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The Boltzmann equation with quantum effects

To take into account quantum effects (like Pauli exclusion principle), classical
Boltzmann equation is modified as

atf—i—v-vxf:// B(v — v*70){f'f*’(1—ef)(l—€f*)
R3 xS2

— (1 —ef')(1 - EI‘;/)} do dv,.

where ¢ is proportional to the Planck constant 7 and
e ¢ = 0: the Boltzmann equation;
e ¢ > 0: the Boltzmann-Fermi-Dirac equation;
e ¢ < 0: the Boltzmann-Bose-Einstein equation.

with usual post-collisional velocities v/ = 5% + %0, v = e — ”727"*‘0

Ref. : Chapman & Cowling (1970), Danielewicz (1980), Lifshitz & Pitaevskivi (1981)
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Ances: appearance ¢

Case of inverse-power law potentials
- vV — Ve
B(z,0) = |z|” b(9), where  cosf = Vvl - 0.
vV — v

The function b is only implicitly defined, locally smooth with a nonintegrable
singularity at = 0
sin(0)b(0) °=° c 90372

0 <~ < 1: hard potentials;

v = 0: the Maxwellian potential;

—3 < v < 0: soft potentials;
e v = —3: the Coulomb potential.
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The Boltzmann Fermi Dirac equation

atf+v-vxf:// B(v—v*,a){f’f,;(l—sf)(l—sf*)
R3xS§2

(1 —ef)(1— ef,:)} do dv,.

For € > 0, there are two kinds of equilibrium states :

e Fermi-Dirac distributions

Mc(v) e blv=wol®

ME(V) = 1 +€M5(V) - 1+a€ efb\va0‘27

a,b>0,veR?

e characteristic functions of balls

1
Fe(v) = Ziv-wi<re

Spatially homogeneous case
Lu (2001), Escobedo, Mischler & Valle (2003), Lu & Wennberg (2003)

Spatially inhomogeneous case

Dolbeault (1994), Lions (1994), Alexandre (2000), Lu (2006 and 2008).
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Grazing collisions asymptotic
b(0) sin(0) is replaced by 6% b (%) sin (g)
and, letting § — 0, one obtains

The Landau operator with quantum effects

Quro(F)(v) = V, / v — v "2 (v — v*){f*(l )V f(1 —sf)Vf*} dv.

with 27
N(z) = (Nij(2))i; and Ni;(2) =d;;— |;|é~

Ref.: Degond & Lucquin-Desreux (1992), Desvillettes (1992) for e = 0
Danielewicz (1980) in the general case.
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The classical Landau equation (e = 0)

DF+v-Vf =V, [ [v— w20y — v*){f*Vf - fo*} dv.

R3
The equilibrium states are Maxwellian distributions :

M(v) = ae " 2 b>0,veR?

Spatially homogeneous case

Arsen’ev & Peskov (1977), Arsen’ev & Buryak (1991), Villani (1998), Desvillettes & Villani (2000), EI Safadi (2007), Fournier & Guerin
(2009), Chen, Li & Xu (2009 and 2010), Fournier (2010), Morimoto, Pravda-Starov & Xu (2013), Wu (2014), Carrapatoso (2015),
Desvillettes (2015), Alexandre, Lia & Lin (2015), Desvillettes (2016), Carrapatoso, Desvillettes & He (2017)

Spatially inhomogeneous case

Villani (1996), Guo (2002), Yu (2006), Guo & Strain (2006 and 2008), Chen, Desvillettes & He (2009), Carrapatoso, Tristani & Wu

(2016), Carrapatoso & Mischler (2017)
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The Landau-Fermi-Dirac (LFD) equation

Of = Qurn(f)
-V, / v — w20 (v — v*){f*(l Cef )V — (1 ef)Vf*} dv,..
R3

e Such an equation also arises in the modelling of self-gravitating particles.
Kadomtsev & Pogutse (1970), Chavanis (1998)

e (Non quantitative) spectral analysis for the linearization has been obtained
by Lemou (2000)

e There are some results in the spatially inhomogeneous case.
Liu, Ma & Yu (2012), Liu (2012)
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The Landau-Fermi-Dirac (LFD) equation

