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ABSTRACT.

It is showed that the set of non degenerate properly embedded minimal surfaces with
finite total curvature and fixed topology in R’ has a structure of finite dimensional
real analytic manifold —the non degeneration is defined in terms of the space of Jacobi
functions on the surface which have logarithmic growth at the ends—. As application
we show that if a non degenerate minimal surface has a symmetry which fixes its
ends, then any nearby minimal surface has the same kind of symmetry. Finally, we
construct a natural Lagrangian immersion of the space of non degenerate minimal
surfaces, quotiented by certain group of rigid motions, into a Euclidean space with its
standard symplectic structure.

Mathematics Subject Classification: 53A10, 53C42.
Introduction.

It is known, see R. Bohme, F. Tomi, J. Tromba and B. White, [1,27,28,30,31] and refe-
rences there in, that several natural families of compact minimal surfaces admit a structure
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of —infinite dimensional-— smooth manifold. This fact is one of the hits of the theory of
minimal surfaces and allows the authors above to apply differential topology —Morse theory,
degree theory,...— on this space. In this way they obtain important results about existence,
number of solutions and qualitative description for these kind of surfaces. In this paper
we want to introduce this point of view in a class of non compact minimal surfaces without
boundary : the class of properly embedded minimal surfaces in R? with finite total curva-
ture. The simplest examples are the plane and the Catenoid. Some non trivial existence
results are obtained in Costa [4], Hoffman and Karcher [9] and Hoffman and Meeks [10].
Known non existence results say that in this family there are neither surfaces with positive
genus and one or two ends, Schoen [25], nor surfaces of genus zero and more than two ends,
Lopez, Perez and Ros [15,22]. Costa [5] shows that the space of surfaces with genus one and
three ends is parametrized by a halfline. Finally, Ros [24] describes the weak compactness of
the space for arbitrary genus and number of ends, and shows the strong compactness —up
to homotheties— of the space of surfaces of genus one and more than four ends. For more
details about the actual situation of the theory for this family, see the survey [9].

Denote by M the space of minimal surfaces of finite total curvature, genus k and r ends
—to avoid trivial cases we will suppose throughout this paper that £ > 1 and » > 3—, prop-
erly immersed in R? and with embedded horizontal ends —such an end must be asymptotic
to a plane or to a half-Catenoid—. These restrictions are verified, in particular, for the
embedded surfaces. We first show that the different natural topologies on M are equivalent.
Given M € M, the infinitesimal deformations of M in M are given by the space J (M) of the
Jacobi functions on M, i.e. functions v on M such that Lu = 0, L being the Jacobi operator
of M, which have logarithmic growth at the ends. We will show that dim J (M) > r + 3
for any M. If we denote by M* = {M € M : dimJ(M) = r + 3} the subspace of non
degenerate surfaces, then we will see that M* is an open subset of M and

M* is an (r 4 3)-dimensional real analytic manifold.

If M € M*, the tangent space at M is given by J(M). The unique embedded surfaces where
the dimension of J (M) is known are the Hoffman-Meeks [10] surfaces M}, of genus k < 37
and three ends. In this case, using a result of Nayatani [20], we have that dim J (M) = 6.
Thus the one-parameter deformation of these surfaces given in Hoffman and Karcher [9]
contains all the surfaces nearby My, up to dilatations preserving the vertical direction.

As application of the above result we show that

If M is non degenerate and invariant by an isometry of R® preserving the upper
halfspace, then all the surfaces nearby M have the same kind of symmetry.



Note that, as it was observed in [9], all known embedded examples admit symmetries of the
above type.

If G denotes the subgroup of direct rigid motions of R® preserving the upper halfspace,
we define a natural continuous map f: M/G — R* depending only on information about
the ends of the surface, and we show that

f MG — R* is a real analytic Lagrangian tmmersion.

In addition, we provide the second fundamental form of this natural Lagrangian immersion.

The basic idea of the arguments we will develope is the following: We want to parametrize
the set of minimal surfaces near a given one. So, we consider the constraint of vanishing
the mean curvature on deformations of the original surface. As we are working on non
compact surfaces with catenoid or planar type ends, we are obliged to take deformations
with logarithmic growing at infinity. Then the results are obtained via the Implicit Function
Theorem after a careful study of the mean curvature operator for graphs defined outside a
disk in the horizontal plane {x3 = 0}. In order to get the surjectivity of the differential
of the mean curvature operator, we need to control the space of logarithmically growing
Jacobi fields. Fortunately, when the analysis is transferred to the underlying compact surface
obtained from the finite total curvature assumption, the allowed singularities turn out to have
a nice behaviour in terms of the above operator.

Also note that, thank to the results of Meeks and Rosenberg [18] and Collin [3], when
the number of ends is greater than one, the finite total curvature assumption is equivalent
to the finiteness of the topology.

Finally we remark that Mazzeo, Pollack and Uhlenbeck [16], and also Kusner, Mazzeo
and Pollack [12] have obtained recently finite dimensional smoothness results for the moduli
spaces of others noncompact geometric objects: the space of solutions to the singular Yamabe
problem on a finitely punctured n-dimensional sphere, and the space of properly embedded
non minimal constant mean curvature surfaces in R° with finite topology. Our general
strategy and some of our statements are of the same type that those in [16] and [12] —they
also have a Lagrangian structure—. ;From the analytic machinery point of view, the main
difference between both approaches is that they use weighted Sobolev spaces while we are
able to work with functional spaces on the compactified surface whose elements are regular,
up to a finite dimensional subspace of functions with given singularities.



1 Embedded minimal ends.

First of all, we will expose some well-known facts about minimal surfaces, for more details,
see Osserman [21] and Hoffman and Karcher [9], and as a direct consequence we introduce
the graph coordinate for properly embedded minimal ends with finite total curvature. Con-
sider a conformal minimal immersion ¢ : M — R? of an orientable surface M into the
three-dimensional euclidean space. Denote by g and w the meromorphic function and the
holomorphic one-form determinated by the Weierstrass representation of v,

¢:<%<ﬁ—/g2w),Real/gw)ECXRER?’. (1)

Recall that g is the stereographic projection from the North Pole of the Gauss map of ¢. If
1 is complete and its total Gaussian curvature [,, KdA is finite, then M has the conformal
type of a finitely punctured compact surface M — {pi,...,p,}, and the Weierstrass data
extend in a meromorphic way to M. In particular, the Gauss map of ¢ is well-defined at
each p;. The points py,...,p, will be identified with the ends of ). We remark that in this
family, completeness is equivalent to the properness of 1) —recall that 1 is said to be proper
if {||¢¥| < R} is compact for any R > 0—. Assume that 1 has parallel embedded ends
—these conditions are verified, in particular, when ¢ is an embedding—. Suppose also that,
after a rotation in R” if necessary, its Gauss map N takes vertical values at the punctures p;.
Properly embedded minimal ends with finite total curvature are characterized in terms of
their Weierstrass Representation: such an end must be asymptotic to an end of a Catenoid
or of a plane. If we suppose that the normal limit vector at p; is (0,0, 1), the Weierstrass
data of v in terms of a conformal coordinate z centered at the end p; are given by

o) =2 b= <
where k € N and g, f are holomorphic functions such that g,(0) # 0, f(0) # 0. So, (1)

yields
¥(z) = (% (W - / g;—fdz> ,Real / g1 f? dz) :

where f; is holomorphic in |z| < . We should impose (¢?f)'(0) = 0 and, when k = 1,
(91£)(0) € R in order to insure that the last expression is well-defined. Thus we can write

o) = (2 ~atog il + ). 2)



where ¢ is a smooth non vanishing complex valued function in {|z| < ¢}, a € R and ¢, is
harmonic in {|z| < e}. When k& = 1, a does not vanishes and 1 is asymptotic to an end
of a vertical Catenoid with logarithmic growth a. If £ > 2, the third coordinate function
is bounded and 1 is asymptotic to the end of a horizontal plane. These cases are usually
referred as Catenoid end or planar end, respectively. Symmetrically, if the limit normal at
the end is (0,0, —1), the Weierstrass data are g(z) = g1(2)2*, w = f(2)272dz and a similar
argument gives ¥ (z) = (@, —alog |z| + tl(z)>, with ¢, a,t; as above.

