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Historical overview : Holder continuity results

Equations with bounded merely measurable coefficients :

@ Elliptic equation : =V - A(x)Vu =0
e [1957, De Giorgi] 19th Hilbert problem : Analiticity of
Local minimizers of  &(w) = /Q F(Vw)dx
Euler-Lagrange equation —V -DF(Vw) =10
Derive EL wrt 0,, —V - D>F(Vw)V(d,w) =0
Holder Continuity —V-A(x)Vu=0

@ Parabolic equation : 0;u — Vi - A(t,x)Vxu =0

e [1958, Nash] : Independently, elliptic and parabolic equations

e [1960, Moser] : New approach
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Historical overview : Holder continuity results

De Giorgi classes :

“Functions satisfying energy estimates which contain enough info”

Elliptic and Parabolic De Giorgi classes :

@ [1957, De Giorgi]
@ [1967, Ladyzenskaja, Solonnikov, Uralceva]
e [1991, DiBenedetto]

Motivation :
o Allows to deal with less regular A

e For example : Triangular SKT cross-diffusion system

Jessica Guerand Parabolic regularity DG



Historical overview

Question : Quantitative Holder regularity with De Giorgi method ?

Equation DG classes
Elliptic Yes DG Yes DG
Parabolic No Vasseur 2016 | Not written ?
Kinetic Fokker-Planck | No GIMV 2017 Exists ?

— No because non-quantitative step : Intermediate value lemma

Result :
Quantitative parabolic intermediate value lemma
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@ Definitions and Theorem
@ De Giorgi method

© !dea of proof of the Intermediate value lemma
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@ Definitions and Theorem
© De Giorgi method

© !dea of proof of the Intermediate value lemma
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Parabolic equations et assumptions

Equation : u(t, x) solution of
8tU:VX‘(AVXU), t e (Tl,Tz),XEQ,

Assumptions :
e Q bounded open set of RY
@ A measurable function of (¢, x)
@ 0 < M < A< A (ellipticity condition)

Solution in weak sense : Q = (Ty, T2) x Q
e Vp e C(Q),

—/ u@tgo—i-/ AV,u-Vyp=0.
Q Q
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Parabolic equations et assumptions

Equation : u(t, x) solution of
Otu=Vy - (AVyu)+ B-Viu+s, te(Ty, Ta),xeq,

Assumptions :
e Q bounded open set of RY
e A, B et s measurable functions of (¢, x)
@ 0 < A\ < A< A (ellipticity condition)
o |B| <A, se L9 with g > 4+2

Solution in weak sense : Q = (T1, T2) x Q
° Yy e CX(Q),

—/ Uat<,0+/AVXu-VXg0—/ B-quy—/ sp =0.
Q Q Jq Jq
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Parabolic De Giorgi classes

“Local energy estimates for (v — k)"

V1,72 .
DG -

VkeR, VT1<s<t< Ty YO<r<R, VxpstBr(xo) CQ
t
/ (10— k)2 (£, x)dx +’yl/ / IV, (1 — k) (7, x)[Pdxdr
Br(xo) s JBr(xo)

t
g/ u—k25,xdx+i// u— k)% dxds
BR(XO)( )i(s,x) R-r7 ). BR(XO)( )%

Remark : {weak sol.} € DGy N DG_ C {Hélder continuous fct}
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Holder regularity for solutions

Parabolic cylinder : Q, = (—r?,0) x B,

Theorem (Interior Holder regularity)

uec Ca(Ql)

u: Q — R weak solution = {
lullca(ay) < Cllullizcqy)

Remarks :

@ «, C > 0 universal (d,\,\)

@ By rescaling, result still true for Q' = (s, T2) x Q' and
QR=(T1,T2) xQfor Ty <s< Tpand Q CC Q.
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Holder regularity for DG classes

Parabolic cylinder : Q, = (—r2,0) x B,

Theorem (Interior Holder regularity)

ue Ca(Ql)

u:@Q@—>R € DGLNDG- =>{
lullceq@n) < Cllullizien)

