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1. Background
Yamabe flow

Let (M", go) be a Riemannian manifold. The Yamabe flow
g(t) € [go] is the evolution that satisfies

{8158' = _Rgg7 (1)
g(0) = go-

We may write g(t) = u(x, t)ﬁgo. The relation between R, and

R

20 IS:

_a(n)Agou + Rgu = Rgun-2, (2)
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1. Background
The Yamabe flow

The Yamabe flow can be rewritten as an evolution equation of the
conformal factor u(x, t):

n+2
4

O = "2 [a(n)Agyu — Ryl 3)

We denote N = Z%g
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1. Background
The Yamabe flow

The conformal Laplacian

1

Under conformal change of metric g = uﬁg, u>0
A nt2
a(n) - Lgu = Run-2. (4)

» The Yamabe problem: Let (M", gy) n > 3 be a compact
Riemannian manifold. Then there exists a constant scalar
curvature metric g € [go]. This problem is equivalent to solving
the equation (4) for a constant R. [Trudinger '68], [Aubin '76],
[Schoen '84].
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1. Background
The Yamabe flow

In the 80s, Hamilton proposed the Yamabe flow as a heat flow
approach to study the Yamabe problem.
» The uniformization theorem in dimension 2. Hamilton '88.
Chow '91, etc.
» The Yamabe problem in dimension n > 3.
B Hamilton '88, Chow '92, Ye '94, Schwetlick-Struwe '03, Brendle
'05, '07
B Ye '94, Yamabe flow on locally conformally flat manifolds
B Schwetlick-Struwe '03, Yamabe flow in dimension 3 < n < 5 with
small initial energy
B Brendle '05 Convergence of the Yamabe flow in dimension
3 < n <5 with arbitrary initial energy
B Brendle '07 Convergence of the Yamabe flow in dimension 6 and
higher
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1. Background
AF manifolds

Definition of AF manifolds: We call a smooth Riemannian
manifold (M", g) asymptotically flat of order 7 > 0 if for some
compact set K C M", there exists an Ry > 0 and a diffeomorphism
¢ : MM\ K — R"\ Bg,(0) such that for some 7 > 0,

gi(x)=0;+ O(Ix|™") and 8%g;(x) = O(|x|~77lol),  (5)

for partial derivatives 0% of any order, as |x| — oo in R". ® is
called the asymptotically flat coordinate system, and we write

My = M\ K.

Remark: 1. For simplicity, we assume M" has only 1 end. One can
consider manifolds with multiple ends as well.

2. When 7 > n—2/2, the ADM mass m is well defined.
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1. Background
AF manifolds

Definitions of weighted Sobolev spaces and Holder spaces (Bartnik
'86):

The weighted Lebesgue spaces Lg(/\/l), for g >1and g € R,
consists of functions such that the following norms are finite.

1
Vg = 4 Una VT8 1)< g <o)
s esssupy (r="Jv|), q = oo.

The weighted Sobolev spaces Wﬁk’q(M) are then defined in the
usual way with the norms

k
IVllwsoqny = 2 1Pkvllg_ - (7)
j=0
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1. Background
AF manifolds

The weighted C* spaces Cg(M) consist of the CK functions for
which the following respective norms are finite (Bartnik '86):

K
IVIiexmy = ZS}\JAP r Pt Dlv]. (8)
j=0

The weighted Holder spaces Cé“”’“(l\/l), a € (0,1), consist of those
v e Cg(l\/l) for which the following respective norms are finite:

¥l cseaan (9)

—Btk+a | DEv(x) — DEv(y)|
d(x,y)>

=lvlicsmy + sup min(r(x), r(y))
x#yeM
(10)

Yi Wang, Johns Hopkins University Yamabe flow of asymptotically flat metrics



1. Background
Short-time existence

» Definition of fine solutions: We say that g(t) is a fine solution
of the Yamabe flow on a complete manifold (M", gp) on a maximal
time interval [0, Tp) if g(t) = u(t)ﬁgo with u(0) =1 and for any
T € (0, Tp) there exists 6 = 6(T) and C = C(T) such that on
[0, T], 0 <& < u(t,x)| < C, supjo,7yxmn Vg u(x, t)| < C, and
supo, 71xmn |[RM(g)[(t, x) < C, and moreover either To < oo and
lim¢— 1, |Rm|(t,-) = o0, or Tp = 0.