Take an end p; of ¢» where N points to (0,0, 1). We have from (2) that, with the notation
Y = (w1 + iwy, x3), after inversion in C of x; + izy we obtain a new —non conformal—

coordinate w on M, satisfying w = ﬁ = ﬁ such that

wlw) = (5, —aloglul + b)) ®)

with h a smooth real valued function in |w| < 6. We will say that w is the graph
coordinate at the end p;. Symmetrically, if N(p;) = (0,0,—1) we had obtained ¢(z) =
(@, —alog |z| + tl(z)), and in terms of the graph coordinate w = zlim = %, the same
expression (3) holds. We can associate to each end p; of M the logarithmic growth a
and the height h(0): If p; is a Catenoid end, its logarithmic growth coincides with the
one of the asymptotic Catenoid, and its height differs of the third coordinate of the cen-
ter of the asymptotic Catenoid in the term alog|3|. When p; is a planar end, its loga-
rithmic growth vanishes and its height coincides with the height of the asymptotic plane.
Also note that if v is a closed curve around p;, the logarithmic growth can be obtained
by [,n ds = 2ma{N(pi),es)es, n being the unit conormal vector along v and ez = (0,0, 1).
We will denote by log(v) = (a,...,a,), height(¢)) = (by,...,b,), the lists of logarithmic
growths and heights of the ends of .

We remark that any minimal surface which is a graph on the domain {|z; +izs| > 3} has
finite total curvature at the end —this follows, for instance, from Fischer-Colbrie [7] because

the end is complete and stable—, so it admits the representation given in (3).

FMcR isa properly embedded minimal surface with finite total curvature, then its
ends py,...,p, are naturally ordered with respect to the x3 linear coordinate. This order
coincides with the lexicographical order of the pairs (logarithmic growth, height) at the
punctures. The maximum principle at infinity, see Langevin and Rosenberg [14] or Meeks
and Rosenberg [17], implies that for different ends of M the above pairs are different.



2 The mean curvature operator at an end.

Let ¢ > 0. Consider a not necessarily minimal immersion 1 : {0 < [w| < e} — R’ of the
type
1
v(w) = (-, —alog vl + hw)). e

where a € R and h € C**({Jw| < ¢}), the usual Holder space. Put p = |w| and v =
—alog p + h. The induced metric ds* = (g;;) is given by

1
gw(w) = E (513 —+ p4DZuDJu) , (5)

where 0;; = 1 if ¢ = 7, 0 otherwise, and D;u denotes the corresponding first derivative of u.
If we denote by dA —resp dAy— the measure associated to the metric ds? —resp. |dw|*—,
(5) implies that

Q3

dA = FdAO’ where Q=1+ p"|Voul? (6)

and the subindex ey denotes that the corresponding object is computed respect to the flat
metric of the w-plane. As u = —alogp + h, we get that p?Dyu = —a(w, e;) + p>D;h lies
in C*({|w| < €}) and depends analytically on its three variables a,w and Vyh. Also,
Q =1+ p*Qy, where

Q1 = 0’| Voull* = a® + p*||Voh||* = 2a{w, Voh).

Hence, Q,Q, € CY*, and Q, Q1, gij, dA are analytic in its three variables.
The Gauss map of ¥ is given by

N=Q3 (UQVOU, 1) — Q3 (_m + W Vh, 1) , (7)
where wW?*Vyu means the product of the complex numbers w? and Vu.

Lemma 1 In the above situation,

1. The Gauss map N is a CH*({|w] < 5},R3)—valued map which depends analytically on
its variables (a,w, Voh) € R x {Jw| < e} x C.

2. If {e1, es,e3} is the usual basis in RB, the functions (N, e1), (N, es),det(y), N, e3) lie in
Cho({lw| < €}), depend analytically on its variables a, w and Voh and vanish at the
puncture w = 0.



3. The support function of 1 is given by (¢, N) = —a(N, es3)log p+ f(a,w, h, Voh), where
f e C>({|w| < e}), takes the value —a + h(0) at w = 0 and depends analytically on
its variables (a,w,h,Voh) € R x {Jw| <e} x Rx C.

Proof. 1is a direct consequence of (7) and the above comment about (). Concerning 2, we
only have to compute det(i, N, e3) from (4),(7):

det(s, N, e5) = det ((--,0), @ (—am +@*Vh, 0),(0,1)) =

—Q %, —aW + WVoh) = —Q 2Real (iwWV,h).
Finally, from (4) and (7) it follows that
(b, N) = —a(N,e3)log p+ (N, e3) (—a + Real(wVoh) + h) .
This concludes the proof.

On the other hand, as 1) can be viewed as the graph of the function u(zy + izs) with
T+ 1Ty = i, its mean curvature is given by

2H(l’1 —FZ.%'Q) = diVl (L> 3

1/1 + ||V1u||2

where the subindex e; means that the object is computed in the Euclidean geometry of the
parameters x; + tx2. Using that

P (Vou)(w) = (Viu) (1 + ixy), and div, (p*Y) = p*diveY

for any vector field Y on {0 < |w| < €}, we conclude that the mean curvature of ¢ in terms
of the parameter w is given by

2H = p* divy ( Vou ) = p* divg (Q_%Vou) ) (8)
V1+ Y[ Voull?

The next structure result for the mean curvature operator at one end will play a key role in
what follows.




Proposition 1 Lete > 0,a € R and h € C?**({|w| < €}). Denote by H the mean curvature
function of the immersion ¥ : {0 < |w| < e} — R> given by ¥(w) = (%, —alogp + h(w)),
where p = |w|. Then, p1—4H 1S a operator of the type

1
;H =Y aij(w,a, Voh) Dizh 4 b(w, a, Voh), (9)
i

which depends analytically on its variables a € R, |w| < ¢, Voh € C and V2h € Sy(R), the
space of real symmetric matrices of order 2. In particular, it is C*({|w| < €})-valued.
Proof. ;jFrom (8) we have

2 1 1 1 1 1

EH = divg (Q7§V0U> = Q72 Agu+(Vo(Q2), Vou) = Qfﬁth—§Q7%<VoQ,VOU>- (10)

To prove the analyticity of p%H we only need to check this fact for the last inner product of
the expression above. But

(Vo@Q, Vou) = (Vo(p*Q1), Vo(—alog p + h)) = (2Q1w + p°VoQ1, —ap—l; + Voh) =

= —2aQ), — a(Vle,w) + <2wQ1 + p2V0Q1, VQh>, (11)
which is analytic on its variables, as we claimed. Hence, p1—4H lies in C'“, and the expression
(9) follows directly from (10), (11). This completes the proof.