Remarks :

e «, C > 0 universal (d,v1,72)

@ By rescaling, result still true for Q' = (s, T2) x Q' and
QR=(T1,T2) xQfor Ty <s< Tpand Q CC Q.
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@ Definitions and Theorem
© De Giorgi method

© !dea of proof of the Intermediate value lemma
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Reduction of the theorem

Oscillation of u in E :

osc u=supu—infu
E E E

Step 1: _osc u < Cr¥ull2q,) VY(to,x0) € Q1 Vre (0, )
Qr(tO»XO)

Use of sol : un(y) = u (to + 77, %0 + 35) still in DG, N DG_
Step 2 : Decrease of the oscillations

Use of sol : —u still in DG N DG_

Step 3 : Lowering of the maximum :

“u < 1 with enough mass below 0 = u <1 — p in small cylinder”

Use of sol : up = 2(up—1 — 1/2) still in DG N DG_

Step 3= Step 2 = Step 1 = Theorem
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First Lemma of De Giorgi

There exists § > 0 st for all u: Q@ — R € DG,

lutllioo(@y o) < Ollullizeay)
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First Lemma of De Giorgi

There exists 6 > 0 st for all u: Q; — R € DGy,

1
/Qlu_2|_§5 = u+§§ inQ%.
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Two main lemmas

First Lemma of De Giorgi

Lemma (L? — L*° estimate)
There exists 6 > 0 st for all u: Q@ — R € DG,

=

2 .
u; <06 = ur<- in .
/01+— r=3 "9

Idea of the proof : Construction of a sequence
° Uk:/ (u—ck)%r such that ck:0—>%and Qi : @1 — Q%
Qx

@ Use of DG classes and functional inequalities :
U1 < CRUZ with a > 1

e For Up small Uy — 0 when k — +oc0
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Two main lemmas

Second Lemma of De Giorgi

Lemma (Intermediate value lemma (G. 2020 version))
Ifu:@Q —Re DG, stu<1 then

_ 1 1 1
{u<O0pn@f{uz 73N @ < CHO<u<5}N G

0
s, |
Q2 Q2
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There exists u € (0,1) st for all v: @ — R € DG,

{ v<1inQ3/2
|

o <1- ] . 1
<oz Gl TYEiTr @ )

1 ) Q1 1 Q
( v:;b /
\ a = a
vl
—9/4_ ... Qs)2 —9/4_]._. Qs
Q@ Q-
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Idea of the proof with De Giorgi lemmas

e Function in DG, :

Vo =V

Vi = 2(Vk_ — %)

@ v satisfies assumptions of the lemma
o Ak={0< v <3} ={1-5 <v<1—g3} aredisjoint

7/8
3/4

1/2
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There exists 6 > 0 st for all u: Q@ — R € DG,

1
2 o
/Qlu+§5 = u+§§ an%.

@ Ist case : Jkg st / (Vig)2 <6
Q1

. 1
:>(Vk0)+<— n Q1/2 #VS].—W n 01/2

@ 2nd case : Vk st / ()3 >0

Q1
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@ 2nd case : Vk st / ()2 >4

1
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@ 2nd case : Vk st / ()2 >4

1

Ifu: Q — R e DGy stu<1 then

{u<0}NQull{u> 2} N @l < Co < u < 2} n Gl
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@ 2nd case : Vk st / ()2 >4
Q1

Ifu: Q — R e DGy stu<1 then

Hu <0} N Q:|{u> %}ﬂQﬂ <C{0<u< %}ﬂQﬂ%

o [{vik 233N Qi ={vip1 20} N @il = [, (vks1)F > 6

17/27



@ 2nd case : Vk st / (vk)i >0
Q1

Lemma (Intermediate value lemma (G. 2019 version))
Ifu: Q — R e DGy stu<1 then

— 1 1 1
<0} NQul{u> 21N @l < {0 < < 1} Galt

o {vk > 33N Qi = {vig1 =0} N Q1| > fo, (ver1)3 > 6

o [{v <0}NQyl>
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@ 2nd case : Vk st / (vk)%r >0
Q1

