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Unknowns: Density of cells v := u(t, x) > 0; density of chemoattractant
v:=v(t,x) >0

Typical equation satisfied by the chemoattractant (parabolic case):

Ov=cAv —v+u.

Keller-Segel class of equations for the cells:

Oru=V- (u(u7 v)Vu — x(u, v)Vv).

Here 11 > 0 is the cell diffusivity and y > 0 is the chemosensitivity.
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Problem under study (1)

Possible choice of cell diffusivity and chemosensitivity (Keller-Segel,
second paper): x := xo(v) u, g := u(v), and

Xo(v) = (a = 1)1/ (v),

where « is the ratio of effective body length (i.e., maximum distance
between receptors) over the walk length.

When « = 0 (gradients of the chemoattractant not measured by the
cell), then

Ou=V- (u(v)Vu + 1 (v) qu)

— A(u(v) u).

This special structure enables to get estimates that are not known to
hold in general.
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Problem under study (I1)

Goal: Find cases in which aggregation can happen (that is, the system
does not relax towards a constant steady state) while (weak) solutions
exist globally.

Proposed system: For some ¢ > 0, kK > 0,

8tu:A(cJ:lv’<)’

Ohv=cAv —v+u.

Homogeneous Neumann boundary conditions on a smooth bounded
domain Q:
Vu-n=Vv-n=0 on o09Q.
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Existence of strong solutions in dimension 1

Proposition Let ¢ > 0, ¢ > 0, k > 0, and Q =]a, b[ be a bounded open
interval. Let u(0,-) >0 and v(0,-) > ¢ > 0 lie in C%%(]a, b]) for some
a > 0 (compatible with the Neumann boundary conditions).

Then there exists a unique (u > 0,v > 0) (global in time) classical
solution to the system

afu:axx( - )

c+ vk
O:v = €0V — vV + U,

with homogeneous Neumann boundary conditions.
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Existence of weak solutions in dimension 2 (critical)

Theorem Let ¢ >0, € > 0, k > 0, and Q be a bounded smooth open set
of R?. Let u(0,-) > 0 lie in Up=1LP(2) and v(0,-) > o > 0 lie in L}(Q).

Then, there exists a (very) weak (global in time) solution (v > 0,v > 0)

of the system
u
bo=5(z25)
e c+ vk

Ov=eAv —v—+u,

with homogeneous Neumann boundary conditions.
Moreover, for all 0 < to < T,

v e L2([0, T]; L1()) N L([to, TT; Mpefnoo (),
ue L0, T]; LX) N L2([to, T]; Npef1,2(LP(R)).
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Existence of weak solutions in dimension 3

Theorem Let ¢ > 0, £ > 0, k €]0, 3], and Q be a bounded smooth open
set of R3. Let u(0,-) > 0 lie in Up~g/5LP(Q2) and v(0,-) > o > 0 lie in
LY(Q).

Then, there exists a (very) weak (global in time) solution (v > 0,v > 0)

of the system
u
=A(5)
Oeu c+ vk

Ov=eAv —v—+u,

with homogeneous Neumann boundary conditions.
Moreover, for all 0 < to < T,

v e L=([0, T]; LX) N L>=([to, T; Npef13(LP()),
ue L0, T]; LX) N L2([to, T]; ﬂpe[lﬂﬁ[Lp(Q)).
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Ingredients of the proof (1)

Existence of weak solutions

Direct integration of

b=0( L)

Ov=eAv—v—+u,

leads to the estimates:

we ([0, T LXQ)),  ve (o, T]; LX()).
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Ingredients of the proof (II)

Use of the semigroup properties of the heat kernel for
Ov=cAv—v+u
leads to the estimates: For all g < oo in dimension 2 (and 1),
Iv(t, )|iag) < cst (t“/q—l) + rl/q>.

and for all g < 3 in dimension 3,

v (t,)||eegq) < cst (tg (1/a=1) 4 ¢1+3 (l/q—1)>.
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Ingredients of the proof (lII)

Duality lemma of Pierre-Schmitt: Observing that
Oru— A(Au) =0, O (Au)|aq =0,

where A := (c + vK)™1 > 0 lies in L1([0, T] x Q), we get the L-type

estimate
T T 2
/ /Au2dxdt:/ / - dxdt < Cr.
o Ja 0o JacHtv
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Ingredients of the proof (V)

Interpolation of the estimates: For all ¢ < oo in dimension 2 (and 1),

v(t, ey < cst [ t&/a=1) 4 ¢1/a )
[v(t, )lla@)
and for all g < 3 in dimension 3,

[[v(t,)lLae) < cst (tg (1/a-1) 4 4143 (1/q1)>‘

T 2
/ / - dxdt < Cr.
o Jactv

Result: in dimension 2 (and 1), u € L?([to, T]; Npepr2(LP(Q));
in dimension 3, u € L?([to, T]; Nyepn, .o (LP()).

3+k

with
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Ingredients of the proof (V)

Maximal regularity ensures that in dimension 2,

0tv € Npep 2 LP([to, T] x Q);
8><v><jV € mpe[l,2[l-p([t03 T] X Q))'

i

and in dimension 3,

Orv € ﬂpe[l,%[Lp([fm T] x Q));

aX,-XjV € mpg[]_’HLk[Lp([tOv T] X Q))
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Ingredients of the proof (VI)

Maximal regularity estimates give the compactness for an approximating
sequence of solutions for v.

This is enough to pass to the limit in an approximating sequence for the

(unique nonlinear) term A(ﬁ) of the system

8tu:A(cJ:lvk)’

Ov=eAv—v—+u,
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Instability of homogeneous steady states

Proposition: Let Q be a smooth bounded subset of R”, and ;11 > 0 be
the principal eigenvalue of the Laplace operator —A on Q

Let c >0, k>1, 0=V >0, and suppose that &7 > u; := (kil)%.

If e < &1(1), then the constant state (u,v) = (@, V) is linearly unstable.

u
If e > &1(u), then (T, V) is linearly asymptotically stable.

Here
(k—1)vk — ¢

=—"——7->0.
pia(c + vk)
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Numerical illustration

Concentration of u at different times (dimension 2, case of a linearly
unstable steady state)
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Perspectives and open problems

e Existence of strong solutions for n = 2, “critical dimension"?

@ Informations about the existence or nonexistence of non
homogeneous steady states? (work in progress with C. Yoon)

@ Better mathematical theory when growth of cells is included in the
system, appearance of waves?

@ Possibility to recover the model from a diffusive limit of a kinetic
equation?
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