Remark 1 By simple computation we can show that given C' > 0, the operator p~*H is
uniformly elliptic on the pairs (a,h) such that |a|, p?||Voh| < C, and that b(w,a, Voh) is
uniformly bounded on the pairs (a,h) with |al|, p||Voh| < C.

Lemma 2 Consider & > ¢ >0, a € R and h € C*({|w| < €'}) such that the immersion
¥ {0 < |w| <&} — R? given by w(w) = (i, —alogp+ h(w)) is minimal. Then, the map
E: RxC*({lwl<e}l) — Rx "2 ({Ju] <e}) x C5 ({Jw] = €})

(b7 f) = (b7 p—lle(b, f)7 f|{|w\:5}> )

where H(b, ) is the mean curvature of the immersion w +— (i, —blog p + h(w) +
0 < |w| < e, is a real analytic local diffeomorphism around (a,0), for any k > 2.

8



Proof. From Proposition 1 we conclude directly that E is real analytic. In order to compute
the differential of E at (a,0), we need the following fact that will be proved in section 5:

D (iH) (b, F) = ST (BN ey logp + ). (12
P o) 2

for any (b, f) € R x C* ({Jw| < €}), where L = A + ||[VN||? is the Schrédinger operator
associated to the extended Gauss map N : {jw| < &'} — S%(1) of ¢, A,||[VN||? being
the laplacian and the square length of the gradient of N respect to the Riemannian metric
ds? = p'ds? obtained from (5). Hence, (12) yields

1—
DEao(0, 1) = (b 5T (<b(Noes) ogp+ 1) Flyuisy )
If (b, f) € Kernel (DE(%O)), then b = 0 and f is a solution of the problem

{ff:O in {Jw| <e}
f=0 in {Jwl =c¢e}

As (N, e3) is positive in {|Jw| < e} and L(N,e3) = 0, it is a standard fact that the first
eigenvalue for the Dirichlet problem

Lu+X =0 in {|w|<e}
u=0 in {Jw| =¢}

is positive. Hence f vanishes identically and so, DE(, is injective. ;From Proposition
1 and (12) we have that L (—b(N,e3)logp) € C* 2« ({|lw| <e}). Hence, given b € R,
v € CF 22 ({lw| < ¢e}) and ¢ € C** ({|w| = €}), linear elliptic theory [8] insures that there
exists f € CP* ({|w| < €}) satisfying

{ Lf=2v—L(=b(N,e3)logp) in {|lw|<e}
f=¢ in - {lw| = e},

hence DE(,0)(b, f) = (b,v,¢). Now lemma 2 follows directly from the Inverse function
theorem.

Also note that the maximum principle at infinity, see [14], implies that given b € R,
p € CP ({Jw| = €}), there is at most one function f € C* ({|w| < }) such that E(b, f) =

(0,0, ).



3 The topology of the space of minimal surfaces.

Let £ the space of properly embedded minimal surfaces in R? with finite total curvature,
horizontal ends and fixed topology —genus k > 1 and r ends, r > 3—. The absolute total
curvature of the surfaces in £ is 4w (k + r — 1), [11]. In this section, we will show that

the different natural notions of convergence in the space £ are equivalent. Let M, € &,
n=12,...,and M, € €&.

1. We say that {M,}, converges to My, as subsets if M., = {p € R® : there exists
a sequence p, € M, with p, — p}. This is the same that the convergence for the

Hausdorff distance on compact subsets of R’

2. We say that { M, }, convergesto My, smoothly if for any relatively compact subdomain
Q of M., for any embedded tubular neighbourhood of €2 in R, Qe) ={p+tN(p) :
p € Q, |t| < e}, e > 0 small enough, N, being the Gauss map of M, and for each
n large enough we have that Q, = M, N Q(e) consists in a —single— graph over (2,
p € Q+— p+ u,(p)Noo(p), and the sequence {u,}, converges to zero in C*(Q), for
any k > 0.

3. Let M,,, M, be the compactified surfaces obtained from M,,, M, respectively. Con-
sider the r-dimensional vector space, r being the number of ends of M., spanned by
r functions fi,..., f, defined as follows:

3.a. fi € C°(My — {pi}), where pi,...,p, are the ends of M.

3.b. In the graph coordinate w for M, around p;, fi(w) = log |w|, and f; vanishes in
a neighbourhood of each p;, for each j # 1.

We say that the sequence {M,}, converges to M, smoothly if there exists a vector
field N € C’OO(MOO,RB) transverse to M., which takes the values te3 outside some
compact subset of M, such that for each n large enough, M, is a global N -graph over
My, p € My — p+ u,(p)N(p), where u,, = @, + v, ©n € Span{fi,..., fr}, v, €
C*(My), ¢n — 0in Span{fi,..., f.} and v, — 0 in C¥(M), k > 0. We remark
that this convergence is independent of the choice of N.

The relation beetween these three types of convergence is stated at the following result:

Theorem 1 Given {M,}, C € and My, € &, the following assertions are equivalent:

1. M, — M., as subsets.

10



2. M, — M., smoothly.
3. M, — M., smoothly.

Proof. Clearly 8 =2 =1. Suppose we have 1. It follows from the arguments in
Choi and Schoen [2], and White [29], see also Ros [24], that there exists a subsequence
{M}y C {M,}, such that M, converges smoothly with finite multiplicity on compact
subsets of R® — X , X being a finite subset, to a properly embedded minimal surface M/ .
It is clear that we must have M/ = M,,. Moreover, if X # (), we know that given a small
neighbourhood U of X, the total curvature on U N M, is near a positive multiple of 47 for
n' large enough. As C(M,) = C(M), where C(e) denotes the absolute total curvature
enclosed in the corresponding domain, we conclude that X = () and M, converges to M,
uniformly on compact sets of R’ with multiplicity one, i.e. M,, — M., smoothly. Note
that this argument also proves that every subsequence of { M, }, has a smoothly convergent
subsequence to M,,. This fact is equivalent to M,, — M., smoothly, so we have proved that
1 implies 2.

Assume now that assertion 2 holds. Note that all the surfaces M,,, M., have the same
absolute total curvature. Take § > 0 small and consider the relatively compact subdomain
Q) C M, obtained by cutting M, with a vertical solid cylinder {|z; +izs] < R} x R, with R
large enough in such a way that C'(M.) — C(Q2) < 2. Hence, for n large enough, the domain
(2, obtained by the same procedure with M,, instead of M, will verify C'(M,,) — C(Q2,) < 9,
and €2, is a graph over 2. We can also suppose that along 0€2,,, the relation |(N,,e3)| > 1—4¢
holds, where N, is the Gauss map of M,,, and that each component of 0€2,, projects injectively
into the (21 + ixs)-plane. As N, is an open map, it follows that either [(NV,,e3)| > 1— ¢ on
M, — Q,, or the spherical image N, (M, — ,) has area near 4w. As the second possibility
cannot happen, we conclude that the projection of each component of M, — Q,, into {|z; +
ixy| > R} is a proper local diffeomorphism, so this projection is necessarily globally injective
on each component, or in other words, for n large enough, M, is a global N-graph over M.,
for a suitable chosen transversal section N verifiying the conditions of definition 3. Let u,
be the function defined by this graph. From the smooth convergence of M, to M., we get
the convergence of the logarithmic growths of the ends of M,, to the logarithmic growths of
the ends of M., —this holds because that growths can be computed as the integral along
each component of 0f2,, of its conormal vector—. Hence, with the notation of definition 3,
the component of u,, in Span{fi,..., f.} converges to zero. In the notation of lemma 2, this
implies that for n large enough, if M,, is written as w — (i, —by log p+ h(w) + {]’\’,(:;D around
an end p;, where b, € R and f, € C* ({|w| < }), then {b,}, — 0 and falfjuwj=ey — 0'in

C* ({|w| = €}) for any k > 0. Thus, E(b,, f,) = (bn, 0, fn|{‘w|:€}) lies in a neighbourhood of

11



(a,0,0) in R x C*=22 ({|w] < e}) x C%* ({|w| = ¢}) where the map F in lemma 2 is bijective.
As the maximum principle at infinity [14] insures that b, fu|{, -, determine uniquely to
fo(w), |w] < e, it follows from lemma 2 that {f,}, converges to zero in C** ({|w| < ¢}) for
any k > 2. This concludes the proof.

