(" —1)av,
fz(elulp - 1)dvg

I

Lemma 1

Let A € (4mk,4m(k + 1)). We can define a continuous map

U . {JP,A < —L}

u —

(elulpfl)dv ~ & )
fz(el“lp—il)jvg ~ 0= Z‘: [l(sxi(u)

concentrates around at most k points

k
Yip={o= ZLI 0y > i =1,6>0,x € X}
i=1

V.
Ty

=)
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Step 2. Topology of low sublevels of J,, 5

If A € (4nk,4n(k+ 1)) andu € {J, » < —L}
I
lul” _ 1
f(e(ll"i)l?;g concentrates around at most k points
slel” — Vg

I

Lemma 1

Let A € (4mk,4m(k + 1)). We can define a continuous map

k
U {Jpa<-L} Y= {o= Zf:] tidy, 1 ) ti=1,162>0,x € 5}
i=1
k
u e W(u) =3 ti0y(u)
i=1

S5y (el —1)dvg

el _1)ay &
Fr2 v g = 3 18,
i=1

V.
= = = Ty

=)
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Step 2. Topology of low sublevels of J, 5

Viceversa we can map Y into arbitrarily low sublevels of J, a.
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Step 2. Topology of low sublevels of J,, 5

Viceversa we can map X into arbitrarily low sublevels of J, A.

Lemma 2

Let A € (47k, 47 (k + 1)). Then for any o = S5_, #:0, € 5 there exist test functions
@u,o > 0 (where p is a positive parameter), such that

> JP,A(‘PM,J) — —0

as u — niformly for o € 3
(e‘pl;tvﬂ' —1)dvg ® eI Y 7 k

[ (P17 — 1)

— o
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Step 2. Topology of low sublevels of J,, 5
Viceversa we can map X into arbitrarily low sublevels of J, A.

Lemma 2

Let A € (47k, 47 (k + 1)). Then for any o = S5_, #:0, € 5 there exist test functions
@u,o > 0 (where p is a positive parameter), such that

> Jp,A(Pu,0) = —00

as u — niformly for o € 3
(e""lztvﬂ' —1)dvg ® eI Y 7 k

fz(e“’{hﬁ'—l)dvg ?

Conclusion

The map i o U : 3 — ¥ is well defined for u large

e gasp——%
Y Y

o Pu,o
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Step 2. Topology of low sublevels of J,, 5
Viceversa we can map X into arbitrarily low sublevels of J, A.

Lemma 2

Let A € (47k, 47 (k + 1)). Then for any o = S5_, #:0, € 5 there exist test functions
@u,o > 0 (where p is a positive parameter), such that

> Jp,A(Pu,0) = —00

as u — niformly for o € 3
(e""!:tvc' —1)dvg ® eI y 7 k

fz;(e%’g *l)d"g

— o

Conclusion

The map i o U : 3 — ¥ is well defined for u large
’/—ﬂ {Jpr < —L} ’—\\I]‘
2y )

o Pu,o Y (pu,0) = Zf:l 1i0x; (o)
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Step 2. Topology of low sublevels of J,, 5
Viceversa we can map X into arbitrarily low sublevels of J, A.

Lemma 2

Let A € (47k, 47 (k + 1)). Then for any o = S5_, #:0, € 5 there exist test functions
@u,o > 0 (where p is a positive parameter), such that

> Jp,A(Pu,0) = —00

as u — niformly for o € 3
(e""lztvﬂ' —1)dvg ® eI Y 7 k

fz(e“’{hﬁ'—l)dvg ?

Conclusion

The map i o W : 3 —= ¥ is well defined for u large
’/—ﬂ {Jpr < —L} ’—\\I]‘
2y )

o Pu,o Y (pu,0) = Zf:l 1i0x; (o)
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Step 2. Topology of low sublevels of J,, 5
Viceversa we can map X into arbitrarily low sublevels of J, A.
Lemma 2

Let A € (47k, 47 (k + 1)). Then for any o = S5_, #:0, € 5 there exist test functions
@u,o > 0 (where p is a positive parameter), such that

> Jp,A(Pu,0) = —00
o as u — +oo uniformly for o € 3
(eHs9 —1)dvg

fz;(e%’g *l)dvg

— o

Conclusion

The map i o W : 3 —= ¥ is well defined for u large
’/——» {Jpr < —L} ’—\\I]‘
2y )
(e Pu,o \D(Wu,a) = Zi‘(:l ti(sxi(g)

it is continuous and it is homotopically equivalent to the identity on ¥ (for u large enough).
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Step 2. Topology of low sublevels of J,, 5
Viceversa we can map X into arbitrarily low sublevels of J, A.

Lemma 2

Let A € (47k, 47 (k + 1)). Then for any o = S5_, #:0, € 5 there exist test functions
@u,o > 0 (where p is a positive parameter), such that

> JP,A(‘PH,J) — —00
o as u — +oo uniformly for o € 3
> (eHs9 —1)dvg

fz;(e%’g *l)dvg

— o

Conclusion

The map i o W : 3 —= ¥ is well defined for u large
’/—ﬂ {Jpr < —L} ’—\\I]‘
2y )

o Pu,o Y (pu,0) = Zf:l 1i0x; (o)

it is continuous and it is homotopically equivalent to the identity on ¥ (for u large enough).
Hence, being 3 non contractible, i(3;) is non contractible in {J, » < —L}.
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Step 3. Minmax scheme

Co:=%k x [0,1]/ ~ cone over Y
Ac:= {7 € C'(C H'(D)) : v(0,1) = oo}
Using that i(X) is not contractible in {J, » < —L}, we prove that v(Cx) ¢ {Jp,a < —L}
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Step 3. Minmax scheme

Co:=%k x [0,1]/ ~ cone over Y
Ac:= {7 € C'(C H'(D)) : v(0,1) = oo}
Using that i(X) is not contractible in {J, » < —L}, we prove that v(Cx) ¢ {Jp,a < —L}
4

(Un})agé Joa(y(o,t)) > —L  foranyy € Ak
B k

Then there exists a PS-sequence at level

= inf J, 1)) > —L
o= inf max pa(v(0,1)) >
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Step 3. Minmax scheme

Co:=%k x [0,1]/ ~ cone over Y
A= {y € C°(C;H' (D)) : 7(0,1) = o}
Using that i(X) is not contractible in {J, » < —L}, we prove that v(Cx) ¢ {Jp,a < —L}
4

(Un})agé Joa(y(o,t)) > —L  foranyy € Ak
) k

Then there exists a PS-sequence at level

= inf J 1) > —L
o= inf max pa(v(0,1)) >

Back to the same problem!

Even for the approximate problem it is not known whether the Palais-Smale condition holds or
not. But in the subcritical case, p < 2, it is standard to prove convergence of bounded (in
H'-norm) Palais-Smale sequences.
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Muchas gracias!
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