Lemma (Intermediate value lemma (G. 2019 version))
Ifu: Q@ —Re DGy stu<1 then

_ 1 1 1
{u <0} N Qull{u> 51N Qi < CHO < u < 5} Qofp

o {vk > 33N Qi = {vig1 =0} N Q1| > fo, (ver1)3 > 6

o [{v <0}NQyl>

1
=>‘{0<Vk<§}ﬂQ2’Z’y
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@ 2nd case : Vk st / (vk)%r >0
Q1

Lemma (Intermediate value lemma (G. 2019 version))
Ifu: Q@ —Re DGy stu<1 then

_ 1 1 1
{u <0} N Qull{u> 51N Qi < CHO < u < 5} Qofp

o {vk > 33N Qi = {vig1 =0} N Q1| > fo, (ver1)3 > 6

o [{v <0}NQyl>

1
= {0< v < 5} N Q| >~ Contradiction!
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@ Definitions and Theorem
© De Giorgi method

© Idea of proof of the Intermediate value lemma
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Intermediate value lemma

Second Lemma of De Giorgi

Lemma (Intermediate value lemma (G. 2020 version))
Ifu:@Q —Re DG, stu<1 then

_ 1 1 1
{u<O0pn@f{uz 73N @ < CHO<u<5}N G

0
s, |
Q2 Q2
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De Giorgi classes DG

/B,(XO)(U Rtk 71/ / ey | AL RO x)[Pdxdr

/BR(xO)(u — k)% (s, x)dx + m /sf /BR(XO)(U — k)2dxds
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De Giorgi classes DG

t
/ (u— K)2(t,x)dx + 71/ / IV (= k)4 (7, %) Pdxdr
B,(Xo) S B,(Xo)

t
g/ u—k2s,xdx+i// u — k)2 dxds
BR(XO)( )+( ) (R—r)?Js BR(Xo)( )+

O (2) <(3)+(4) no jump in x = stationnary IVL
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De Giorgi classes DG

t
/ (u— k)2 (£, x)dx + 71/ / IV (1 — K)o (7, x)2dxdr
B (x0) s JB:(x0)

t
S/ u—kzs,xdx—l—i// u— k)% dxds
BR(XO)( )3(s, %) R-r2 ). BR(XO)( )+

© (2) <(3)+(4) no jump in x = stationnary IVL
@ (1) <(3) + (4) no increasing jump in t
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No Jump in time and space

De Giorgi classes DG

t
/ (u— k)2 (£, x)dx + 71/ / V(0 — k) (7, x)Pdxdr
r(XO) S Br(XO)

t
g/ u—kzs,xdx—i-i// u — k)2 dxds
BR(XO)( )3 (s, x) R-172 ), BR(XO)( )+

Q@ (2) <(3)+ (4) no jump in x = stationnary IVL
@ (1) < (3) + (4) no increasing jump in t
© 1+2 = Parabolic IVL
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Ifu: B —Re Hl(Bl), then

1 1
{u < 0}NBill{u > S}NBi| < Cl[Vuslliagsy {0 < w < 53N Bif}

Proof
0 if u(x) <0
v(x) =14 u(x) ifo<u(x)<i e wbl(B)
3 fu() >3
Poincaré inequality :
v| < Vv
| |81| s I_Bll |
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Stationnary IVL

1 / 1
V — — 14 > / V — —— v
w/Bl | |B]_| Bl | o {UZ%}OBl | |B]_| Bl ’

> {u>3nBi(3— & lav)

> {u> 0Bl s (- v)

> [{u> 30 Bl fucops, (3 — V)

> CH{u>3}NBi[{u<0}N B
BIWV‘ < Jio<u<tyng, V]

Cauchy-Schwarz < ||[Vug|lizg){0 < u < 3} N A
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Proof of Parabolic IVL