Although we have stated theorem 1 for the case of embedded minimal surfaces for the
sake of clarity, the result extends to the space M of simple proper minimal immersions with
finite total curvature, embedded horizontal ends and fixed topology. An immersion is called
simple, following [31], if it gives an embedding when restricted to some open dense subset
—for proper minimal immersions this is the same that to assume that the immersion does not
factorizes through a non trivial covering map—. We will consider on M the above topology.
So, £ C M and it can be shown, use for instance theorem 1 of [24], that £ is closed in M.
In spite of we are mainly interested in the embedded case, it could happen that arbitrary
nearby surfaces to an embedded one were not embedded but only simply immersed —this
is possible only if two different ends of the embedded surface have the same logarithmic
growth—. So, we will also consider this kind of immersions. For the remainder of the paper,
by a proper minimal immersion we will mean a simple proper minimal tmmersion, and this
surface will be represented by M — R® or ¢ : M — R? indistinctly. As there is not a
natural order for the ends of a surface in M we will consider all possible orders and we will
view different orders as different surfaces. The topology of M will be modified, correspondly,
in an obvious way to be sensitive to the order of the ends.

4 The Jacobi operator.

Let M € M, and M = M U {py,...,p.} the associated compact Riemann surface. Put
N : M — S?%(1) the extended Gauss map and ds® the induced metric on M. Take a
function A\ € C*(M) such that around each end p;, A(w) = p~* in terms of the graph
coordinate at p;. Then (5) implies that ds* = %ds2 is a Riemannian metric on M compatible
with its complex structure. The Jacobi operator of M is L = A+ ||o|* = A+ ||V N|?, where
A is the Laplacian of ds? and ||o||* the square length of the second fundamental form of
the embedding. In certain sense, this operator is the Hessian of the Area functional. A way
to understand the geometric role of L is the following: take {M;}y<c, My = M a smooth

deformation of M and denote by H(t) the mean curvature of M;. Calling u = (% o Wy, N,

where 9, : M — R is a smooth family of immersions such that 1; represents the surface

12



M, we have —see for instance [30]—

d 1
— H(t) = = Lu. 13
|, HO =50 (13)

In particular, the equation Lu = 0 corresponds to an infinitesimal deformation of M by
minimal surfaces. A function u satisfying the last equation is called a Jacobi function on M.
The operator L can be “compactified” to a Schrédinger operator L = AL = A + |[VN||? on
M, where ® means that the corresponding object is computed respect to ds.

Let B = B(M) C C**(M) the space of functions v such that in the graph coordinate w
around the end p;, i = 1,...,r, are given by

o(w) = —ar(N, e3) log p + ufw) (14)
with a; € R and u € C**({Jw| < €}). Consider the r-dimensional space V = V(M) =
{ua : a € R"} C B whose functions are given by u, = —(N,e3) >0_, a;fi;, where a =
(ar,...,a,) € R"and fy,..., f, are the functions which appear in the definition 3 of section

3. Thus around each p;, u, is given by ug,(w) = —a;(N, e3) log p. Clearly B =V & C?**(M) =
{ug+u:ac R ue C*¥(M)}. Hence, B becomes a Banach space with the natural norm
on each component, and the topology of B is independent of the choice of fi,..., f.. By
identification of B with R" @ C2*(M), we will see in section 5 that L is the differential of
a real analytic operator defined in a neighbourhood of (log(M),0) in R" @ C?*(M) with
values in C*(M), hence L : B — C%(M) is a bounded linear operator. In particular, uLv
—resp. uLv— is ds*-integrable —resp. ds?-integrable—, for any pair of functions u,v € B.
Given a function v € B,v = ua +u € V & C**(M) we define

Log(v) = a, Height(v) = (u(p1)(N(p1),€3), ..., u(p){N(p.),es)).

Hence we have two bounded linear operators Log, Height: B — R". Lemma 1 says that
(N,e1), (N, es),det(p, N,e3), p being the position vector on M, lie in B and Log, Height
vanish on these functions. It is clear that also (IV,e3) € B and Log({N,e3)) = (0,...,0),
Height((N, e3)) = (1,...,1) € R". Furthermore, it follows also that the support function
(p, N) € B and Log((p, N)) = log(M), Height((p, N)) = height(M) —log(M), where log,
height are defined in section 1. These linear operators Log, Height be related with the
differential operator L by means of a skew-symmetric bilinear form:

Lemma 3 Given u,v € B, we have
/ (uLv —vLlu) dA = /_(ufv —vLu) dA =
M M

= —27 [(Log(u), Height(v)) — (Log(v), Height(u))], (15)
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Proof. Assume that in the graph coordinate around the end p;, i = 1,...,r, the functions u
and v are given by u(w) = —a; (N, e3) log p+ul(w), v(w)= —b;(N,e3)logp+vi(w), u, v}
being C?“-functions around w = 0. So,

Log(u) = (a1, ...,a,), Height(u) = (u}(0)(N(p1),e3),...,u.(0)(N(p,),e3)),
Log(v) = (b ... b,), Height(v) = (t}(0)(N(p1). es), -, v'(0)(N(p,), e5)).

Consider a conformal coordinate z centered at p;. Thus, w = t(z)z or w = t(2)z for
some smooth complex valued function ¢ with ¢(0) # 0. In the new parameter we have
around p;, u(z) = —a; (N, e3) log|z| + u(z), v(z) = —b;(N,e3)log|z| + v/(z), where u] =
u, —a; (N, e3) log|t(z)| and v = v} — b;(N, e3) log |t(z)|. Note that the sum in the right-hand
side of (15) is equal to

=27 > _ (a;v](0) — buf (0)) (N(p1), €3)-
i=1
Denote by D(p;,r) the conformal disk {|z| < r} around p;, and M(r) = M — Ul_,D(p;,r).