Remark: the blowup alternative in the definition above also holds
true if we write either To < oo and lim¢_, 7, |R|(t,-) = o0, or
To = oo by Ma.
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1. Background
Short-time existence

» Short-time existence and the preservation of asymptotic
flatness by Cheng-Zhu '15

Theorem (Cheng-Zhu '15) If (M", go) is a C*F® AF manifold, then
there exists a fine solution of the Yamabe flow starting from

(M", go) on a maximal time interval [0, To) with To > 0.
Moreover, g;(t) — 6; € C2I for t € [0, To).
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2. Main results
Long-time existence

The main results of Chen-Wang are long-time exisence and
convergence.

M Theorem (21, Eric Chen and W.) The Yamabe flow starting from
a CF* AF manifold 7 > 0 exists for all positive times t > 0.
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2. Main results
Long-time existence

Under the extra condition Y(M", [go]) > 0, we derive the
long-time existence together with uniformly decay of the scalar
curvature along the flow. The quantitative decay estimate of Rj:

M Theorem (21, Eric Chen and W.) Suppose the Yamabe flow starts
from a C*F® AF manifold with Y (M", [go]) > 0. Then for any
§ < 7, there exists C > 0 such that ||Rg(s) |l < Ct—1-9.
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2. Main results

Convergence of g(t)

Convergence of g(t)

B Theorem (21, Eric Chen and W.) Suppose the Yamabe flow starts
from a CXF* AF manifold with Y(M", [go]) > 0. Then g(t) = gs
as t — oo in CK12 for all 0 < 7/ < min{r,n — 2}. Here g is a
scalar flat metric on M".
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2. Main results

Divergence of g(t)

Divergence of g(t)

B Theorem ('22, Gilles Carron, Eric Chen and W.)Let (M", gp) be a
CkFe AF manifold with k > 3. If Y(M", [g]) < 0, then the
Yamabe flow (M", g(t)) diverges.

B Remark: we have analyzed the blowup rate.
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3. Technical ingredients

Uniform Sobolev inequality

L2-Sobolev inequality on (M", g(t)) is one of the key analytic tool
to study the flow. We hope to derive a uniform bound for the
Sobolev constant.

We consider two cases:

1) go is a general case of an AF metric;

2) go is an AF metric with positive Yamabe constant.
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3. Technical ingredients

Sobolev inequality

Proposition

If u(x, t) is the solution of (3) corresponding to a fine solution of
the Yamabe flow starting from a C*t® AF manifold (M", gy), then
for any T for which the Yamabe flow exists on [0, T], there exists
a C(go, T) > 0 depending only on an upper bound for T and g
such that for every ¢ € W01’2(M,g(t)), the following Sobolev
inequality holds:

( [ 1017 dvgm) "< Clao D) [IV6R Vo ()

v
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3. Technical

Uniform Sobolev inequality

Proposition

If u(x, t) is the solution of (3) corresponding to a fine solution of
the Yamabe flow starting from a Cfia AF manifold (M", go)
satisfying Y (M, [go]) > 0O, then there exists a constant D = D(go)
such that for any T for which the Yamabe flow exists on [0, T] the
following Sobolev inequality holds for every ¢ € WO1 2(M, g(t)), :

n—2
2n n
(/\QSI"—2 dVg(t)) < D/|V¢!2 dVg(r)- (12)

Remark: In the case of the Ricci flow, one needs to consider the
p-functional introduced by Perelman to derive a weighted 12
Sobolev inequality as a substitute. See the work of [Ye-Chen].

Yi Wang, Johns Hopkins University Yamabe flow of asymptotically flat metrics



3. Technical ingredients

Conformal deformations of asymptotically flat metrics

» Cantor-Brill '81, Let p € (1, o 2), T E <2 —-n (1 - %) ,g),
k > g +2,and g —dj; € W_’Tp. Then the following are equivalent:

Yi Wang, Johns Hopkins University Yamabe flow of asymptotically flat metrics



3. Technical ingredients

Conformal deformations of asymptotically flat metrics

)
2| Vul2 + Ryu? dV,
vmlgh = ot [ SRR Lo a3)
ueCse R _2n_ n
140 M (f|“|"‘2 dVg)

_ an—1
Here ¢, = 47=.