Ocf = Qurp(f)

=V,- / v — v " (v — v*){f*(l —ef)VF —f(1— sf)Vf*} dv..
R3

Equilibrium solutions are the same as for Boltzmann-Fermi-Dirac:

e Fermi-Dirac distributions

Me(v) aeblv—wl’

3
1+€ME(V) - 1+aee*b“’*"0\2’ 27b>07 w € R

Mec(v) =

e characteristic functions of balls

1
Fe(v) = “iv-wli<re
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Equilibrium distributions cannot have arbitrary mass and energy
If 0 < g < e lissuch that

1 0
/ g(v) ( v ) dv = < 0 >
B |v[? 30E

47 3
< —(B5E)?2
£ 3p( )

then

and equality only occurs only if g = F. is a degenerate equilibrium (X. Lu
(2001)).

Fermi-Dirac equilibrium exists only for
4

€ < Edeg = 5(5 E)3/2.
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A priori estimates

QF(t,v) =V, - / a(v — v*){f*(l —ef)VF — F(1— ef)Vf*} dv..

where
2 ZiZj
ai(2) = |2 (5,-,,- - |;;) -

L°°-bound:

0<f(0,)<e'=0<f(t,)<e ' Vt=0.
Weak formulation:

/ Quro(F)(v) p(v) dv

= —%//a(v— v*){f*(l—sf*)Vf—f(l—sf)Vf*}{th—Vgo*} dv. dv

Conservation laws

Mass, momentum and energy are preserved, i.e.

d _ d _ d 2,
s f(t,v)dv=0 pe f(t,v)vdv=0 dt/f(t’v)M dv=20
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Fermi-Dirac Entropy
For any € > 0 and 0 < f < €~ ! we introduce the Fermi-Dirac entropy as

S.(f) = _é/ {eflog(ef) (1 ef)log(1 — ef)} dv. (1)
R3
Then, along solutions to the LFD eq., one has
9 5:(F(8) = ~ e (F(2)
dt e = £,y s
where the dissipation term reads
De~(f) = / Qurp(f) (Iog(ef(v)) — log(1 — sf(v)))dv
R3
= 1/ dvdv.|v — v. "2 1R (1 — ef)(1 — efi) x
R3 xR3

2

X

vf Vf,
(v =wv) (f(l —ef) R(1- sf*)>

Hence,
t > 0 — S.(f)(t) is a non-decreasing function.
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Cauchy Theory

Of(t,v) = Vv~/ a(v—v*){f*(l—e‘f*)Vf—f(l—sf)Vf*} dv. (t>0) (2)

with f(t = 0,v) = fo(v).
The equation can be reformulated as a nonlinear parabolic equation
Of =V - (B[] VF — b[f] f(1 - &f)),
with
Be[f] = (aij * F(1 = ef)),;;,

and

blif] = (bi+f),,  b(z) =) Okaix(z) = 22| z.
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\ce to equilibrium

Cauchy Theory
Assumption on the initial datum There is g9 € (0, 1) such that the initial datum
0 < ||follo =:&5" < o0 and So:=Se, (o) >0, (3)
and fo € LiO(R3) for some so > 2.
Theorem (Bagland 2004 — for e = 1.)

Under such an assumption, for any € € (0, &o], there exists a weak solution f to
(2) satisfying the conservation laws and

F(1—ef) € Lioe(Rei Ly (RY) ) F € LS (R Lgg (R?))NLice (Ro; Hyy (RY)).

If so > 2+ ~y, then the entropy is a non-decreasing function while, for
so > 4~ + 11, such a solution is unique.