Then 5 5
v u
ulv —vLlu) dA = u— —v— | ds,
/M(r)( ) OM (r) < on 677)

where dA, ds are measured in the induced metric by v, and 7 is the exterior conormal field
to ¢ along OM (7). As the last integral is conformal-invariant, it can be written on each disk

as — f{\z\:r} (u% — v%) |dz|, where z = re®. By using the above local expression of v we
have 9 1
v
— = —b;(N, e3)— + lower order terms,
or r

where the not specified terms grow at most logarithmically. A similar expression can be

obtained for u. Thus,
- u@ - v@ |dz| =
{zl=ry \ Or " Or N

1 1
=— <—u(z)bi(N, es)— + v(z)a; (N, e3)— + lower order terms> |dz| =
{|z|=r} r r

1
- _/ (uf (2)bi (N, e3) — v (z)ai(N, es)) |dz|+0(1) = 27 (v (0)b; — v (0)a;) (N, e3)+o(1),
7 J{|zl=r}
o(1) being an expression whis converges to zero as r goes to zero. This completes the proof
of the lemma.
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We are now interested in the Kernel and Image of L : B — C®(M). For any X C C*(M)
we will represent its L?-orthogonal in C*(M) respect to the metric ds? by X+ c C*(M).
Note that for any finite dimensional subspace W C C®(M) we have that C*(M) = W ¢ W+
and W+ = W. Moreover, if W' C C%(M) is a subspace with W+ C W’ then C®(M) =

W'® W' and WL+ = W’ are also true. Consider in the Banach space B the subspaces
J =J(M) = Kemel(L), K=KM)=C**(M)nJ, and Ky=Ko(M)=L(B)"

By linear elliptic theory [8] we know that K = Kernel (Z \Cg,a(ﬁ)> C C*®(M) has finite
dimension and that L(C?*(M)) = K+. Thus, Ky = L(B)t C L(C**(M))* = K+ = K.
Moreover, as L(B) contains K1, it follows that L(B) = L(B)*+ = K. The space K consists
of the Jacobi functions on M which are bounded at the ends.

Lemma 4 In the above situation,
1. Ky={vekK:v(p)=0, 1<i<r}
2. dimJ = r +dim K.

Proof. Given v € K, we have v € Ky if and only if fz7vLudA = 0, Vu € B. Using (15), the
last equation is equivalent to

0= /M uLv dA + 27 [(Log(u), Height(v)) — (Log(v), Height(u))] =

— 27 (Log(u), Height (v)),

for each u € B. This gives 1. Concerning 2, consider on the r-dimensional space V defined
just after lemma 3, the decomposition V' = V& Vs, where Vi = {u, : Luy € L(C**(M))} and
V4 is a suplementary subspace. Hence, L is injective on Vy and L(B) = L(V,) & L(C**(M)).
In particular, dim Ky = codim L(B) = codim L(C%**(M)) — dim L(V5) = dim K — dim V5,
that is

dim Ky = dim K —r + dim V;. (16)

Now consider the natural projection B — V restricted to J, m: J — V. It is clear that
Kernel(w) = K. Furthermore, given v € J, v = ua+u, us € V, u € C**(M), it follows that
0 = Lv = Lu, + Lu and so, m(v) = u, € V. Also, for any u, € V; there exists u € C%%(M)
such that Lu = Lu,, that is, uy —u € J. Thus 7(J) = V; and then

dim J = dim K + dim V4. (17)
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iFrom (16) and (17) we conclude the proof of the lemma.

It is well-known that vector fields in R® whose flow consists on isometries —Killing
Fields— or dilatations induce on M Jacobi functions. As our surface has horizontal ends,
this insures the following set of bounded Jacobi functions, see lemma 1:

Killing = Span{(N,e1), (N, ea), (N, e3),det(p, N,e3)} C K,
p being the position vector on M. We will call Killing, = Killing N Ky. Then, it follows that
Killing, = Span{(N,e1), (N, es),det(p, N,e3)} C Ko.

Moreover, the support function (p, N) lies in J. If Killingy = Ky, we will say that M is a
non degenerate minimal surface. This condition insures a nice behavior of the set of minimal
immersions near M, as we will see in theorem 2. As we are assuming that the genus of M
is as least one and the number of ends is as least three, it follows that the symmetry group
of M is always finite and thus, dim Killing = 4 and dim Killingy, = 3. Note also that the
assumption K = Killing implies that Ky = Killingg. As a direct consequence of lemma 4 we
have

Proposition 2 With the notation above, dim J (M) > r + 3, and the equality holds if and
only if M is non degenerate.

Soret [26] has shown that dim J (M) > r — 5 — 2k, k being the genus of the surface.

5 The smoothness of the space of minimal surfaces.

Let us return to our orientable proper minimal immersion ¢ : M = M —{py,...,p.} — R’
with finite total curvature and embedded horizontal ends, M € M. Put ¢ = (¢q,...,¢.) =
log(M) the list of logarithmic growths of 1. As we saw in section 1, ) can be written in the
graph coordinate w around each end p; as

o(w) = (. ~ciloglul + hw) ) (18)

with h € C=({|w| < €}). Consider a family ¢, : M — R®, where a = (ay, ..., a,) varies in
a neighbourhood A C R" of ¢, of immersions such that
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1. The family is smooth in A x M,

2. for each end p;, the expression of 1, in terms of the graph coordinate w, |w| < e, is
given by wa(w> = (ia —a; log |w‘ + h(w))

3. e = 1.

Let N : M — R’ be a smooth map such that (N,N) =1on M, and N = meg in
{|w| < €} for each end. Theorem 1 insures that given M € M, there exists a neighbourhood
of M in M such that each minimal surface in this neighbourhood is represented by ¥, + uN
for suitable a € R", u € C°°(M) near ¢ = log(M), zero, respectively.

Given u € CQ’“(W)vsmall enough and a near c, consider the immersion 1, + uN. Let
H(a,u) = NH (¢ + uN), where H (1), +uN) € C*(M) is the mean curvature of ¢, + uN,
and A € C*°(M) is defined at the beginning of section 4. Note that around an end p; of 1,
Vo + uN can be written in terms of the graph coordinate w as

(Ya +ulN)(w) = <%, —a;logp+h+ <Nu€3>> ) (19)

As H(a,u) = p~*H (s + uN), proposition 1 yields

Lemma 5 There exist neighbourhoods U of the origin in C%*(M) and A of ¢ in R" such
that the map H : A xU — C*(M) is a real analytic operator.

We will denote by M, , the surface determinated by the immersion v, +uN: M — R3,
(a,u) € AxU. Nearby minimal surfaces to M in M can be represented by points of A x U,
see section 3, and in this neighbourhood, which will be denoted by M N (A x U), both
topologies coincide. Given My, € M N (A x U) we can realize the r-dimensional space
V(Ma.) = {us : & € R"} in section 4 as follows: consider the curve a(t) = a + ta with
a= (ay,...,a,) € R and the function on M, us = <%L70 VYag); Nau), where Ny, is the
Gauss map of M, ,. By using the form of the deformation 1, at the ends we deduce that in
the graph coordinate for M around p;,

d

21 e = (0,0, —a, log p).
o t:Ow(t) ( a;log p)
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As consequence, ua(w) = —@;{Nau,€3) log p has the required expression in terms of the w-
coordinate, see section 4, and so, B(Ma,) = V(M) & C**(Ma,,). If we consider @ €
C?**(M) we have from (13) that

d

dt 1La,u (ué+u<ﬁa Na,u>) )

H (@/)a(t) + (u+ tu)f\f) =3

t=0

L, ., being the Jacobi operator of M,,. By means of the isomorphisms a — u, and @ —
(N, Na,), note that we can assume (N, N,,) smooth and positive everywhere, we can

identify R" with V(M,,) and C**(M) with C**(M,,). With these identifications the

above arguments give
Lemma 6 If M,, € M N (A xU), then the differential of H at (a,u) is given by
2DH(au) = Lau : B(Mau) — C*(Mau),
where fa,u = AL, is the compactified Jacobi operator of Ha,u.
The arguments above also prove the equation (12) that we used in the proof of lemma 2,
and that L : B(M) — C%(M) is bounded as we claimed in section 4.