@ Thereisa g —0; € Wf’TP such that g is conformally
equivalent to g and Rz = 0.

Yi Wang, Johns Hopkins University Yamabe flow of asymptotically flat metrics



3. Technical ingredients

Moser iteration

The evolution equation of R,
9:R = (n—1)AR+ R?, 8,dV, = —gR dve  (14)

Monotonicity of integral norms of ||R|[ /2.

[|R|? dV is non-increasing along the flow.

In fact this is also true for all p in a neighborhood of n/2.
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Moser iteration

Let (M", g(t)) be a Yamabe flow starting from a CX}* AF
manifold with Y(M", [go]) > 0, k > 3 and suppose that

|R|lte < ai1t™™, for some oy >0, v >0, and q > g,
(15)

|IR||ro < aipt™™2, for some ap >0, v >0, and py > y

—
(16)
If the flow exists on [0, T] then we have the following estimate for
IR|:

1. an+2) _n_
sup [R(T,x)| < C-max (TPO Trola=m 72 T 2 72) - (17)
x€ERN
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3. Technical ingredients

Quantitative decay of R,

When Y (M",[go]) > 0, we obtain the decay estimate of curvature
along the Yamabe flow.

Proposition

Along the Yamabe flow (M", g(t)) starting from a C*T* AF
manifold with Y (M",[go]) > 0, we have that

sup [R(T,x)| === 0. (18)
x€R"
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3. Technical ingredients

Quantitative decay of R,

We can perform the Moser iteration again, and derive a
quantitative decay estimate of the L°°-norm of the scalar curvature.

Suppose the Yamabe flow starts from a C f;"o‘ AF manifold with
Y(M",[go]) > 0. Then for any § < 7, there exists C > 0 such
that ||R|| e < Ct—179.

This quantitative decay estimate, together with standard parabolic
equation estimate allows us to obtain the convergence of metric.
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Convergence of g(t)

Two steps to prove convergence of g(t):
» Step 1. Unweighted convergence
» Step 2. Weighted convergence
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Convergence of g(t)

» Step 1. Unweighted convergence

Let (M", g) be a CXI* AF manifold with k > 3. If

Y(M",[go]) > 0, then the Yamabe flow (M", g(t)) starting from
(M", g) converges uniformly in 5™ to the unique CKT* AF
metric g~ € [go] as t — oo.
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Convergence of g(t)

M Existence of limit:

There exists a continuous function us,(x) > 0 on M such that for
all 6 < 3,

C
lu(x, t) = too (X) || oo (m) < L

where u, satisfies uso(x) —1 — 0, asr — oo.
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Convergence of g(t)

B Local convergence:

Forall0 <o <a,0<d<T1/2

C
e, 1) = oo (] e < 55 (19)
Moreover, us, € C,l;ja(M) and goo = Uso(X) = 8o is a scalar flat
metric, i.e.
1
Bgpte() = 55 Ren()ue() =0
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Convergence of g(t)

k
Wy, —1leCH”

Uss — 1 € C fia and satisfies the estimates
C
’uOO(X)_]" < = as r — oQ, (20)
r
and
0 < &
|0juso(x)| < = as r — oo. (21)
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Convergence of g(t)

» Step 2. Weighted convergence

Theorem

Let (M", go) be a CKt™ AF manifold with Y (M, [go]) > 0, k > 3,
and T > 1. Then there exists a Yamabe flow (M", g(t)) starting
from (M", go) defined for all positive times and a metric g, on
M" which is C*t* AF for all 7 < min{r, n — 2} so that for any
such " we have

lg() — gooll ckra = O(t™®),  as t — oo, (22)

for some 69 > 0. In particular, this Yamabe flow converges in
Cfi,a to the asymptotically flat, scalar flat metric g..
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Convergence of g(t)

B Decay estimate for the scalar curvature in both space and time:

For any 7/ < T there exists some 69 > 0 and C > 0 depending only
on go such that

C

O e —
IR B < T v

(23)

for all (x,t) € M x [0,00) along the flow.