Fors € R,p > 1,k €N,

117, —/ [P (S dv, 1171 e E / [0 F(v) |2 (v)® v,

0<|8|<k

where (v) = (1+ [v)1/2, 6 = (i, ip, i3) € N3, |B] = iy + ip + i3 and Dgf = D)L D2 931
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The equation can be reformulated as a nonlinear parabolic equation
Of =V - (B[] VF - b[f] f(1 - &f)),

with
Y [fl=(aij*f(1— Ef)),',p

and

bifl=(bi+f),.  bi(2)=Y dhaiule) = 2]z z.
k

Crucial estimate (uniform ellipticity): Let € € (0, o] then
3 [fl(v) = Ko(v) " Isxs, vv € R®

for all f € L3(R®) N L°°(R?) satisfying (3) and
/ flv[Pdv < Eo,  Se(f) = So
R3

and Ko > 0 depends only on v, Ey and Sp.
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Open problems: appearance of moments ? uniform in time estimates ?
Partial answer:

Proposition (Chen, 2010 and 2011)

Let v € (0,1]. Consider fi, € L3,(R®) for any s > 1 satisfying 0 < fi, < 1 a.e.
Let f be the weak solution to the LFD equation. Then,

o forany0 <ty < T < 400, we have
f e C>®([to, T]; S(R?)),

where S(R?) is the Schwartz space.
e for any multi-index o € N®, any s > 1 and any 0 < ty < T < +00,

C if 0< |a] <3,
o < _ .
toiliz_rHa f(t)||L§S(R3) X { C\a\ 2(|CM| _ 4)| if ‘Oé| > 4’

where C only depends on ~, s, to, T and fi,.
In particular, f(t,-) is analytic in R® for any t > 0.
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Open problems: appearance of moments ? uniform in time estimates ?

Difficulty: Evolution of L?-moments enter naturally in the evolution of
[*-moments.

Typically, resuming the arguments done in the classical Landau case, we get
something like

d
dt /.

HWW+&/

R3

(vi)T (1 — ef)dvi < C571/ f(v)*dv,

R3
» Notice: A positive lower bound on 1 — & f. would be very helpful here.
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Given a solution f(t,v) to the LFD equation, we introduce

my(t) = /3 f(t,v){v)’dv, M,(t) = /3 £2(t, v)(v)*dv, seR.

D.(t) = ||V (F(t, ) E)|.,  t>o0.

2 b
Proposition
Ifo<fhe LiO(R3), for some sy > 2 satisfies (3) and f = f(t,v) is a weak
solution to the LFD equation that preserves mass and energy. Then, for some

constants C 1, Cs2, Cs3 > 0 and Ks > 0 depending only on m»(0), v and s, it
holds

d
Ems(t) + Ksms+’y(t) < KSMS+’Y(t) + Cs,lms(t), S > 2 .

1d
EEIMS(t) + KOIDer'y(t) < Cs,ZMSer(t) + Cs,3m2+7(t)Ms+772(t),

where Ko comes from the ellipticity of Xc[f]. All constants are independent of
e >0.
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Simple observation

sty—2 sty _ 5 _ sty 3
PO N < IFOT BRI o=2

Estimating the last L°-norm with Sobolev's inequality, we obtain that

I7¢)

s+ s+ 3

o <l F R v )1

sty—2 H

Mair—o(t) < Cmm;s(t)% Days ()3,

Similar argument
4 3
Moo (1) < Cmaes (£)8 Doy (1)

We are only interested in the behaviour of m(t) and IM,(t).
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Uniform in time estimates
Investigate the evolution of

Es(t) := mg(t) + M(2), t>0, se€(sy,9—49]
and a control of the mixed terms mai (t)Ms—2(t) give

Theorem (Alonso, Bagland, L. 2019)
Consider 0 < fo € Ly (R?), with s, = max{2 + 21,4 — 4} satisfying (3). Then,
for any € € (0, &o] there exists a weak solution f to the LFD equation such that:

(i) (Generation) For any to > 0, k € N, and s > 0, there exists a constant
Ci, > 0 such that
sup [F(8) s < Cor
t>tg
The constant Cy, depends, in addition to ty, on HfoHL;, Sin, k, s, . In
particular,
f e C™([to, +o0); S(R%)),  Vto>0.

(ii) (Propagation) Furthermore, if ||fo|x < oo and fin € LY, (R?) for sufficiently

large s’ > 0, the choice to = 0 is valid with constant depending on such initial
regularity.