Lemma 7 Let A, U as in lemma 5. Then, the mean curvature function H(a,u) ofwa+uﬁ,
(a,u) € A XU, is orthogonal to (Nau,€1), (Nau,€2), det(ta + uN, Nay, €3), where Na,, is
the Gauss map of s +uN.

Proof. Take an element (a,u) € A x U and consider the immersion h + uN. Given € > 0
small, consider the compact domain M (g) in M obtained by removing around each end p;,
1 <i < r, a neighbourhood {|w| < €}, where w denotes the graph coordinate for ¢ at p;.
Hence, 15 + uN has r components outside M (¢), and each one can be written as

_ 1
(a+ W) (w) = (- —aloglul + ha(w)), o] <<,
where a € R and hy € C**({Jw| < €}). Then

2/ a u Nau dAau / Aau(wa +UN) dAau = / Na,u dsa,ua
OM(e)
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where subindex e, ,, denotes that the corresponding object is computed in the induced metric
by Y. + uN and 7, ,, is the exterior conormal field to ¥, + uN along OM (e). Analogously,

2/ H(a,u)det(¢q + uN, Nau, e3) dAay :/ det(1a + uN, Nau, €3) ASau-
oM

()

We can parametrize OM (g) by r disjoint copies of w = e, 6 € [0,27]. Put

0x(60) = (v + ul)(ee?) = (= 0(w)).

where v = —alog |w| + hy. Then, 7, 4,dsau = —a. A Nay df. On the other hand, (7) gives

1
Nau = T
’ V1420,

Derivation of . respect to 6 yields o = (%, (1w, VOU>), hence

(@2V0’U, 1)

1 1 \Y%
AL A Nay = ﬁ ((iw, Vm;)i@QVOv — 5,52Real (%)) .
JFrom Vou = — 5w + Vghy, we can deduce that

tatsan = [ (210) + (2 4 0. 0401 ) | 0 20

where O;(g*) denotes a function of €, 6 such that e7*O;(¢*) is bounded as € goes to zero, and
01, O3 are real valued. From this we can deduce that

2 1
lim Nau dSay = lim [/ (— a) df + / d@} = 2maes.
£=0 J{jw|=e} =0 LJo

This proves that H (¢ + uN) is orthogonal to (Naw,€i), i =1,2. Finally,

/ det (wa + UNa Na,u, 63) dsa,u =
{lw|=¢}

_ /{|we} det <(l, 0), (M + Os(22), 0) (0, 1)> 40 —

w w

0), (0x(2),0),0,1) ) .

1
w

= det (
{Jw|=¢} (
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As the last expression converges to zero as € goes to zero, the lemma is proved.

As Weierstrass representation gives that minimal surfaces in M can be expressed by
means of meromorphic data verifying a number of analytic constraints —about order of poles,
residues, periods,...— it follows that M is a real analytic set. A global explicit description of
M from this point of view could be useful, see Pirola [23] for a related situation. A natural
question is to find conditions that imply the smoothness of M around one of its elements.
Denote by M* C M the subset of non degenerate minimal surfaces.

Theorem 2 M* is an open subset of M. Moreover, M* is either empty or a (r + 3)-
dimensional real analytic manifold.

Proof. Consider M € M*, and take neighbourhoods U of the origin in C?*(M) and A of
c = log(M) in R" such that lemma 5 holds. Consider the map

F: R*xAxU — C*(M)
(dl,dz,dg,a, U) — F(a, U) — d1<Na7u, €1> — dg(NaﬂL, €2> — d3 det(wa + UN,Nam,@g)

where N, ,, is the Gauss map of wa—l—uﬁ . As H is regular, it follows that F is also real analytic.
If (a,u) € M N (A xU) represents a minimal surface near M, then using the identifications
in lemma 6 we deduce that the differential of F' at (0,a,u), DFau) : R® x B(Ma.) —
C%(Ma,) is given by

1 N
DF(O,a,u) (dh d27 d37 U) = aLa,uU - dl <Na,u7 61) - d2<Na,u7 €2> - d3 det(wa + UN, Na,ua 63)'

Using that Lau(B(Ma,)) = Ko(Ma,)* it follows that Kernel(DFgau)) = {0} x T (May) =
J(Ma,,). Evaluating at M, ie. taking a = ¢ and u = 0, our assumption in the statement
of the theorem gives that DF{g ) is surjective and its kernel is (7 + 3)-dimensional. Using

Implicit function theorem we find a neighbourhood W of (0, c,0) in R* x A x U such that
V= F~1(0)NW is a real analytic (r + 3)-dimensional submanifold of W. From lemma 7, V
contains only minimal immersions, hence V C {0} x A xU = A x U. Moreover, the tangent
space of V at My, is J(M,,) and so, ¥V C M*. In particular, M* is open. To conclude
the proof of the theorem it remains to prove that the above analytic structures —which
are defined only in a neighbourhood of each point of M*— are all compatible and so, they
define a global real analytic structure on M*. Even more: by coherence reasons we want
to prove that given M € M*, the local analytic structure around M constructed above is
independent of the particular choices of ¥, and N. All these facts are a direct consequence
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of the following argument —recall that an immersion determines uniquely the differentiable
structure of the immersed manifold—. Given ¢ > 0, let M7 be the set of surfaces M € M
such that the procedure above —i.e. the choice of 1, and N and the construction of the
analytic neighbourhood V = V,;— can be applied by using the w-coordinate around each end
of M over the disk {|w| < e}. Thus, M? is an open subset of M. Consider the continuous
map j : M — R x C?*({|Jw| < §}), with & €]0,¢[, given by j(M) = (ar,u;), if M is
represented in the w-coordinate around the end pq, |w| < &, by w +— (%, —ay log p + ul). It
Vu C M, then j is clearly analytic on V), —j is linear in the arguments (a, u) because of
(19)—. Moreover v € J(Ma), May € Vi, lies in Kernel(Djyy, ) if and only if v vanishes
around the first end of M,,. Thus Jacobi equation and the unique continuation principle
imply that j is an immersion when restricted to V), —the aditional splitness condition for
immersions in our setting, see [13], holds because M* is finite dimensional— As given
M, My € M* we have that their analytic neighbourhoods Vi, , Vi, are contained in M} for
some ¢ > (0 small enough, we conclude that both structures are compatible at the points of
Var, " Vag,. The same argument shows that two different analytic structures around M € M*
are compatible, and the theorem is proved.

The following result lets us handle easily the smoothness in the manifold M*:

Lemma 8 Let § > 0, M € M* and ¢y : M — RB, [t| < 0, be a smooth family of
immersions —in the sense that (t,p) —— y(p) is smooth— such that 1, represents an
element M, € M* with My = M. Then, the curve t — M; € M* is smooth and its velocity

vector at t = 0 is given by u = (%t t*O’N> € J(M), N being the Gauss map of M.