Main difficulty: there is no weighted version of Shi's estimate for
Rm and its derivatives as in Ricci flow case at the moment.
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Convergence of g(t)

To overcome this difficulty, we need a lemma to control

h(x) := r(x)? by a mixed decay estimate. (Here a > 0 is a suitable
power. )

Lemma

For r(x) >>1,t >> 1 and any < %

Ch
’ t)h‘g (t) <C‘Vgoh|g(o < T (24)
Ch 1 1
|Agoyhl <— (;+t—5). (25)
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Convergence of g(t)

For any 7" < 7 we have

u(x,t) — tuso(x) =0 in C°,, ast— oo,

where Uy, € Cfia. Moreover, there is a g > 0 such that

C
lu(x, ) = too(X)lco , < - (26)
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Convergence of g(t)

We also need uniform control of u(x, t) in parabolic weighted
Sobolev and Holder spaces.

Lemma

(1) Forany p>1, 1" <, there exists a constant C > 0 such that
for any 0 < 71 < 7’ and all ty > 0.

||U - 1|‘ka"/2’p(M><[to,f0+1]) s ¢

-7

(2) For any T/ < 7, there exists a constant C > 0, such that for all
to > 0,

u — ]. (o3 < C.
| “CHT’%(MX[fo,toJrl]) B

=

Here C is independent of time ty.
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Convergence of g(t)

Using parabolic bootstrap argument, we complete the main
theorem.

Forall | < k and ™ <1

C
t) — Uso o < —. 27
Ju(x, t) — tss (x) I i) B (27)
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Convergence of g(t)

When Y (M",[go]) < 0, we have proved the flow must diverge.

Theorem

IfY(M",[go]) <O, then the Yamabe flow (M", g(t)) starting from
(M", go) does not converge. In particular, g(t) = u(x, t)ﬁgo will
fail to remain uniformly equivalent to gy as t — oo, and both
|lu(x, t)||1 and the L? Euclidean-type Sobolev constant of g(t)
will tend to positive infinity.

Thus it gives a relatively clean picture of the Yamabe flow on
asymptotically flat manifolds.
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Divergence of the flow and the rescaled flow

The paper with Gilles Carron and Eric Chen discusses two
cases—one when Y (M",[go]) < 0, and the other when
Y(M",[go]) = 0. In both cases, the Yamabe flow (M", g(t)) blows
up at the rate of u(x,t) = O(t"%2). But the limiting profiles of
U(x,t) = = u(x, t) behave differently.
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Divergence of the flow and the rescaled flow

Theorem

(22, Gilles Carron, Eric Chen and W.)Let (M", go) be a C*T® AF
manifold with k > 3. If Y(M",[go]) < O, then the Yamabe flow
(M", g(t)) blows up at the rate of u(x,t) = O(t%2). Moreover,
U(x,t) = =" u(x, t) converges to a limiting function i, > 0,
where Uiy, is the unique solution to the prescribing —1 constant
scalar curvature equation:

(28)

~ ~ =N
—apQg oo + Rgylioo = — 5,
o =0 as |x| = oo.

v
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Divergence of the flow and the rescaled flow

4
In other words, %% go extends to the unique —1 constant scalar

curvature metric on (the compactified space) M.
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Divergence of the flow and the rescaled flow

('22, Gilles Carron, Eric Chen and W.)Let (M", go) be a CKt* AF
manifold with k > 3. If Y(M",[go]) = 0, then the Yamabe flow

2

(M", g(t)) blows up at the rate of u(x,t) = o(t's
words, ii(x,t) := T u(x, t) converges to 0.

). In other
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Divergence of the flow and the rescaled flow

When Y (M",[go]) = 0, the Yamabe flow (M", g(t)) blows up at

the rate of u(x, t) = O(tnTQ) (including the case o(t%)) as well.
But the limiting function cannot be positive everywhere on M, and
thus cannot be used as a conformal factor. By Harnack inequality

one can show that u(x, t) = o(tan) for all x.
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Divergence of the flow and the rescaled flow

Thus in order to describe the blow-up profile of the limit, one
needs more delicate estimate.

Theorem

For any compact set K C M, there exists a sequence {t;} — oo
and points x(t;) € K such that the renormalized sequence %
has a limit ¢(x) > 0 as t; — oo. ¢ is the unique positive solution
up to a multiplicative constant on (M, gp) that satisfies

—apAg, ¢+ Rg,¢ = 0. (29)

Moreover, ¢(x) has the decay rate ¢(x) = o(|x|?>~").
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The end

Thank you!
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