Lemma (A key inequality)
Ifv:Q — Re DGy stv<1thenVt; < tp < t3 € [-2,0],

1
[{v < 0IN(ts, t2) x Bif[{v = 5} N (t2, ta) x By

1
<Cfo<v<3in Q2 + C(ts — )3

Remarks :
@ Useful for close times

@ The proof uses IVL for H?! functions, a reverse Holder
inequality, Jensen inequalities, Cacciopoli inequalities, etc
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Ix

Discretization of the time set : t, = & — 2 for k € [[0,2n]

- T ton = 0

1
-—2
t t.

to = —2

Necessarily by the pigeonhole principle,

@ Jic[l,n)st|v<O0, (ti1,t) > [v<0, (,1—2,—1)|
>3, (-10)

@ Feln2n—1]st|v>1 (1) > =2

We need adjacent sets!
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Discretization of the time set : t, = £ — 2 for k € [0,2n]

1
-—2
to— -2 ti to ...ty i Tt =0
Necessarily,
|V§07 (_27_1)|
L) > = (a)

@ Jicl,n]st|v<i, (ti
> (=
© jcn2n—1stv>] (56) 2 =520 ()

In this case : Ip € [1,2n — 1] st p satisfies (a) and (b)
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Since [{v < 0}| = [{v < 3}| = [{0 < v < 3}|, we have also
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Since [{v < 0}| = [{v < 3}| = [{0 < v < 3}|, we have also

Ifv:Q—ReDG, stv<1thenVt; < to < t3 € (—2,0),

1 1
lv < 57 (t1, t)||v > > (t2, t3)]

1
<Clo<v <3, (~2,0)2 +C(ts — 1)?
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Since [{v < 0}| = [{v < 3}| = [{0 < v < 3}|, we have also

Lemma (A key inequality)
Ifv: Q@ —Re DGy stv<1thenVt; < tp < t3 € (—=2,0),

1 1
—, (1, t > —, (b, t
|V<2’ (15 2)||V—27 (2’ 3)|

1
<Clo<v<y, (—=2,0)]2 + C(ts — t1)°

Conclusion :

v<0, (—2,—1)| lv>3, (=1,0)] 1 1
| (2n ) 2 2n < ‘V <3 (tpfl’ tp)‘ ’V > 55 (tpa tp+1)’
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Since [{v < 0}| = [{v < 3}| = [{0 < v < 3}|, we have also

Lemma (A key inequality)
Ifv: Q@ —Re DGy stv<1thenVt; < tp < t3 € (—=2,0),

1 1
—, (1, t > —, (b, t
|V<2’ (15 2)||V—27 (2’ 3)|

1
<Clo<v<y, (—=2,0)]2 + C(ts — t1)°

Conclusion :

lv<0, (—2,—1)] lv>3, (=1,0)]
2n 2n

IA
<
A
NI
—
T
—
UH
~
<
vV
SIS
—~~
.c"ﬁ
_O"f
+
—
N—r
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Since [{v < 0}| = [{v < 3}| = [{0 < v < 3}|, we have also

Lemma (A key inequality)
Ifv: Q@ —Re DGy stv<1thenVt; < tp < t3 € (—=2,0),

1 1
—, (1, t > —, (b, t
|V<2’ (17 2)||V—27 (2’ 3)|

1
<clo<v<s, (—=2,0)]2 + C(ts — t1)°

Conclusion :

v<0, (—2,—1)| lv>3, (=1,0)] 1 1
| (2n ) 22n < ‘V< 20 (tpflﬁtp)‘ ’VZ 55 (tpathrl)’
<
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Since [{v < 0}| = [{v < 3}| = [{0 < v < 3}|, we have also

Lemma (A key inequality)
Ifv: Q@ —Re DGy stv<1thenVt; < tp < t3 € (—=2,0),

1 1
—, (1, t > —, (b, t
|V<2’ (17 2)”‘/—27 (2’ 3)|

1
<clo<v<s, (—=2,0)]2 + C(ts — t1)°

Conclusion :

lv<0, (—2,—1)] lv>3, (=1,0)]
2n 2n

<
<

= Optimising in n gives IVL
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Thanks for your attention!
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