Proof. We will prove the lemma for 6 > 0 small enough. The general result follows in
the same way after minor modifications. Clearly M; — M smoothly as t goes to zero.
Thus, from theorem 2, with the notations above and taking ¢ small enough, we have that
M, € V C AxU, |t| < 0. Hence M, is represented by a pair (a;,u;) € A x U. As
the components of a; can be computed as the integral along some fixed curves in M of an
expression depending smoothly on ¢, it follows that also a; depends smoothly on ¢. The
fact that u; is smooth with respect to ¢ in a bounded domain of M is trivial. It remains
to consider the functions u; at an end p; of M. In the w-coordinate around p;, the surfaces
M; are given by ¢.(w) = (%, —ailog p + h(w) + :&53), 0 < |w| < e, where M is defined by

w — (i, —clogp + h(w)), 0 < |w| < ¢, and u, is smooth in {|w| < e}. Both a; and w1,
depend smoothly on ¢. Hence for € small enough lemma 2 applies, so with its notation, the
curve (az,v;) = E~! (at,(), Uy {\w|=s}) depends smoothly on ¢. As the maximum principle
at infinity [14] implies that w,(w), [w| < € is uniquely determined by a; and w,_., we
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conclude that vy = u; in {|w| < e}, hence we have proved that the curve ¢ — M, is smooth.
The fact that its velocity vector can be computed in the stated way follows because the
normal part of the infinitesimal variation of a deformation is independent of the particular
choice of the immersions v;: it depends only on the surfaces M; themselves. This proves the
lemma.

Remark 2

1. If the family 1, is analytic, in the sense that the map Rx M — Rg, (t,p) — W(p) is real

6

.S

analytic, we can conclude that the curve My, [t| < 6 is real analytic as follows —note
that some care is necessary when you want to check analyticity because neither N nor
(a,p) — ¥a(p) are analytic—: with the notation of the proof above, a; and ut|{‘w|:€}

depend analytically on ¢ and thus, the same holds for the curve t — (at, Uy {Ju] Se}) =

E-! (at,(), Ut|{\w|=s})- In particular, t — j(M;) € R x C?*({|Jw| < ¢}) is analytic, j
being the immersion of M7 in the proof of theorem 2, and the remark follows from
standard properties of submanifolds.

Nayatani [20] has proved that Hoffman-Meeks’ surface of three ends and genus =,
2 <~ <37 [10], has dim IKC = 4. This implies that, up to translations and rotations
around the xs-axis, each Hoffman-Meeks” surface can be deformed by a six-parameter
—one-parameter if we do not count dilatations— family of embedded minimal surfaces
with genus v and three ends. This answers partially to a conjecture of Hoffman and
Karcher in [9] that states that the space of properly embedded minimal surfaces of
finite total curvature, genus g > 2 and three ends is equal to the one-parameter family
of surfaces described in [9].

Related results and applications.

1. We can also obtain information about the structure of the set of minimal surfaces with
certain type of symmetries. Let G be the subgroup of isometries of R? which preserve the
upper halfspace and G the connected component of the identity in G. G is a 3-dimensional
Lie group generated by the horizontal translations and the rotations around the zs-axis.
Consider a discrete group G of rigid motions preserving the upper halfspace, i.e. G C G. A
proper minimal immersion ¢ : M — R? is said to be G-invariant when for each ¢ € G,

22



there exists a conformal diffeomorphism S, : M — M such that ¥y o Sy = ¢ o . If
we impose 1) to have finite total curvature and embedded ends with vertical limit normal
vectors, no traslation parts are allowed and we will assume that G fixes the origin of R®.

So G is finite and generated by a rotation Ry around the wxz-axis of angle 6 = 2?”, ke N,

or by a reflection ¢ in a vertical plane of Rg, or by two reflections ¢, ¢ in distinct vertical
planes. Moreover, each end of 1 is preserved by G and S, extends to M as a conformal —
holomorphic or antiholomorphic— diffeomorphism, which will be also denoted by S4. Note
that if we write down the immersion ¢ around an end p; in the graph coordinate w as in
(4), then ho S, = h, for each ¢ € G. This lets us consider the family v, in section 5 in
such a way that the conditions 1,2,3 remain true and moreover 1, o Sy = ¢ o 1, for each
a € A. Consider a Riemannian metric ds? in the conformal structure of M, Sy-invariant for
all ¢ € G, so the conformal factor A between ds* and the induced metric by 1 is also Sg-
invariant, for each ¢ € G. Take the tranverse map N G-invariant, t0o. Consider the closed
subspace C**(M)¢ = {u € C**(M) : uo Sy = u, V¢ € G}. Then b, + uN is a G-invariant
immersion for each (a,u) € A x UY for suitable open neighbourhoods A of ¢ = log(M) in
R" and U% of zero in C>*(M)%. Hence R" x C**(M)% is a Banach space and repeating
the arguments in lemma 5 we conclude that we can shrink A, ¢ in such a way that the
operator H : A x UY — CY(M)Y is real analytic. We can also identify the tangent space
to A x U at (c,0) with the space B = {v =u,+u € B:ac R jue C*(M)%} C B, u,
defined as in section 5. Consider the linear operator

Z = ZDH(QO) : BG — CQ(M)G.

We claim that L(BY) = L(B) N C*(M)®. Clearly the first space is contained in the second
one. To prove the other inclusion, take v € L(B) N C*(M)“. There exists a function u € B
such that Lu = v. Then u® = %G‘ Y pec(uo @) lies in BY —here |G| denotes the number of

elements of G—, and L(u®) = v as we claimed. Now consider the Jacobi spaces
JC=gnB% KY=KnBY K§=LB)*nC*M)"°.

Hence K§ C K¢ and reasoning as in the proof of lemma 4, we obtain K§ = Ko N B¢ and
dim J¢ = r+dim K§. On the other hand, given a € R’, (N,a) € BY if and only if ¢(a) = a,
for each ¢ € G, and det(1), N, e3) € BY if and only if det ¢ = 1, for each ¢ € G. Hence we
have three possibilities:

1. G is generated by a rotation Ry around the x3-axis. In this case, the G-invariant Killing
functions for ¢ are Killing” = Span{det (1, N, es), (N, es)}, and defining Killing§ =
Killing® N Ky, it follows that Killing§ = Span{det(¢, N, e3)}.
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2. G ={1, ¢}, where ¢ is a reflection in a vertical plane, which can be supposed to be the
(21, 3)-plane. Then Killing” = Span{(N, e;), (N, es)} and Killing§ = Span{(N,e;)}.

3. G is generated by two reflections in distinct vertical planes. In this case, Killing® =
Span{(N, e3)} and Killing§' = {0}.

Repeating the arguments in the proof of Theorem 2, changing each space by the correspon-
ding G-invariant version, we can prove the following result:

Theorem 3 Let G be a finite group of rigid motions preserving the upper halfspace. Denote
by MY C M the set of G-invariant proper minimal immersions in R® with finite total
curvature, fixed topology and embedded ends with vertical limit normal vectors, endowed with
the topology inherited as subset of M. Let MS* = {M € M% : K§(M) = Killing§/ (M)}.
Then, M%* is an open subset of MY which is either empty or admits a natural structure of
(r + dim Killingg)—dz'mensional real analytic manifold and the tangent space at a point M of
ME* s given by JE(M).

Remark 3

1. Note that the condition Ko(M) = Killingy(M) implies K§(M) = Killing§ (M). In
general the converse should not be true.

2. Consider the action
vV: gGxM — M
(6, M) +—— ¢(M)

¢From remark 2.1 we have that V¥ is a real analytic action when restricted to M*.
The tangent space of G at the identity I is generated by the infinitesimal translations
along any horizontal vector x, Ty, and the infinitesimal rotation around the xs-azis, R.
Lemma 8 gives (D1V) ; (T,) = (N,z) and (DY) an) (R) = det(p, N,e3), N and p
being the Gauss map and the position vector on M, respectively. These equalities imply
that (D) ; ) is injective.