The constants are all independent of € € [0, &¢].
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Fundamental observation

Corollary

Consider 0 < fy € Ly (R®) satisfying (3). Then, for any solution f(t) = f-(t) to
(2) given by Theorem 1, it holds

sup [[f(t)ll oo < Coo > Vi > 0.

t>ty

The constant Cy, only depends on M(fy), E(fy), So, s, and to.

Consequently, for any ko € (0,1) there exists €. > 0 depending only on ko,
M(f), E(f), and So, such that

inf (1 —ef(t, v)) > Ko, Ve € (0,e.), t > 1. (4)

vERS3
» This is the lower bound which would had turn useful for the moment estimates.....

For € < €, solution is uniformly far away from the degenerate steady state

Fo(v) =¢ '1g,.
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Convergence to equilibrium : non quantitative result

Theorem

Consider 0 < fo € L (R?) satisfying (3) and let f = f(t, v) be the previously
obtained solution to the LFD equation. Let M. be the unique Fermi-Dirac
statistics satisfying

1 1 0
/ fo(v) v dv = / Mc(v) v dv = 0
R |v[? B |v[? 30E

3
with e < 4T 55)2 . Then,

lim ||f(t) — Mc||z = 0.
t— oo 2

Idea of the proof. Consider a sequence {t,}nen of positive real numbers with
limn t, = oo. The family {f(t»)}nen is relatively compact in Hj(R?) for any
p > 0. One can extract a subsequence, still denoted {t,}n, and Fso € Hj(R?)
such that

lim ||f(ts) — Fooll2 = 0.

n—oo p

It remains to show that Fooc = M. Ref.: Carrillo, Laurencot & Rosado (2009).
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Quantitative convergence to equilibrium

How to make the convergence quantitative. We will need some additional
assumption on E, g of the form

We will combine

o Close-to-equilibrium analysis (Spectral gap estimate)

e Far from equilibrium analysis (Entropy/entropy production estimate).
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The linearized operator

Consider 0 < f € LL (R?), with so > 2, satisfying (3). Let € € (0, o] and

f = f(t, v) be the previously obtained weak solution to the LFD equation, and
let M. be the unique Fermi-Dirac statistics with same mass, momentum and
energy as f(t,-).

We introduce the fluctuation f = M. + g. Then,

0:g = Zeg +Te(g),

where
2() =V [ alv ). Ve~ m(e)ldv.
R3
+V- / a(v — w) [g* (1 —-2eMc)sVMe — g (1 —2eM)(VMe)i | dvs .
R3

with m(v) = Mc(v)(1 — eM(v)).
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Spectral gap for the linearized operator

Theorem

There exists an explicit €' > 0 such that, for any € € (0,€') there exists
k;r > 0 such that for any k > k;r the linearized operator £. around the
Fermi-Dirac statistics M. generates a Co-semigroup (Se(t))t>o in L.
Furthermore, for any g € L3,

HSE(t)g — ]P’ngLi < Go exp(—Ae t)||g — PngLi’ Vt>0,

for some explicit constant Co > 0 (independent of €) where A\ > 0 is the
spectral gap of Lc which can be estimated explicitly. The operator P, is the
spectral projection on Ker (fg)

This is an extension of the result of Lemou (2000) which makes the spectral
gap quantitative.
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Spectral gap estimate
Several main steps:

1. Lower bound for the Dirichlet form in natural space L?(m).

2. No loss of generality to consider maxwell molecules interactions v = 0 by a
suitable comparison argument.

3. The Dirichlet form reads

Deo(h) = %/Gmm*|va*|2 IN(v — v.) (Vh — Vh,)|? dvdv., h e L*(m)
R

and there is Ay (&) > 0 such that

Dep(h) > )"Y(E)Hh”Lz(m):

1 0
whenever h(v)m(v) v dv=1[ 0 |.
e foomo ()= ()

4. Extend the spectral result and decay of the semigroup to the space
L2({-Y*) by enlargement and factorisation method, see Gualdani, Mischler,
Mouhot (2018).
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Spectral gap estimate

For the 3rd step: idea of the proof borrowed from computations of

Villani-Desvillettes (2000) and Desvillettes (2015) for the production of entropy
of the Landau operator.