(21)

Corollary 1 Suppose that M € M* is invariant by a finite subgroup G of G. Then any
surface M' in the same connected component that M —in the space M*— is invariant by a
subgroup G' C G conjugate with G.
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Proof. From remark 3 we have that M“NAM* is an open subset of M%*. Given & > 0, we can
consider simultaneously the immersions j : M? — R x C?*({|w| < €}) and its restriction
to ME N Mz, j9: MEN M2 — R x C**({Jw| < ¢}). The fact that j¢ is an immersion
follows as in the case of j, see the proof of theorem 2. As the image of the first immersion
contains the image of the second one, we conclude that MY N M* is a submanifold of M*. If
we look at the differential of the map ¥ : G x (MG N M*) — M* given by (¢, M) — ¢(M),
at the point (I, M), we see, using remark 3.2 that in the three possibilities above, its image is
given by Killingg(M)+J¢(M) = J(M). To obtain the last equality, compute the dimension
of the left-hand term taking into account that Killingo(M) N J¢(M) = K§(M). Therefore
U is an open map. In particular, {¢(M) : ¢ € G, M € M N M*} is an open subset of M*.
As it is trivially closed and, by hypothesis non empty, we conclude the proof of the corollary.

Remark 4 The last phenomenon of “permanence of symmetries under deformations” can
be observed on the minimal surfaces My, ., x > 1 in Hoffman and Karcher [9]: This is a
one-parameter family of properly embedded minimal surfaces with genus k and three ends.
The surface My, is the one obtained by Hoffman and Meeks [10]. These surfaces are all
invariant under a subgroup of G of order 2(k+1). However, the surface My, has additional
symmetries which do not lie in G and which dissapear during the deformation.

2. The arguments in this paper extend almost without changes to the case in which
M— R’ isa proper minimal immersion with finite total curvature and embedded non
parallel ends. The only difference appears in the space Killing, because

1. If M has three ends where the limit normal points to linearly independent directions,
then Killingy = {0}.

2. If all the limit normal directions lie in a plane, say the (z1,z3)-plane, then Killing, =

Span{(N,es3)}.
Note that in both situations, Killing= {(N, e;), (N, e3), (N, e3)}. Hence we can state
Let M be the space of proper minimal immersions in R® with fixed topology, finite total
curvature and embedded non parallel ends with prescribed limit normal values, endowed with

the uniform topology on compact sets. Given M € M such that Ky = Killing,, the space
M is an (r + dim Killing,)-real analytic manifold in a neighbourhood of M.
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As in the above section, the hypothesis of this last statement holds in particular when
Killing = IC. Montiel and Ros [19] prove that if the branching values of the extended Gauss
map N : M — S?(1) are located on an equator of S?(1), then Killing = K. For instance,
the surface M defined by Jorge and Meeks in [11], with genus zero and r Catenoid ends
distributed symmetrically in the horizontal plane has nullity three because its Gauss map is
given by z € C —— 27! € C. Thus, the above result describes the set of properly immersed
genus zero minimal surfaces with finite total curvature and r embedded ends parallel to the
ones of M around this surface.

7 The Lagrangian submanifold structure.

Recall that if we consider on R” = R" & R the canonical symplectic two-form €2 given by
Q ((a’ b)’ (ala b,)) = <a> b/> - <ala b>>

for any two vectors (a,b), (a’,b’) € R" @ R", an r-dimensional immersion f : M" — R*
is said to be a Lagrangian immersion if f*(2 = 0.
We will continue with the same notation above. Consider the continuous map

fi M _ RQT
M +—— (log(M),height(M)),

where log, height are defined as in section 1. Let M € M* be a non degenerate surface

and V C A x U the analytic neighbourhood of M obtained in the proof of theorem 2. Given

M, €V, from (19) we have
log(M,.) = a,
height(M,.,) = (h(pl) ey

N, ey )+

u(pr) ) (22)
<N(pr>7 €3>

As f is the restriction to V of a real analytic map defined on A x U, f : M* — R* is
also real analytic. Moreover, (22) implies that the differential of f at M is given, for any
v=uy+ueJ(M)by

Dlogy, (v) = & = Log(u),
DheightM(v) = (u(p1)<N(p1), 63>> s ’u(pr)<N(pr)a 63>) = Helght(v),
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Hence, Dfy : J(M) — R* can be written as D fy = (Log, Height)| 7y, which joint
with (15) gives f*2 = 0. On the other hand, as Kernel(Dfy) = Ko(M), we conclude
that the rank of Dfy, is r for any M € M*. From remark 3.2, we get that the map
®: G x M* — M* x M* defined as (¢, M) — (M, ¢p(M)) is an immersion. Now we prove
the main result of this section.

Theorem 4 [f M* is non empty, then the quotient real analytic manifold M*/G is well-
defined and the map f : M*/G — R*" defined by f([M]) = (log(M), height(M)), [M]
being the class of M in M*/G, is a real analytic Lagrangian immersion.

Proof. First we prove that ® is a proper immersion. If {M,}, C M* and {¢,}, C G are
sequences such that M, — M. € M* and ¢,(M,) — M. &€ M* then the translational
part of ¢, is necessarily bounded. To see this, take an horizontal plane whose intersection
with M, is compact and transversal and look at the sections of the surfaces M,, and ¢,,(M,,)
with this plane. As all these sections are contained in a fixed compact of Rg, we conclude the
properness of ®. Corollary 1 guaranties that the number of preimages by ® of the points of
®(G x M*) is finite and locally constant —this number coincides, given M € M*, with the
order of the group {¢ € G : ¢(M) = M}—. Thus ®(G x M*), i.e. the graph of the relation
defined on M* by the group G, is a closed submanifold of M* x M*. It is well-known, see
6], that this is equivalent to the existence of an analytic structure on M*/G such that the
projection M* — M*/G is a submersion. In our case, M*/G is clearly r-dimensional and
the constant rank map f : M* — R* factorizes to the quotient. The properties of f on
M* imply directly that f : M*/G — R* is an analytic Lagrangian immersion and the
theorem is proved.

Remark 5 The tangent space of the quotient manifold at [M] € M*/G identifies naturally
with the quotient J (M) /KCo(M).

Given a Lagrangian immersion f : M" — R%, its second fundamental form o : TM x
TM — TM+* can be expressed, in a more natural way, by means of a symmetric 3-tensor
C:TM xTM x TM — R defined as C(X,Y,Z) = Q(o(X,Y),Z) = QXY (f), Z(f)),
X,Y and Z being tangent vector fields to M". By means of a long computation —which we
will not reproduce here because we do not have, at this moment, any application of the next

27



formula—, one can show that the second fundamental form C' of the Lagrangian immersion
fiM*)G — R” is given as follows: If [u], [v], [w] € J(M)/Ko(M), then

Coagy ([, [o], [w]) = /M {uo(Vo, Vo) + vo(Vu, Vo) + wo (Vau, Vo) } dA,

where o is the —real valued— second fundamental form of M — R®.

Remark 6 It is a simple fact that the map log : M — R" takes values in the hyperplane
Ry = {(a,...,a,) € R tar+ ... 4a =0} If M € M and dimK(M) = 4, then
M € M* and Dlog,, : J (M) — RS_I is surjective. From this fact we deduce directly that
the surfaces in M* nearby to M are parametrized, up to translations and rotations around
the vertical axis, by the logarithmic growths of their ends.
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