Write De »(h) = % flRﬁ mm|v — vi |2 |Rp(v, vi)|? dvdvs with
Ry(v,vi) = N(v — vi) (Vh = Vh,) = Vh— Vhe — Ap (v — v)
for some suitable Ap(v, vi). For any circular permutation (i, k, k) of (1,2, 3), it holds
((v=va) AR(v,w)) , = (v = w); (9rh = Bih) = (v = va)i (9 — Djhu.).

Multiply this vectorial identity by apé(v*) and integrate over R3 to get a suitable
system which is solved with Cramer’s rule to express 9;h in terms of Ry,

Contrast with the approach used for classical Landau where the spectral gap is
deduced from the one of the Boltzmann operator in the grazing collision limit
(see Baranger-Mouhot, 2003).
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Quantitative convergence to equilibrium

The spectral result and decay of semigroup yields an explicit convergence to
M for close-to-equilibrium initial data.

e Tool to extend this to far-from-equilibrium initial data is the entropy
production.

Lemma
Fixe > 0 and let 0 < f < e~ ! be a function such that

vienn]; (1 — sf(v)) =Ko > 0.
Then,

2
K7(F) < 274(F) + 2 / Fh v — ™ [VFW)P dvdv,
0 Jgs

where Zy(f) is the entropy production for the classical Landau operator.
For the solutions to LFD:
kg Zo(f(t)) < 22.(F(t)) + Cie®, Vee (0,e), t =1,

with € € (0,¢").
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Notice that the Fermi-Dirac entropy
1
Se(f) = —;/ (elog(ef) + (1 — ef) log(1 — ef)) dv
R3
does not converge as € — 0 to the Boltzmann entropy

H(f) = / f log fdv.
R3

However, the relative entropy do converge
He(flg) := Se(f) — Se(g) —» Holflg) = H(f) — H(g)

if f,g share same mass.
This allows to exploit the entropy production estimate for Landau operator

To(F) > min (AlHo(fH\/If) Amo(fuvzf)l*%).

established in Desvillettes-Villani (2000).
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Evolution of the relative entropy

Theorem

Consider 0 < fo € LL (R?), with s > 2, satisfying (3) and a solution f(t,v) to
(2) with e € (0 o] given by Theorem 1. Then, there exist €, € (0, &o], Ao > 0,
and Co > 0 such that

”Hs(f(t)lM ) < AO"“”( (F(t)[Me); He(F(t )\ME)H%) + Gt

for any € € (0,e.) and any t > 1. As a consequence, there is a positive
constant C; > 0 such that

He(F(HIMe) < G ((1 )3 +el+%) Vis1, ec(0,e.).
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Combining this with the close-to-equilibrium convergence, we easily deduce

Theorem

Consider 0 < fy € L;(R3) N L (R?), with s, = max{3% +2,4 — v} and k > K,
satisfying (3). Let € € (0,&0] and f be a weak solution to (2). Then, there
exists et € (0,¢e") such that for any € € (0, &)

I(8) = Mellyy < Cexp(~Aet), V>0, (5)

where \¢ > 0 is the explicit spectral gap of £.. The constant C > 0 depends
also on M(fy), E(fy), So, v but not on e.
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Comments

e All the obtained estimates are uniform in terms of € and allows to recover
the results known for Landau equation

o Actually, the only place in which we use the knowledge of the result for
Landau operator is the final step which used the estimate of
Desvillettes-Villani for Z(f).

e It is actually possible to adapt the proof of Desvillettes-Villani for
Maxwell-molecules to provide a direct estimate

De(f) = AeHe(FIMe)

with A¢ > 0 as soon as € € (0, &1) (Alonso, Bagland, L. work in progress).
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Perspectives

o Investigate the link between the entropy dissipation for
Landau-Fermi-Dirac and that of Boltzmann-Fermi-Dirac (link with
Cercignani's conjecture for Boltzmann-Fermi-Dirac).

e Landau-Fermi-Dirac for Coulomb interactions.
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